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STRAIGHT LINE

KEY CONCEPTS |

1. Distance Formula

The distance between the points (Ax;, y;) and B(x,, y,) is \/(xl - xz)2 +(y; - yz)z.

. Section Formula

If P(x, y) divides the lir e oinin, A(C ,y; a»d L(xy,y )i1 ttzr ticm n,then
Rt 0., W2l T

>

m+n m+n

If — is positive, the division is internal, but if — is negative, the division is external.
n n

Note: If P divides AB internally in the ratio m :n and Q divides AB externally in the ratiom :n, then P and Q
are said to be harmonic conjugate to each other w.r.t. AB.
2 1 1

Mathematically; — = — + —i.e., AR AB and AQ are in H.P
AB AP AQ

. Centroid and Incentre
If A(xy,Yy1),B(x9,Y5),C(x3,y3) are the vertices of triangle ABC, whose sides BC, CA, AB are of

X1 + Xy + X3 )’1+)’2+J/3j

lengths a, b, c respectively, then the coordinates of the centroid are: ( 3 R 3

ax; + bxy + cx5 ay; + by, + cygj

and the coordinates of the incentre are: s
a+b+c a+b+c

Note that incentre divides the angle bisectors in the ratio
(b+0c):a (c+a):band (a+ b):c.

REMEMBER:
(i) Orthocentre, centroid and circumcentre are always collinear and centroid divides the
line joining orthocentre and circumcentre in the ratio 2 : 1.
(ii) In an isosceles triangle G,0, I and C lie on the same line.
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4. Slope Formula

If 6 is the angle at which a straight line is inclined to the positive direction of x-axis, and
0°<0<180°,0 =90°, then the slope of the line, denoted by m, is defined by m =tan 0. If 0 is 90°, m
does not exist, but the line is parallel to the y-axis.

If 6 =0, then m = 0 and the line is parallel to the x-axis.

If A(x;,y;) and B(x,, y5),X; # X5, are points on a straight line, then the slope m of the line is given

by:m = [yl - yz}
X1 =X

5. Condition of Collinearity of Three Points-(Slope Form)

Points A(xy, Y1), B(xs, ¥5),C(xs, y3) are collinear if(y1 — sz = (yz - yBJ
X1 = X3 Xg — X3

Equation of a Straight line in Various Forms

(i) Slope-intercept form: y =mx + c is the equation of a straight line whose slope is m and
which makes an intercept ¢ on the y-axis.

(ii) Slope one point form: y — y; =m(x — x;)is the equation of a straight line whose slope is m
and which passes through the point (x7, y;)

(iii) Parametric form: The equation of the line in parametric form is given by
X=X _Y=h

cos 6 sin ©

fixed point (x;. y;y nth:lin:. ri positieift eroirt (;)) is on the right of (x;, y;) and

r (su, o Woon ‘17 L the distance of any point (x, y) on the line from the

negative if (x, y) lies on the left of (x;, y1).
Yo= N1
X2 =Xy
through the points (xy, y;) and (x4, ¥5).

(v) Intercept form: Xy % =1is the equation of a straight line which makes intercepts a and b
a

(iv) Two point form: y — y; =

(x — xp) is the equation of a straight line which passes

on OX and OY respectively.

(vi) Perpendicular form: xcosa + ysina = p is the equation of the straight line where the
length of the perpendicular from the origin O on the line is p and this perpendicular makes
angle o with positive side of x-axis.

(vii) General Form: ax + by + ¢ =0 is the equation of a straight line in the general form.

Position of The Point (x; + y,) Relative to the Line ax + by +c=0

If ax; + by, + cis of the same sign as c, then the point (x;, y;) lie on the origin side of ax + by + ¢ =0.

But if the sign of ax; + by; + cis opposite to that of c, the point (xy, y;) will lie on the non-origin side

of ax + by + ¢ =0.
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8.

10.

1.

12,

13.

The Ratio in Which A Given Line Divides the Line Segment Joining Two Points
Let the given line ax + by + ¢ =0 divide the line segment joining A(x;, y;) and B(x,, y,) in the ratio
m:n then ™ =_P1tbyi+c

. If A and B are on the same side of the given line then — is negative
n axy, + byy + ¢ n

but if A and B are on opposite sides of the given line, then — is positive.
n

Length of Perpendicular From a Point on A line
ax; + by, +¢

The length of perpendicular from P(x;, y;) on ax + by + c=0is BT
a“+b

Angle Between Two Straight Lines in Terms of Their Slopes
If m; and m, are the slopes of two intersecting straight lines (m;m, # —1) and 0 is the acute angle

m; -m
between them, then tan §|———2-

+ mymsy

Note: Let m;,m,, m5 are the slopes of three lines I, =0; L, =0;Ls =0 where m; >m, >mjs then the interior
angles of the A ABC found by these lines are given by,

tan A="1"M2 . anpg="2"M3 GnitanC =

1 +m1m2 1 +m2m3 1 +m3m1

ms —m

Parallel Lines
(i) When two stra’zh. line are par Il i reir slopes ire 2qial. Thus any line parallel to
ax + by + c=01s of he t,pe cco i oy . [ =0."NLzcie ks a paian.eter.

(ii) The distance between two parallel lines with equations ax + by + ¢; =0 and ax + by + ¢, =0 s
G -6
Va? + b?
Note that the coefficients of x and y in both the equations must be same.

M, where p; and p, are distances between two pairs of
0

(iii) The area of the parallelogram =

sin
opposite sides and 0 is the angle between any two adjacent sides. Note that area of the
parallelogram bounded by the lines Y =mX + ¢,y =myX + Cqy and
‘(Cl —cy)(d; — dz)‘

Y =mqyx + dj, y =moX + dy is given by .
Al = Uity ‘

Perpendicular Lines

(i) When two lines of slopes m; and m, are at right angles, the product of their slopes is -1, i.e.,
mym, = —1. Thus any line perpendicular to ax + by + ¢ =0 is of the form bx — ay + k =0, where
k is any parameter.

(ii) Straightlinesax + by + c=0andd x + b'y + ¢'=0 are at right angles if and only if aa'+bb' = 0.

Equations of straight lines through (x,,y4) making angle o with y =mx + c are

(y —yp)=tan(® —a)(x — x;) and (y — y;) =tan(6 + a.) (x — x;), where tan & =m.



14.

15.

16.

17.

18.

Advanced Problems in Coordinate Geometry for lIT-JEE

Condition of Concurrency
Three lines ajx + by +c¢; =0, ayx + by + c;=0 and asx + bgy +c3=0 are concurrent if

@ b ¢

a, by cy/=0. Alternatively: If three constants A B and C can be found such that
az by c3

A(a;x + by + ¢1) + B(agx + byy + ¢5) + C(azx + byy + c3) =0, then the three straight lines are
concurrent.

Area of A Triangle

X1 » 1
If (x;, y;),i = 1,2,3 are the vertices of a triangle, then its area is equal to 1 Xy Yo 1) provided the

x3 y3 1
vertices are considered in the counter clockwise sense. The above formula will give a (-) ve are a if
the vertices (x;, y;),i = 1,2,3 are placed in the clockwise sense.
Condition of Collinearity of Three Points-(Area Form)

xp yp 1
The points (x;, y;),i =1,2,3 are collinear if [x, y, 1|

X3 y3 1
The Equation of A Family of Straight Lines Passing Through The Points of Intersection
of Two Given Lines
The equation of a family of linee nasecino throuoh the point of intersection of ¢;x + byy + ¢; =0 and
asX +byy +cy=01s girer by (yx -+ by - ) k(apx + L,y rc )= v, where k is an arbitrary real

number.

Note: Ify; =ax+by +c,uy =a' x+b y+d,ug=ax+by +c ,uy =a’ x+b y +d
then, u; =0; uy =0; uz =0; uy =0 form a parallelogram

Ul —Uhlty =0 represents the diagonal BD.

Proof: Since it is the first degree equation in x and y therefore it is a straight line. Secondly point B
satisfies the equation because the co-ordinates of B satisfy u, =0 and u; =0.

Similarly for the point D. Hence the result.

On the similar lines uyu, — ugu, = 0 represents the diagonal AC.

Note: The diagonal AC is also given by u; +iuy =0 and uy +pug =0, if the two equations are identical for
some ) and p.

[For getting the values of A and p compare the coefficients of x,y and the constant terms.]

Bisectors of The Angles Between Two Lines

(i) Equations of the bisectors of angles between the lines ax + by + c=0and dx+b'y + ¢'=0

ax+by+c:+a‘x+b'y+c‘

\/a2 +b2 \/a'2+b'2

(ii) To discriminate between the acute angle bisector and the obtuse angle bisector
If 6 be the angle between one of the lines and one of the bisectors, find tan 6.
If | tan 6]< 1, then 20 < 90° so that this bisector is the acute angle bisector.
If|tan 6] > 1, then we get the bisector to be the obtuse angle bisector.

(ab'# d' b) are:
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(iii) To discriminate between the bisector of the angle containing the origin and that of the angle

(iv)

)

not containing the origin. Rewrite the equations, ax + by + ¢ =0 and
da x + b'y + ¢'=0 such that the constant terms c, ¢' are positive. Then;
ax+by+c_+a'x+b‘y+c'
Jaz + bz av2+bv2
ax+by+c dx+by+c
Jaz + bz a|2+bv2
containing the origin.
To discriminate between acute angle bisector and obtuse angle bisector proceed as follows,
write ax + by + c=0and d' x + b'y + ¢'=0 such that constant terms are positive.

If ad'+bb'< 0, then the angle between the lines that contains the origin is acute and the
ax+by+c dx+by+c

gives the equation of the bisector of the angle containing the

1
origin and gives the equation of the bisector of the angle not

equation of the bisector of this acute angle is =+
2, 12 \/ 12, 702
\/ a“+b a“+b
ax + by +c¢ ax+by+c. . .
Therefore Y =— Y is the equation of other bisector.
Ja? + b2 Ja?+b?

If, however, aa'+bb'> 0, then the angle between the lines that contains the origin is obtuse and
the equation of the bisector of this obtuse angle is:

ax+by+c dx+Dby+c ax+by+c dx+by+c
other bisector.

Another way of ident fyin ;an :2uicar @ ~Leusza.gibisec or.e

as follows:

Let L; =0 and L, =0 are the given lines and u; =0 and u, =0

are the bisectors between L; =0 and L, =0. Take a point P on

is the equation of

; therefore

any one of the lines L; =0 or L, =0 and drop perpendicular on

u; =0 and u, =0 as shown. If,

| pl<| /= u; is the acute angle bisector.

| p|> g/= v is the obtuse angle bisector. L
| Pl g = the lines L; and L, are perpendicular.

. U1=0

Note: Equation of straight lines passing through P(xj,y;) and equally inclined with the lines

@ x+by+¢q =0and ayx +byy +c, =0 are those which are parallel to the bisectors between these two
lines and passing through the point P

19. A Pair of Straight Lines Through Origin

6]

A homogeneous equation of degree two of the type ax? + 2hxy + by? = 0 always represents a
pair of straight lines passing through the origin and if:

(a) h%> ab = lines are real and distinct.

(b) h? = ab = lines are coincident.

(o) h?< ab = lines are imaginary with real point of intersection i.e., (0, 0)
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20.

21.

22.

23.

24,

25.

(ii) If y =m;x and y =m,x be the two equations represented by ax? + 2hxy + by? =0, then;
2h a
ml + mz e and mlmz :E.
(iii) If 0 is the acute angle between the pair of straight lines represented by,

2Vh? - ab

then; tan 0 =
a+b

The condition that these lines are:

(a) At right angles to each other is a + b =0. i.e., coefficient of x? + coefficient of y2 =0.
(b) Coincident is h? = ab.

(c) Equally inclined to the axis of x is h = 0. i.e., coefficient of xy =0.

Note: A homogeneous equation of degree n represents n straight lines passing through origin.

General Equation of Second Degree Representing A Pair Of Straight Lines
(1)  ax®+2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight lines if:

a h g
h b f
g f ¢
(ii) The angle 6 between the two lines representing by a general equation is the same as that

between the two (i es re| rese 1ted Dy its ! omog *ne>u pert Culy

The joint equation of 1 pa'r of trai ht liie joi1ing oigi1 t) tk 2] oin s of intersection of the line
given by

abc + 2fgh — af 2 — bg® — ch® =0, i.e., if =0

Ix+my+n=0 (D
and 2nd degree curve: ax? + 2hxy + by? + 2gx + 2fy + ¢ =0 ..

.9 2 bx + my b+ my bc+my2
isax® + 2hxy + by“ + 2gx| —— |+ 2fy +c =0 ...(iii)
-n -n -n

(iii) is obtained by homogenizing (ii) with the help of (i), by writing (i) in the form: (meyj =1
-n

The equation to the straight lines bisecting the angle between the straight lines,

x2—y2 X
a-b h°

The product of the perpendiculars, dropped from (x;, y;) to the pair of lines represented by the
ax? + 2hx;y; + by?

J(a - b)? + 4h>

Any second degree curve through the four point of intersection of f(xy) =0 and xy =0 is given by
f(xy) + Axy =0 where f(xy) =0 is also a second degree curve.
Reflection of a Point About Line
(i)  Foot of the perpendicular from a point (x;, y;) on the line is
X=X, _y-y1_ ax3+by;+c

a b a? + b?

ax? + 2hxy + by =0is

equation, ax? + 2hxy + by% =0 is




Straight Line 7

(i) The image of a point (xy, y;) about the line ax + by + ¢ =0
X-X1 Y-2n ax; + by, + ¢
= = —2
a b a? + b2

A ]

26. Cevas Theorem

A
E
F
E
O
B D C
\F—
If the lines joining a point O to the vertices of AABC meet the opposite sides in D, E, F respectively,

then
BD CE AF _,

DC EA FB
27. Menelaus Theorem

A
D E
E
B c D
If points D, E, F on the sides BC, CA and AB (suitably extended) of AABC are collinear then
BD CE AF _,

DC EA FB

Note: Either all 3 points lie on the extended line segments or one lies on the extended line and the other two
within the line segments.
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EXERCISE (1)

only One Choice is Correct:

1.

If the straight lines joining the origin and the points of intersection of the curve
5x% +12xy -6y + 4x -2y +3 =0 and x + ky —1=0 are equally inclined to the x-axis then

the value of k is :
@ 1 ) -1
(© 2 d 3

. Drawn from the origin are two mutually perpendicular straight lines forming an isosceles

together with the straight line, 2x + y = a. Then the area of triangle is :

a? a?
a b &
(@ 5 () 3
a2
(o) = (d) None

. Equation of bisector of the angle between two lines 3x -4y +12=0 and 12x -5y +7 =0

which contains point /- 1,4, 11 s tegin s :

(@) 21x+27y—-127 C (b) 22x--27y -1:1=0
(©) 21x+27y+191=0 @ SXrdyoi2 l2x-Sy+7
5 13
. The point (a?,a+1) lies in the angle between the lines 3x —y +1=0 and x+2y —-5=0
containing the origin if :
(@ ae(—B,O)U[;,l) (b) ae(—oo,B)U(;,lj
1 1
c) ae| -3,- d) ae| —,o
y e( 3) @ 6(3 j

. A ray of light through (2,1) is reflected at a pint A on the y-axis and then passes through the

point (5,3). Then co-ordinates of A are :

11 5

ket b 2
w [o.1) ® (5.5)

11 3
(@ [O, 5) (d) (0> 5]

. The combined equation of the pair of lines through (3,-2) and parallel to the lines

x2—4xy+3y2=Ois:
(@) x%—4xy+3y? —14x-24y -45=0 (b) x?+4xy+3y% +14x-24y —45=0
(© x%2—4xy+3y%-14x+24y+45=0 (d) x%+4xy-3y%-14x+24y+45=0
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7.

10.

11.

12.

13.

14.

15.

If (-2,6) is the image of the point (4,2) with respect to the line L. =0, then L is equal to :
(@) 3x-2y+11=0 (b) 2x-3y+11=0
(c) 3x-2y+5=0 (d) 6x-4y+1=0

. A man starts from the point P(-3,4) and reaches point Q (0, 1) touching x axis at R such that

PR + RQ is minimum, then the point R is :
(@ (3/5,0) (b) (-3/5,0)
(© (-2/5,0) (d (-2,0)

. The equation of line segment AB is y = x.If A & B lie on same side of line mirror 2x — y =1, then

the equation of image of AB with respect to line mirror 2x — y =1is :

(@ y=7x-5 (b) y=7x-6

() y=3x-7 (d y=6x-5

f-I o= \/E + \there a,b,c> 0, then family of lines+/a x + /b y ++/c =0 passes through
Jbe c \b

the point:

(@ (L,D () (1,-2)

(0 (-1,2) (d (-1,D

The perpendicular distance p,,p,,p5 of points (a? ,2a),(ab,a + b),(b2 ,2b) respectively from

straight line x + ytar 6 - tan‘’ O =) are ir

(a) AP o) &’

(c) HP (d) AGP

ABC is a variable triangle such that A is(1,2) B and C lie on y = x + A (where A is variable), then

locus of the orthocentre of triangle ABC is :

@ (x-D*+y*=4 (b) x+y=3

() 2x-y=0 (d x+2y=0

The line 2x + y = 4 meet x-axis at A and y-axis at B. The perpendicular bisector of AB meets the

horizontal line through (0,— 1) at C. Let G be the centroid of AABC. The perpendicular distance
from G to AB equals

@ 5 (b) ‘f
© 245 @ 345
Let ABC be a triangle. Let A be the point (1,2), y = x is the perpendicular bisector of AB and

x —2y + 1=0 is the angle bisector of angle C. If the equation of BC is given by ax + by —5=0,
then the value of a + b is :

(@ 1 (b) 2
(© 3 (d 4
I(1,0) is the centre of in circle of triangle ABC, the equation of BI is x — 1 =0 and equation of CI

is x —y —1=0, then angle BAC is :
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a) — b) =
(a) 4 (b) 3
i 27
o) — d) 25
() 5 (d) 3
16. If the points where the lines 3x —2y —12 =0 and x + ky + 3 =0 intersect both the coordinate
axes are concyclic, then number of possible real values of k is :
(@ 1 (b) 2
() 3 (d 4

17.

18.

19.

20.

In the figure shown, OABC is a rectangle with dimensions OA =3 units and OC =4 units. If
AD =15 units then slope of diagonal OB will be :

YA
C

B
—p X
0 \/D
| A
1 V2
(@) — (b) —=
V2 V3
1 1
0 = d =
(© 5 d .
In a AABC,the equations of right bisectors of sides AB and CA are3x + 4y =20 and 8x + 6y =65
respectively. If the vertex A be (10,10), then the area of AABC will be :
(a) 14 () 21
(© 42 (d) 63
The least area of a quadrilateral with integral coordinates is :
1
a) — b) 1
(@ 5 (b)
3
o = d 2
() 2 (d)

In the adjacent figure AABC is right angled at B. If AB =4 and BC =3 and
side AC slides along the coordinate axes in such a way that ‘B’ always
remains in the first quadrant, then B always lie on straight line :

(@ y=x (b) 3y=4x
(c) 4y=3x (d x+y=0
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21.

22.

23.

24.

25.

26.

27.

If the line y = x is one of the angle bisector of the pair of lines ax? + 2hxy + by =0, then :
(@A a+b=0 (b) a-b=0

(c) h=0 (d a+2b=0

Adjacent figure represents a equilateral triangle ABC of side length 2 units. Locus of vertex C as

the side AB slides along the coordinate axes is :

(7 —|

|_f A x

(a) x2+y2—xy+1=0 (b) x2+y2+xy\@=1
© x%2+y2=1+xy3 (d) x?+y?-xyJ3+1=0
Vertices of a variable triangle are (3,4), (5cos6,5sin0) and (5sin6,-5cos0) where 6 € R, then
locus of its orthocenter is :
(@ (x+y-DZ+(x-y-7)%=100 b (x+y-72+(x-y-D%=100
© (x+y-7D2+(x+y-1D2=100 d (x+y-72+(x-y+D?=100
Consider the triangle CAB w ere D =(J, M L(3,4; If or lio er.er of triangle is H(1,4), then
coordinates of “ A is
15 17
o o8 o o)
21 19
© (0,4) @ (0,4)
On the portion of the straight line, x + 2y =4 intercepted between the axes, a square is

constructed on the side of the line away from the origin. Then the point of intersection of its
diagonals has co-ordinates :

@ (2,3) (b) (3,2)
© @3.,3) @ (2,2)
Through a point A on the x-axis a straight line is drawn parallel to y-axis so as to meet the pair

of straight lines ax? + 2hxy + by 2 =0 in B and C.If AB = BC then :
(a) h®=4ab (b) 8h*=9ab
() 9h*=8ab (d) 4h*=ab

Suppose that a ray of light leaves the point (3,4), reflects off the y-axis towards the x-axis,
reflects off the x-axis, and finally arrives at the point (8,2). The value of x, is :



12

Advanced Problems in Coordinate Geometry for lIT-JEE

28.

29.

30.

31.

32.

y 1

(3,4)
0,y) (8,2)
» X
|_ [ (x,0)
1 1
(@ x 5 b)) x 3
2 1
=42 d) x=5=
() x B (@ x 3

Given a triangle whose vertices are at (0,0),(4,4) and (10,0). A square is drawn in it such that
its base is on the x-axis and its two corners are on the 2 sides of the triangle. The area of the
square is equal to :

400 400
b b)
(@ 29 (b) 5
625 625
240 d) 222
§ 16 @ 49

A,B and C are points in the xy-plane such that A(1,2);B(5,6) and AC =3BC. Then :
(a) ABC is a unique t.iangic

(b) There can be or v * vo st ch t iang e:.

(c) No such triangle is possible

(d) There can be infinite number of such triangles.

A ray of light passing through the point A (1,2) is reflected at a point B on the x-axis and then
passes through (5,3). Then the equation of AB is :

(@) 5x+4y=13 (b) 5x-4y=-3

(c) 4x+5y=14 (d) 4x-5y=-6

Vertices of a parallelogram ABCD are A(3,1),B(13,6),C(13,21) and D(3,16). If a line passing
through the origin divides the parallelogram into two congruent parts then the slope of the line
is:

11 11
25 13
(© g (d) ?

If the vertices P and Q of a triangle PQR are given by (2,5) and (4, 11) respectively, and the
point R moves along the line N: 9x + 7y + 4 =0, then the locus of the centroid of the triangle
PQR is a straight line parallel to :

(@ PQ (b) QR

(c) RP d N
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33.

34.

35.

36.

37.

38.

39.

40.

In a triangle ABC, if A(2,-1) and 7x-10y +1=0 and 3x -2y + 5=0 are equations of an
altitude and an angle bisector respectively drawn from B, then equation of BC is :

@ x+y+1=0 (b) 5x+y+17=0

() 4x+9y+30=0 (d x-5y-7=0

The image of the pair of lines represented by ax® + 2h xy + by > =0 by the line mirror y =0is :
(@) ax? —2hxy—by2 =0

(b) bx? —2hxy+ay2 =0

(©) bx? +2hxy+ay2 =0

(d ax? —2hx_y+by2 =0

In an isosceles right angled triangle, a straight line drawn from the mid-point of one of equal
sides to the opposite angle. It divides the angle into two parts, 6 and (/4 —0). Then tan 6 and
tan[(r/4) — 0] are equal to :

11 11
—,— b -, =

(@) 2°3 (®) 3°4

(@] 11 (d) None of these
5’6

The line (p +2q) x + (. -3y ' =] —y fo wui‘erent values of p and q, passes through the fixed
point :

35 ‘oL
= b) | 2.2
(@ [2,2] ()Ls’sj

3 2
(C) [5 75j

The orthocentre of a triangle whose vertices are (0,0),(\/§ ,0) and (O, \/g) is :
@ 2,1 b® 3,2)
(© (4,D (d) None of these

If the line y =mx meets the lines x + 2y —1=0 and 2x — y + 3 =0 at the same point, then m is
equal to :

(@ 1 (b) -1

() 2 (d -2

The distance of any point (x,y) from the origin is defined as d =max{]|x|,|y|}, then the
distance of the common point for the family of lines x(1+1) +Ay +2+A =0 (A being
parameter) from origin is :

(@ 1 (b) 2
© 5 @ o
Let ax + by + ¢ =0 be a variable straight line, where a,band care 1°*,3 ™ and 7™ terms of some
increasing A.P. Then the variable straight line always passes through a fixed point which lies on:
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41.

42.

43.

44.

45.

46.

47.

48.

49.

(a) x2+y2:13 (b) x2+y2=5
(© y?=9x (d) 3x+4y=9

Area of the triangle formed by the line x + y =3 and angle bisector of the pair of straight lines
x2 —y2 +2y—-1=0is:

(a) 2sq. units (b) 4 sq. units

(c) 6 sq. units (d) 8sq. units

The number of integral values of m, for which the x-coordinate of the point of intersection of
the lines 3x + 4y =9 and y =mx + 1is also an integer is :

() 2 () 0

() 4 @ 1

A line passes through (1,0). The slope of the line,for which its intercept between y = x — 2 and
y =—Xx + 2 subtends a right angle at the origin, is :

(@ £2/3 (b) £3/2

(c) £1 (d) None of these

A variable straight line passes through a fixed point (a,b) intersecting the coordinate axes at
A& B.If ‘O’ is the origin, then the locus of centroid of triangle OAB is :

(@) bx+ay-3xy=0 (b) bx+ay-2xy=0

(c) ax+by -3xy=0 (d a +oy -2xy::0

Two vertices of a triangle are (5,— 1y and (—z, 3).1i ot diocenter of die triangle is origin, then the
co-ordinates of third vertex is :

(a) (4,7) (b) (3,7)

© (-4,-7) @ 4,-7)

The straight line y =x —2 rotates about a point where it cuts the x-axis and becomes
perpendicular to the straight line ax + by + ¢ =0. Then its equation is :

(@) ax+by +2a=0 (b) ax-by —-2a=0

(c) bx+ay-2b=0 (d) ay-bx+2b=0

It is desired to construct a right angled triangle ABC (£C = n/2) in xy-plane so that its sides are
parallel to co-ordinates axes and the medians through A and B lie on the lines y =3x + 1 and
y =mx + 2 respectively. The values of ‘m’ for which such a triangle is possible is/are :

(a) —-12 (b) 3/4

(e 4/3 (d) 1/12

The medians AD and BE of a triangle ABC with vertices A(0,b),B(0,0) and C(a,0) are
perpendicular to each other if :

(@) b=+v2a (b) a=+2b

(© b=%+3a (d) a=+J3b

The equations of the lines through (-1,— 1) and making angle 45° with the line x + y =0 are
given by :
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50.

51.

52.

53.

54.

55.

56.

57.

(@ x%-xy+x-y=0 b xy-y*+x-y=0

(© xy+x+y=0 (d xy+x+y+1=0

The number of integral points inside the triangle made by the line 3x + 4y — 12 =0 with the
coordinate axes which are equidistant from at least two sides is/are (an integral point is a point
both of whose coordinates are integers):

(@ 1 (b) 2

(© 3 (d 4

If the lines x + y + 1=0;4x +3y + 4 =0and x + oy + B =0, where o.® + B2 =2, are concurrent
then:

@ a=1p=-1 (b)) a=1p=+1

(© a=-1p=+1 (d) a=+1=1

The straight line, ax + by =1 makes with the curve px? +2axy + qy2 =r a chord which
subtends a right angle at the origin. Then:

(@) r(a®+b*)=p+gq ) r(a® +p*)=q+b

(@] r(b2 + q2) =p+a (d) none of these

Given the family of lines, a(2x + y + 4) + b(x —2y —3) =0. Among the lines of the family, the
number of lines situat-1 at a stz nce Hf /10 from the point M(2 -3)) is:

(@ o0 (b) 1

(0 2 (d)

m, n are integer with 0 < n <m.A is the point (m,n) on the cartesian plane. B is the reflection of
Ain the line y = x. Cis the reflection of B in the y-axis, D is the reflection of C in the x-axis and E

is the reflection of D in the y-axis. The area of the pentagon ABCDE is:

(@) 2m(m +n) (b) m(m+3n)
(¢) m(2m +3n) (d) 2m(m +3n)
The area enclosed by the graphs of | x + y|=2 and | x|=11is:

(@ 2 (b) 4

(© 6 d 8

The ends of the base of an isosceles triangle are at (2, 0) and (0, 1) and the equation of one side
is x =2 then the orthocentre of the triangle is:

33 5
° 2 b) |21
(@) [4,2j (b) (4,)

3 4 7

The equation of the pair of bisectors of the angles between two straight lines is,
12x2 —7xy —12y?2 =0.1If the equation of one line is 2 — x =0 then the equation of the other
line is:
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58.

59.

60.

61.

62.

63.

(a) 41x-38y =0 (b) 11x+2y=0

(c) 38x+41y=0 (d 11x-2y=0

A piece of cheese is located at (12, 10) in a coordinate plane. A mouse is at (4,-2) and is
running up the line y =-5x + 18. At the point (a, b), the mouse starts getting farther from the
cheese rather than closer to it. The value of (a + b) is:

(@ 6 (b) 10

(c) 18 @ 14

The equations of L; and L, are y =mx andy =nx, respectively. Suppose L; make twice as large
of an angle with the horizontal (measured counterclockwise from the positive x-axis) as does
L, and that L, has 4 times the slope of L. If L; is not horizontal, then the value of the product
(mn) equals:

V2 V2
(@ 7 (b) —7
(0 2 (d -2

If L is the line whose equation is ax + by = c. Let M be the reflection of L through the y-axis, and

let N be the reflection of L through the x-axis. Which of the following must be true about M and
N for all choices of a, b and ¢ ?

(a) The x-intercepts " M aui 1 1V i 1 20U 1.
(b) The y-intercept: ~* an | Nireeu L
(c) The slopes of M and N are equal.

(d) The slopes of M and N are reciprocal.

The line x = c cuts the triangle with corners (0,0),(1, 1) and (9, 1) into two regions. For the area
of the two regions to be the same ¢ must be equal to :

(a) 5/2 (b) 3

(©) 7/2 (d) 3ori15

The distance between the two parallel lines is 1 unit. A point 'A' is chosen to lie between the
lines at a distance 'd' from one of them. Triangle ABC is equilateral with B on one line and C on
the other parallel line. The length of the side of the equilateral triangle is:

2
() %x/d2+d+1 (b) 2,/%
(© 2Vd?-d+1 (d Vd?-d+1

If m and b are real numbers and mb > 0, then the line whose equation is y =mx + b cannot
contain the point:

(a) (0, 2008) (b) (2008, 0)

(c) (0,-2008) (d) (20,-100)
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64. Given A (0, 0) and B (x, y) with x € (0,1) and y > 0. Let the slope of the line AB equalsm . Point

65.

66.

67.

68.

69.

70.

C lies on the line x = 1such that the slope of BC equals m , where 0 <m, < m.If the area of the

triangle ABC can be expressed as (m; —m,) f(x), then the largest possible value of f(x) is:

(@) 1 () 172

(o) 1/4 (d 1/8

What is the y-intercept of the line that is parallel to y =3x, and which bisects the area of a
rectangle with corners at (0, 0) (4, 0), (4, 2) and (0, 2) ?

(@ (©0,-7) (b) (0,-6)

() (0,-5) @ (0,-4

The vertex of right angle of a right angled triangle lies on the straight line 2x + y —10 =0 and

the two other vertices, at points (2, —=3) and (4, 1) then the area of triangle in sq. units is:

@ 10 ® 3
(o) 33 (d 11
5
Given A =(1, 1) and AB is any line through it cutting the x-axis in B. If AC is perpendicular to AB

and meets the y-axis in C, then the equation of locus of mid-point P of BC is:

@ x+y=1 b) x+y=2

(©) x+y=2xy (d 2. +2y =

The number of possible straight uues, passing cthrough (2, 3) and forming a triangle with
coordinate axes, whose area is 12 sq. units, is:

(a) one (b) two

(c) three (d) four

Let A=(3,2) and B =(5,1). ABP is an equilateral triangle is constructed one the side of AB

remote from the origin then the orthocentre of triangle ABP is:

(@) (4—1\6,3—\@ ®) [4+1ﬁ,3+£J
2 2 2 2
1 3 1 1 3 1

@) [4—6\/5,2—3\/5] (d) (4+6\/§,2+3\/§j

1P z[l,p];Q :[1,q];R =(1,rJ
X, Xq X,

where x; # 0, denotes the k™ terms of a H.P forke N , then:

2 2.2
(a) ar. (APQR):% Jo-9% +(q-n2 +(r-p)?

(b) APQR is a right angled triangle
(c) the points B Q, R are collinear
(d) None of these
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-
(ANSWERS)
1.| (b) 2.| (o) 3.|(a) 4. (a) 5.((a) 6. (o) 7.| (©) 8.| (b) 9./ (b) | 10.|(d)
11.| (b) | 12.|(b)| 13.|/(a)| 14./(b) | 15.|(c)| 16.|(b)| 17. (c)| 18.|(c)| 19.|(b)| 20.|(b)
21. (b) | 22./(c) | 23.|(d)| 24./(d)| 25.|(c)| 26.|(b)| 27.[(b)| 28.|(a) | 29.|(d)| 30.|(a)
31./ (b) | 32./(d)| 33.|(b)| 34./(d)| 35.|(a)| 36.|(d)| 37./(d)| 38.[(b)| 39.|(b)| 40.|(a)
41.| (a) | 42.|(a) | 43.|(d)| 44./(a)| 45./(c)| 46./(d)| 47. (b)| 48. (b)| 49. (d)| 50.|(a)
51./ (d) | 52./(a) | 53.|(b)| 54.|(b)| 55./(d)| 56./(b)| 57./(a)| 58.|(b)| 59.|(c) | 60.| (c)
61. (b) | 62./(b)| 63./(b)| 64./(d)| 65./(c)| 66./(b)| 67. ()| 68.|(c)| 69.|(d)| 70.| (c)
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EXERCISE (2)

One or More than One is/are Correct

1.

Two sides of a triangle have the joint equation (x —3y + 2)(x + ¥ —2) =0, the third side which
is variable always passes through the point (-5, — 1), then possible values of slope of third side
such that origin is an interior point of triangle is/are:

-4 -2
- b) =
(a) 3 (b) 3
-1 1

. The equations of lines passing through point (2, 3) and having an intercept of length 2 units
between the lines 2x + y =3 and 2x + y =5 are:
(a) y=3 (b) x=2
(© y=x+1 (d) 4y +3x=18

. Two sides of a rhombus ABCD are parallel to lines y = x + 2 and y =7x + 3. If the diagonals of

the rhombus intersec’ at pui « (I, 2 ar 1 u e vertex A is on the y-axis is, then the possible
coordinates of A are:

5
(@) (0, 2j (b) (0,0)
(© (0,5) (d (0,3)
. Possible values of 6 for which the point (cos0,sin6) lies inside the triangle formed by lines
x+y=2;x—y=1and6x +2y=+/10 are:
T n
a) — b) —
(a) E (b) 4
© * @ =
8 2

. Two equal sides of an isosceles triangle are given by the equations 7x -y +3=0 and

Xx + ¥y —3 =0 and its third side passes through the point, (1,—10), then equations of the third
side can be:

(@) x-3y-31=0 (b) y-3x+13=0
(c) 3x+y+7=0 (d y-2x+12=0

. All the points lying inside the triangle formed by the points (1, 3), (5, 6), and (-1,2) satisfy:

(@) 3x+2y>0 () 2x+y+1>0
(c) 2x+11>0 (d 2x+3y-12>0
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10.

11.

12.

. The bisectors of angle between the straight lines y-b= 2m 5 (x—a) and
1-m
y-b= 2m (x —a) are:
1-m'2

@ (y-bm+mH+(x-a)(1-mm') =0
b)) (y-bm+mH)-(x-a)(I1-mm')=0
© (y-b(A-mmH+(x—-a)(m+m') =0
d (y-bA-mmH-(x-a)(m+m" =0

. Straight lines 2x + y =5and x —2y =3 intersect at point A. Points B and C are chosen on these

two lines such that AB = AC. Then the equation of a line BC passing through the point(2,3) is:
(@) 3x-y-3=0 (b) x+3y-11=0
(© 3x+y-9=0 (d x-3y+7=0

. The sides of a triangle are the straight lines x + y =1,7y = xand /3y + x =0. Then which of the

following is an interior point of the triangle:

(a) circumcentre (b) centroid
(c¢) incentre (d) orthocentre
The x-coordinates of the werticec n~f g cauare of unit area are the roots of the equation

x2 —3|x+2 =0 and t'ie_-coo din: tes ¢ f1 12 =ertice ;a1 2t ie 10 s ¢°equation y* —3y +2 =0,
then the possible vertices of tae squaie is, wc:

(@ (1,1),(2, 1D, (2,2),1,2)

b 1,1, (2, 1), (-2,2),(-1,2)

0 2,1,00,-1),1,2)(2,2)

@ 2,1, 1,-1), (-1, 2), (-2, 2)

If one vertex of an equilateral triangle of side 'a' lies at origin and the other lies on the line
x —~/3y =0, then the coordinates of the third vertex are:

J3a a
0, b) | — ,——
(@ (0,a) ()[2 5
3a a
0, d) | -—,—
(o (0,-a) (d) [ 2 2]
. X Yy . X Y
Line —+E=1 cuts the coordinate axes at A(a,0) and B(0,b) and the line —'+E=—1 at
a a

A'(—d',0) and B'(0,-b'). If the points A,B,A',B" are concyclic then the orthocentre of the
triangle ABA'is:

(@ (0,0) (b) (0,b)

© (O’aa'] @ [O>bb'j
b a
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13.

14.

15.

16.

17.

18.

The lines L; and L, denoted by3x2 +10xy + 8y 2 + 14x + 22y + 15 =0 intersect at the point P
and have gradients m; and m, respectively. The acute angle between them is 6. Which of
following relations hold good:

5
(@ my+m, =

(b) m1m2 =

_ 2
0=sin ! -2
(C) o (5@]

(d) sum of the abscissa and ordinate of point P is —1.

The area of triangle ABC is 20 cm 2. The coordinates of vertex A are (-5, 0) and B are (3, 0). The
vertex C lies on the line x — y =2. The coordinates of C are:

(@ (5,3) (b) (-3,-5)

(© (5,-7) @ (7,5

Let B(1,-3) and D(0,4) represent two vertices of rhombus ABCD in (x,y) plane, then
coordinates of vertex A if /BAD =60° can be equal to:

®|w

\
h (1—7\@’1—«@ ) (1+7£’1+“£j
2 2 ; 4 2
© (—1+7\/§,—1+\EJ @ L—1—7\/3’—1—\E]
2 2 2 2

Let L;:3x + 4y =1and L,:5x —12y + 2 =0 be two given lines. Let image of every point on L,
with respect to a line L lies on L, then possible equation of L can be:

(@) 14x+112y -23=0 (b) 64x-8y-3=0

(c) 11x-4y=0 (d) 52y —45x=7

Let A(1,1) and B(3, 3) be two fixed points and P be a variable point such that area of APAB

remains constant equal to 1 for all position of B then locus of P is given by:

(@) 2y=2x+1 (b) 2y=2x-1

(© y=x+1 d y=x-1

If one diagonal of a square is the portion of line L % =1 intercepted by the axes, then the
a

extremities of the other diagonal of the square are:

a+b a+b a-b a+b
a , b ,
o 5222 o

a-b b-a a+b b-a
(c)[z’zj (d)(z’zj
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19.

20.

21.

22.

23.

Two straight lines u =0 and v =0 passes through the origin and the angle between them is

tan ! [;j If the ratio of slopes of v =0 and u=0is %, then their equations are:

(@) y=3xand3y=2x (b) 2y=3xand3y=x
() y+3x=0and3y+2x=0 (d 2y+3x=0and3y+x=0
The points A(0,0), B(cos a,sina) and C(cosp,sin ) are the vertices of a right angled triangle if:
. (a-B 1 o —pB 1
(a) sm( jz (b) cos[ j:-
2 J2 2 J2
oa-—fB 1 . (o —P 1
(@ COS( ): (d sm( jz-
2 ) 2 2 2

ABCD is rectangle with A(-1,2),B(3,7) and AB:BC = 4:3.1f d is the distance of origin from the
intersection point of diagonals of rectangle, then possible values of [d] is/are (where [] denote
greatest integer function)

(@ 3 (b) 4
(© 5 (d 6

A straight line L drawn through the point A(1,2) intersects the line x + y = 4 at a distance of \/36

units from A. The ang .« made by . wit) | osit ve direct’or £ x-272ic can be :

T L. T
(a) E ™) 6,
T 5w
@] g (d) E

Let x; and y; be the roots of x?+8x-2009=0;x, and y, be the roots of
3x% +24x-2010=0 and x; and y; be the roots of 9x? +72x —2011=0. The points
Alx1,y2)B(x;y,y3)and C(x3,y3) :

(a) can not lie on a circle (b) form a triangle of area 2 sq. units
(c) form a right-angled triangle (d) are collinear
-
(ANSWERS)
1., (b,c,d) 2. (b, d) 3.| (a,b) 4. (a,b,0) 5. (a, ©) 6. (a,b,0)
7o (a, d) 8. (a, b) 9. (b,0) 10.| (a, b) 11.|(a,b,c,d) | 12.| (b, 0)
13.| (b, c,d) 14. (b, d) 15.| (a, b) 16. (a, b) 17. (c,d) 18.| (a,c¢)
19.| (a,b,c,d) 20.| (a,b,c,d) | 21.| (b,d) 22. (a,d) 23. (a, d)
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EXERCISE (3)

comprehension: (1)

The base of an isosceles triangle is equal to 4, the base angle is equal to 45°. A
straight line cuts the extension of the base at a point M at the angle 6 and
bisects the lateral side of the triangle which is nearest to M.

1. The area of quadrilateral which the straight line cuts off from the given triangle is:

3 +tan® (b) 3 +2tan6
1+tan6 1+tan®
3 +tan® 3 +5tan0
() —— (d) ——
1-tan® 1+tan6

2. The possible range of values in which area of quadrilateral which straight line cuts off from the
given triangle lie in:

57
=, b 5
(@ (2’2) (b) (4,5)
9
= d) (
© (4,2J @ ¢, 9
3. The length of portion of straight line inside the triangle may lie in the range:
(@) 24 ) @\E]
© (2,2 @ (2,43)
comprehension: (2)

Let ABCD is a square with sides of unit length. Points E and F are taken on
sides AB and AD respectively so that AE = AF. Let P be any point inside the
square ABCD.

1. The maximum possible area of quadrilateral CDFE is :

(@ (b)

(@) (d

| W |
U N

2. The value of (PA)? —(PB)? + (PC)% - (PD)? is equal to:
(a) 3 (b) 2
(1 (d o
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3. Let a line passing through point A divides the square ABCD into two parts so that area of one

portion is double the other, then the length of portion of line inside the square is:

@ 10 b Y1
3 3
2 V13

comprehension: [ (3) |

Consider a trapezoid ABCD, one of whose non parallel sides AB which is 8cm
long is perpendicular to the base. The base BC and AD of trapezoid are 6cm
and 10cm in lengths respectively. Let L,,L,,Ls;,L, represent the lines
AB,BC,CD and DA respectively and d(P,L) denote the perpendicular distance
of point P from line L.

1. Find the area of region inside the trapezoid ABCD in which the point Q can lie satisfying

d(Q,L,)<d(Q,Ls) :
(@ 3(3v5++3) (b) 24(+3 -1
(© 4(5-5) (d) 255 1)

. Distance of the poi'.t R .ying on ine AL fre.n ver ev A ;o “ha: r_rimeter of triangle RBC is

minimum is:
(@ 2 () 3
(© 4 (d 5

3. The maximum possible area of rectangle inscribed in the trapezoid so that one of its sides lies

on the larger base of trapezoid is:

(a) 36 (b) 54
(©) 42 (d) 48
comprehension: (4)

Consider a variable line 'L' which passes through the point of intersection 'P'
of the lines 3x + 4y — 12 =0 and x + 2y — 5 = 0 meeting the coordinate axes at
points A and B.

1. Locus of the middle point of the segment AB has the equation:

(@) 3x+4y=4xy (b) 3x+4y=3xy
(c) 4x+3y=4xy (d) 4x+3y=3xy

2. Locus of the feet of the perpendicular from the origin on the variable line 'L' has the equation:

(@ 2(x%+y?)-3x-4y=0 () 2(x%2+y?)-4x-3y=0
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(© x? +y2 -2x-y=0

25
(d) x?2+y%-x-2y=0

. Locus of the centroid of the variable triangle OAB has the equation (where 'O' is the origin):

(@) 3x+4y+6xy=0
() 3x+4y-6xy=0

(b) 4x+3y—-6xy=0
(d) 4x+3y+6xy=0

comprehension: (5)

Consider 3 non-collinear points A(9,3), B(7,-1) and C(1,- 1). Let P(a,b) be
the centre and R is the radius of circle 'S' passing through points A, B,C. Also
H(x,y) are the coordinates of the orthocentre of triangle ABC whose area be
denoted by A.

1. If D,E and F are the middle points of BC,CA and AB respectively then the area of the triangle

DEF is :
(a) 12 () 6
(© 4 @ 3
2. The value of a + b + R equals:
(@ 3 (b) 12
(c) 13 (d) ncne ot thrse
3. The ordered pair (X, y) is:
(@ (9,6) (b) (-9, 6)
(© (9,-5) @ (9,5
comprehension: (6)
y A —‘
(0, 16)
A
D P

(80)
0
2lo) C B\ X

In the diagram, a line is drawn through the points A(0,16) and B(8,0). Point P
is chosen in the first quadrant on the line through A and B. Points C and D are
chosen on the x and y axis respectively, so that PDOC is a rectangle.
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1. Perpendicular distance of the line AB from the point (2, 2) is :

() V4 (b) V10
(© ~20 @ 50
2. The sum of the coordinates of the point P if PDOC is a square is:
32 16
bt b) —
(a) 3 (b) 3
(© 16 @ 11

3. Number of possible ordered pair(s) (x,y) of all positions of point P on AB so that area of the
rectangle PDOC is 30 sq. units is:

(@ 3 (b) 2
(© 1 (d o
comprehension: (7)

Let a and b be the lengths of the legs of a right triangle with following
properties

(a) All 3 sides of the triangle are integers.

(b) The perimete : of th : tri ing'e s numerically ~qual to area of the triangle,
it is given that o : ..

1. The number of ordered pairs (a, b) will be :

(@ 1 (b) 2

© 3 @ 4
2. Maximum possible perimeter of the triangle is :

(a) 27 (b) 28

(© 29 (d 30
3. Minimum possible area of the triangle is :

(@ 24 (b) 25

() 26 (d) 27

comprehension: [ (8) |

Let A =(0,0), B=(5,0), C =(5,3) and D =(0,3) are the vertices of rectangle
ABCD. If P is a variable point lying inside the rectangle ABCD and d(P,L)
denote perpendicular distance of point P from line L.
1. If d(P,AB) <min{d(P,BC),d(P,CD),d(P,AD)}, then area of the region in which P lies is :
17 19
a) — b) =
(@) 7 (b) 7



Straight Line 27

21 23
c) = d) =
)] 4 (d) 4
2. If d(P,AB) > max {d(P,BC), d(P,CD), d(P,AD)}, then area of the region in which P lies is :
1 3 1
a) 1 b) — c) — d) —
(@ (b) 5 (@ 4 (d 4

2
3. If(d(P,AB) - zj + d(P,AD)2 > 1, then area of region in which P lies is :

(@) 15-2n (b) 10—% (© 15-= () 15—%

comprehension: (9)

The equation of an altitude of an equilateral triangle is V3 x + y = 24/3 and one
of its vertices is (3,+3) then

1. The possible number of triangles is :

(@ 1 (b) 2 (© 3 @ 4
2. Which of the following can’t be the vertex of the triangle :
(@ (0,0) (b) (0,2+/3) (© (3,-+3) (d) None of these
3. Which of the followir g ~an be the pos:'b 2 o1.hoce itre of 1> triu.sle :
(a) (1,\/5 W (3 (c) (C,2 (d) None of these
comprehension:

Given point A(6,30) and point B(24,6), equation of line AB is 4x + 3y = 114.
Point P(0,) is a point on y-axis such that0 < A < 38 and point Q(0, k) is a point
on y-axis such that k > 38.

1. For all positions of point P, angle APB is maximum when point P is :
(@ (0,12) (b) (0,15) (© (0,18) (d (0,21
2. The maximum value of angle APB is :

i b 27 37
- b) = akld a) 2&
(@) 3 (b) 5 () 3 (d ;
3. For all position of point Q, angle AQB is maximum when point Q is :
(a) (0,54) (b) (0,58) (c) (0,60) (d) None of these

G omprehension:

OACB is a square on x-y plane where O is the origin. A line through A
intersects the diagonal OC at D internally, side OB at E internally and side CB
at F externally. Given that AD:DE =4:3, AD =5 units and the square lies
completely in first quadrant.
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1. The area of square will be :

(a) 36 (b) 42 (c) 49 (d) 82
2. The abscissa of F will be :

8 7 5 4
a) —— b) —= c) —— d) ——
(a) 3 (b) 3 © 3 (d 3
3. Let O' be the reflection of O along AD. The equation of circumcircle of AAO'E will be :
(a) x2+y2—7x—21y=0(b) 4(x2+y2)—7x—21y=0
(c) 4(x2+y2—7x)—21y:0 (d) x2+y2—21x—7y:0
comprehension: (12)

A variable line ‘L’ is drawn through 0(0,0) to meet the linesL;:y - x-10 =0
and L, :y — x—20 =0 at points A and B respectively. A point P is taken on line

(L’.
1. Ifiz ! +i,thenlocusofPis:
OP OA OB

(@) 3x+3y=40 (b) 3x+3y+40=0 (c) 3x-3y=40  (d) 3y-3x=40
2. IfOP? =(0A) (0B), ttexlocu of ' is:

(@ (y-x)2%=100 (1) (_ —x2%-5C (2) (3 —0%=200 () (y—x)%=250
3. If 1 = 1 + 1 ,then locus of P is :

oP? (0A)? (0B)?

@ (y-02=8 () (y-02=100 (@ (y-0>=144 (d) (y-x)? =400

G omprehension:

P is an interior point of triangle ABC. AP,BP,CP when produced meet the
sides at D, E, F respectively. If BD = 2DC and AE = 3EC, then

1. AP : PD =

(@ 5:6 (b) 6:5 (¢c) 8:3 d9:2
2. BP : PE =

(@ 5:6 (b) 6:5 (o) 8:3 d 7:4
3.CP : PF =

(a) 5:6 (b) 6:5 (o 7:4 (d 8:3
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29

A ray of light travelling along the line OP (O being origin) is reflected by the
line mirror 2x -3y + 1 =0, the point of incidence being P(1,1). The reflected
ray, travelling along PQ is again reflected by the line mirror2x -3y — 1 =0, the
point of incidence being Q, from Q ray move along QR, where R lies on the line

2x-3y+1=0

1. The equation of QR is:
(@) 13x-13y =20

(b) 13x-13y+20=0 (¢) y=x-1

2. The ordinate of point R is:

53
b) 22
(b) 13

73
(a) E

(0 —

23
13

(d) 13x-13y +17=0

d1

Comprehension-1: 1. (d 2. (d 3. (2)
Comprehension-2: T ?ﬂ 72 (dT 73. 7(5
Comprehension-3: 1. (D 2. (b) 3. (@
Comprehension-4: 1. (@ 2. (b) 3. (o
Comprehension-5: 1. (@ 2. (b) 3. (0
Comprehension-6: 1. (© 2. () 3. (b)
Comprehension-7: 1. (b) 2. (d 3. (a)
Comprehension-8: 1. (© 2. (@ 3. (@
Comprehension-9: 1. (b) 2. (@ 3. (a)
Comprehension-10: 1. (© 2. (b) 3. ()
Comprehension-11: 1. (o 2. (b) 3. (o
Comprehension-12: 1. (d 2. (0 3. (a)
Comprehension-13: 1. (@ 2. (o) 3. (a)
Comprehension-14: 1. (a) 2. (b)
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EXERCISE (4)

Assertion and Reason

(a) Statement -1 is true , statement-2 is true and statement-2 is correct explanation for
statement-1.
(b) Statement-1 is true, statement-2 is true and statement-2 is not the correct explanation for
statement-1.
(¢) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true.
1. Aline segment AB is divided internally and externally in the same ratio at P and Q respectively

and M is the midpoint of AB.
—

Q

’7>0
=e
T
we

Statement-1: MP, MB, MQ are in G.P.

because
Statement-2: AP, AB an 1 1Q ar¢ in F .P.

2. Given a AABC who e ve tice; ar. Afxy v-Y, Bfx, > ,); C(x¢3,v,). Let there exists a point
P(a,b) such that 6a =2x; + x5 +3x5 ;6b=2y; + y5 +3y3.
Statement-1: Area of triangle PBC must be less than area of AABC.
because
Statement-2: P lies inside the triangle ABC.
3. Let A(x;,y;) and B(x,,y,) are two fixed points in x-y plane. Let us construct a line passing
through 'A' at a perpendicular distance 'P' from B in the same plane, then
Statement-1: It is possible that no such line exist.
because
Statement-2: If P < 4B, then no lines can be drawn through 4 at perpendicular distance 'P' from B.

4. Let'P' denote the perimeter of AABC. If M is a point in the interior of AABC, then

Statement-1: MA + MB + MC < P
because
Statement-2: MA + MB < AC + BC
5.Leta;x+b;y+cy =0,a5x+byy +cy =0and agx + by + c3 =0 represent three lines L;,L,
and L respectively
Statement-1: If L,,L,,L are concurrent, then

a; by ¢
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because
ap by ¢

Statement-2: If |a, b, c¢,|=0, then lines L|,L,,L; must be concurrent at point whose x-y
ay by ¢

coordinates are finite numbers.
6. Consider a pair of lines represented by ax? + 2hxy + by2 =0where a, b, h are real numbers and
h? > ab, then

Statement-1: If @ + b + 2/ =0, then one line of the pair ax 24 2hxy + by2 =0 bisects the angle between
coordinate axes in first and third quadrants.

because

Statement-2: If ax + y(2/ +a) =0 is a factor of ax 2 +2/xy + by? =0, then b+2h+a =0

7. Statement-1:  Ifa,b,care variables such that3a + 2b + 4c =0, then family of lines given by

ax + by + ¢ =0 passes through a fixed point (i ,;j .

because
Statement-2: The equation ax + by + ¢ =0 will represent a family of lines passing through a fixed point if
there exists a linear relation between a, b and c.
8. Statement-1: Th:area o wic agic fo me 1 by pointsA (20, 22). B (21, 24) and C (22, 23) is
same as the area of t = gle f rme¢d by pomnuP (0 0) Q (1,2, R 2,1).
because
Statement-2: The area of triangle is invariant with respect to the translation of the coordinate axes.
9. Statement-1:  The equation 2xy + 3x — 4y =12 does not represent a line pair.
because
Statement-2: A general equation of degree two in which coefficient of x 2 =0 and coefficient of y2 =0
and coefficient of xy # 0 can not represent a line pair.
10. Let points A,B,C are represented by (acos6;,asin®;),i=1,2,3; and cos(6; —65) +

cos(0, —03) + cos(03 —0;) = —%; then
Statement-1: Orthocentre of A4BC is at origin.

because
Statement-2: AABC is equilateral triangle.
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EXERCISE (5)

Match the Columns:

1. Let D(O,\/g), E(1,0), F(-1, 0) be the feet of perpendiculars dropped from vertices A,B,C to
opposite sides BC,CA, AB respectively of triangle ABC

Column-I Column-ll
(a) | The ratio of the inradius of AABC to the inradius of ADEF is (p) 2
(b) | Let 'H' be the orthocentre of AABC, then the greatest integer| (q) 3
which is less than or equal to square of the length AH is
(c) | The square of the sum of ordinates of points A, B and C is () 4
(d) | The length of side AB of AABC is (s)
2.
Column-I Column-Il
(a) | If the lines (p) | AP
x+2ay+a=9, x+3by+b-0 > +4¢c'+:=0, vhee
a,b,c,e R are concurrent, then a,b,c are in
(b) | The points with coordinates (2a,3a),(3b,2b) (c, c) where a,b,c, (q) | G.P
€ R are collinear, then a,b,c are in
(¢) |If lines ax+2y +1=0 , bx+3y +1=0 and cx+4y +1=0| (r) | H.P
where a,b,ceR passes through the same point, then a,b,c are in
(d) | Let a,b,c be distinct non- negative real numbers. If the lines| (s) | neither A.P nor
ax+ay +c=0,x+1=0, cx + ¢y + b =0 pass through the same G.P nor H.P
point then a,c,b are in
3.

Column-I Column-ll

(a) |Ifab,carein A.P, then lines ax + by + ¢ =0 are concurrent at | (p) | (-4, =7)

(b) | A point on the line x + y = 4 which lies at a unit distance from| (q) | (-7, 11)
the line 4x +3y =10 is

(c) | Orthocentre of triangle made by lines x + y=1,x -y +3 =0, (r) | (1, -2)
2x+y="7]is

(d) | Two vertices of a triangle are (5,-1) and (-2, 3). If orthocentre| (s) | (-1, 2)
is the origin then coordinates of the third vertex are
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Column-l

Column-ll

(a)

(b)

(c)

(d)

The number of integral values of 'a' for which point (a,az) lies| (p)| O
completely inside the triangle formed by lines x=0, y =0,

2y +x=3.

The number of values of a of the form g where K eI so that point (@ 1
(a,az) lies between the lines x + y =2 and 4x + 4y -3 =0

The reflection of point (t — 1,2t + 2) in a line is (2t + 1,t) then the| (r) | 2

slope of line is

In a triangle ABC, the bisector of angles B and C lie along the lines| (s) | 4
y=xand y=0.If Ais (1, 2) then J10 d(A,BC) equals (where

d(A,BC) denotes the perpendicular distance of A from BC.)

5. Given four parallel lines L;,L,,L5 and L,as shown in figure. Let d;; denote the perpendicular
distance between lines L; and L ji,7€{1,2,3,4}. Let P be a point, sum of whose perpendicular

distances from four lines is K. also d:, < d~» < d34 Then the complete locus of point P

Column-I

Column-lIl

(a)
(b)

(o)

(d)

IfK =d12 A 2d23 arF d34

If K=d12 +2d23 +d34 +2(X,,
where 0 < o < dy5

If K = d12 + 2d23 + d34 + 2(},
where 0 < o < d3y

)
()

(r)

(s)

Not possible

Entire region between the lines L, and L,
Entire region between the lines L; and L,

Entire region between the lines L; and L, and
betweenL; and L,
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Column-I Column-ll
P Q,2)

@) | 1f P(l +— j be any point on a line then

NERR

value of t for which the point P lies between
parallel lines x + 2y =1and 2x + 4y =15 s

(b) | If the point (2x; — x5 + t(xy —X7), 21 — Yo +| (@) _\/ﬁ—l 1
t(y, — y;) divides the join of (x;,y;) and (x5, y5) ’
internally, then

(c) | If the point (1, t) always remains in the interior of| (r) —44/2 542
the triangle formed by the lines y =x,y =0 and 3’ 6

X+ y =4, then

(d) | Set of values of 't' for which the point P(t,t% —2)| (s) | (0, 1)
lies inside the triangle formed by lines x + y =1,
y=x+landy: -l1s

7. Vertex A of the £4aBC is it c:igir. ‘he equaior cf 11eiars through B and C are
15x —4y —240 =0 and 15x — 52y + 240 =0 respectively.

Column-I Column-ll
(a) | The coordinates of incenter of AABC are (p) ( 56 10]
(b) | The coordinates of centroid of AABC are (q@) | (21,12)
(c) | The coordinates of excenter opposite to vertex C of AABC| (r) | (12,21)
are
(d) | The coordinates of orthocenter of AABC are (s) | (-4,7)
(t) |(0,63)
|
(ANSWERS
1. a>p;bos;c>qgdor 2, a>»>rnbos;co>p;d—og
3. a»>r;b>qc—o>s;dop 4. a—>p;bor;co>qdos
5. a>qgb-orcos;dop 6. a>r;bop;cos; dog
7. a>q¢bopcos;dot
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EXERCISE (6)

8ubjective Problems

1.

10.

11.

12

P(3,1), Q(6,5) and R(x, y) are three points such that angle PRQ is right angle and the area of
APRQ is 7, then number of such points R is.

. The number of integral values of a for which the point P(a?,a) lies in the region corresponding

to the acute angle between the lines 2y =x and 4y = x is.

. The number of integral values of b for which the origin and the point(1,1) lie on the same side of

straight line a®x + aby + 1=0 for a e R — {0} is.

. If the pair of lines 6x2 —axy —3y? —24x + 3y +p =0 intersect on x-axis, then find the value of
200 —B.
. Ifny is the number of points on the line 3x + 4y =5 which is at distance of 1 + sin? 0 units from

(2,3) and n, denotes the number of points on the line 3x + 4y =5 which is at distance of
sec? 0 + 2 cosec?0 units from (1,3), then find the sum of roots of equationsn,x? —6x +n; =0.

. In a AABC,the vertex A is (1.1) and orthocenter is (2, 4). If the sides AB and BC are members of

the family of straight "ir.2sax - by + c=0. Wh:rea,",c ire iu \.P di>n the coordinates of vertex
C are (h,k).Find the van e of 2h + 12F .

. Let P be any point on the line x — y + 3 =0 and A be a fixed point (3,4). If the family of lines

given by the equation (3sec 6 + 5cosec0) x + (7sec® —3 cosecO)y + 11(sec 6 —cosec) =0 are
concurrent at a point B for all permissible values of 6 and maximum value of
| PA — PB|=2+/2n (n € N), then find the value of n.

. There exists two ordered triplets (a,,b;,c;) and (a,,b,,c5) for(a,b,c) for which the equation

4x? —4xy + ay® + bx + cy + 1 =0 represents a pair of identical straight lines in x-y plane. Find
the value of a; + by +¢; +ay + by + .

. Each side of a square is of length 4 units. The center of the square is at (3,7) and one of the

diagonals is parallel to the line y = x. If the vertices of the square be (x;, y1),(x5,¥5),(x3,¥3)
and (x4, y4) then find the value of max(yq,y,,¥3,¥4) —min(xy,x5,Xx3,X4).
The base of an isosceles triangle is the intercept made by the line x +2y =4 with the

coordinate axes. If the equations of the equal sides be x = 4 and y =mx + c then find the value of
8m +c.

The slope of one of lines given by ax? + 2hxy + by? =0 be the square of the slope of the other, if
ab(a + b) + aabh + Bh3 =0, then a +p is equals.

. The slopes of three sides of a triangle ABC are —1,—2,3 respectively. If the orthocentre of

. g . . a . .
triangle ABC is origin, then the locus of its centroid is y = — x where a, b are relatively prime

then b — a is equal to.
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13.

14.

15.

16.

17.

18.

19.

20.

The equation of a line through the mid point of the sides AB and AD of rhombus ABCD, whose
one diagonal is 3x —4y +5=0 and one vertex is A(3,1) is ax + by + ¢ =0. Find the absolute
value of (a + b + ¢) where a, b, c are integers expressed in lowest form.

If there a real value of A for which the image of point (A,A — 1) by the line mirror 3x + y =6\ is
the point 02 + 1,1)? Then find A..

Straight line L, is parallel to the bisector of first and third quadrant, forms a triangle of area 2
square units with coordinate axis in second quadrant. Line L, passes through (1,1) and has

positive x and y intercepts. L, makes a triangle of minimum are with coordinate axes. The area

of the triangle formed by L;,L, and x-axis is of form P where p and q are relatively natural

numbers. Find |p —q|.

Consider two lines L; =x—-y =0 and L, =x+y=0 and a moving point P(x,y). Let
d(P,L,),i =1,2represents the perpendicular distance of the point P from L, . If point P moves in

2
certain region R in such a way that Z d(P,L;) €[2,4].Let the area of region R is A, then find% .
i=1
In a AABC, A =(a.,B), B(1,2), C(2,3) and point A lies on line y =2x + 3, where o, € I. If the
area of AABC be such that area of triangle lies in interval [2,3). Find the number of all possible
coordinates of A.

Consider AABC with A (n.,—m -1) B(— ,(3, C(I,I+ i su:htia ale of slope 2, drawn through
centroid of AABC me ats th = cir :um ~nt.e 0 A43C dn 3’ c xis, th :n J'»< the value of [ + m.

A variable line Ly cuts y =3x + 1and y =-2x + 3 at points P; and P, If the locus of midpoints

of P; and P, is line L, with undefined slope where slope of L, is constant. If slope of L;is B,
q

where p, g are coprime natural number, then find p + q.

LetA,B,Cliesonlines y = x, y =2xand y =3x respectively. Also AB passes through fixed point
(1,0), BC Passes through fixed point (0,— 1), then AC also passes through fixed point (h, k), find
the value of h + k.

11.
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EXERCISE (7)

1. Let PQR be a right angled isosceles triangle, right angled at P (2, 1). If the equation of the line
QR is2x + y =3,then the equation representing the pair of lines PQ and PR is: [IIT-JEE 1999]

(@) 3x2-3y2+8xy+20x+10y+25=0  (b) 3x2-3y2 +8xy—20x-10y +25=0
(©) 3x%2-3y%2+8xy+10x+15y+20=0  (d) 3x2-3y% -8xy—-10x-15y -20=0

2. The equation of two equal sides AB and AC of an isosceles triangle ABC are x + y =5 and
7x — y =3 respectively. Find the equations of the side BC if the area of the triangle of ABC is 5
units. [REE 1999]

3. (A) The incentre of the triangle with vertices (1, V3 ),(0,0) and (2, 0) is:

off) i) wfE] why

(B) Let PS be the median of the triangle with vertices, P(2,2),Q(6,-1) and R(7,3). The
equation of the line passing through (1, — 1) and parallel to PS is:
[IIT-JEE (Screening) 2000]
(@ 2x-9y-7-0 (b) 2x-9y-11=0
() 2x+9y-11=90 (d 2. +9y + =0
(C) For points P =(x;, y;) aud Q — x4, y 5 of the vo-ordinate piane, a new distance d (P, Q)
is defined by d(P,Q) =|x; — x| +|¥1 —¥5|. Let O =(0,0) and A =(3,2). Prove that the
set of points in the first quadrant which are equidistant (with respect to the new distance)
from O and A consists of the union of a line segment of finite length and an infinite ray.
Sketch this set in a labelled diagram. [IIT-JEE (Mains) 2000]
4. Find the position of point (4, 1) after it undergoes the following transformations successively.
(i) Reflection about the line, y =x — 1.
(i) Translation by one unit along x-axis in the positive direction.
(iii) Rotation through an angle /4 about the origin in the anticlockwise direction.
[REE (Mains) 2000]
5. (A) Area of the parallelogram formed by the lines y =mx, y=mx+ 1,y =nx and y =nx + 1
equals:
@ M gy 2 © — @

(m —n)> |m +n |m +n| |m —n|

(B) The number of integer values of m, for which the x co-ordinate of the point of intersection
of the lines 3x + 4y =9 and y =mx + 1is also an integer, is:

[IIT-JEE (Screening) 2001]
(a) 2 () 0 (© 4 @ 1
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6.

(A) Let P =(-1,0),Q =(0,0) and R =(3,3+/3) be three points. Then the equation of the
bisector of the angle PQR is:

(a) ‘fﬂy:o ) x+¥3y=0 (@ V3x+y=0 (@ x+*§y=o

(B) A straight line through the origin O meets the parallel lines4x +2y =9and2x+ y +6 =0
at points P and Q respectively. Then the point O divides the segment PQ in the ratio:
(@ 1:2 (b) 3:4 () 2:1 (d) 4:3

(C) The area bounded by the curves y =|x|—1and y =—| x| + 1is:

[IIT-JEE (Screening) 2002]

@ 1 (b) 2 © 2v2 @ 4

(D) A straight line L through the origin meets the line x+ y=1and x+ y=3 at P and Q
respectively. Through P and Q two straight lines L, and L, are drawn, parallel to2x — y =5
and 3x + y =5 respectively. Lines L, and L, intersect at R. Show that the locus of R, as L
varies, is a straight line. [IIT-JEE (Mains) 2002]

(E) A straight line L with negative slope passes through the point (8, 2) and cuts the positive
co-ordinates axes at points P and Q. Find the absolute minimum value of OP + OQ, as L
varies, where O is the origin. [IIT-JEE (Mains) 2002]

. The area bounded by the angle bisectors of the lines x2 — y2 + 2y =1and the line x + y =3, is:

[11 JEE (Screening) 2004]
(a) 2 1) 3 () 4 (d) 6

8. The area of the triangle formed by the intersection of a line parallel to x-axis and passing

through P (h, k) with the lines y = x and x + y =2 is 4h?. Find the locus of the point P.
[IIT-JEE (Mains) 2005]

. (A) Let 0(0,0),P(3,4),Q(6,0) be the vertices of the triangle OPQ. The point R inside the

triangle OPQ is such that the triangles OPR, PQR, OQR are of equal area. The co-ordinates
of R are:

(@) (4/3,3) () (3,2/3) (© (3,4/3) (@ (4/3,2/3)
(B) Lines Ly:y—x=0 and L,:2x+ y =0 intersect the line Ly:y+2=0 at P and Q,
respectively. The bisector of the acute angle between L; and L, intersects L4 at R.

Statement-1: The ratio PR : RQ equals 242 :4/5
because

Statement-2: In any triangle, bisector of an angle divides the triangle into two similar
triangles.

(a) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for
statement-1.

(b) Statement-1 is true, statement-2 is true; statement-2 is NOT a correct explanation for
statement-1.

(¢) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true. [IIT-JEE 2007]



Straight Line 39

10

11.

12.

13.

14.

15.

. Consider the lines given by
Li=x+3y-5=0, Ly=3x-ky—-1=0, L3 =5x+2y—-12=0
Match the statements/expressions in Column-I with the statements/expressions in

Column-II and indicate your answer by darkening the appropriate bubbles in the 4 x 4 matrix
given in OMR. [IIT-JEE 2008]

(a) L,,L,,Ls are concurrent, if (p) k=-9

(b) OneofL,,L,,L,isparallel to at least one of the other two, if|(q) k = 6
(¢) L,,L,,Ls form a triangle, if () k=

(d) L;,L,,Ls do not form a triangle, if (s) k=

The locus of the orthocentre of the triangle formed by the lines (1+ p)x —py + p(1+ p) =0,
(1+qx—-qy+q(1+q =0,and y =0,where p # q,is: [IIT 2009]
(a) a hyperbola (b) a parabola (c) an ellipse (d) a straight line

A straight line L throuch tha naint (2 —2)icinclined at an angle 60° to the line v/3x + y = LIf L
also intersects the x-z xis then the :quaiio . v. 1l is: [IIT 2011]
(@) y+3x+2-53=0 () y-~3x+2+33=0

(© V3y-x+3+243=0 (A V3y+x-3+243=0

The x-coordinate of the incentre of the triangle that has the coordinates of mid points of its
sidesas(0,1),(1, D) and(1,0)is: [IIT-JEE (Mains) 2013]
@ 1-+2 b) 2++2 © 2-42 @ 1++2

A ray of light along x +~/3y =+/3 gets reflected upon reaching x-axis, the equation of the
reflected ray is : [IIT-JEE (Mains) 2013]
(a) xEyzx—l (b) y=x+\6 (©) ﬁy=x—\@ (d)y=\@x—x@

For a>b>c>0, the distance between (1,1) and the point of intersection of the lines
ax + by + c=0and bx + ay + ¢ =0is less than 2+/2. Then : [IIT-JEE (Advance) 2013]

(@ a+b-c>0 (b) a-b+c<0 () a-b+c>0 (d) a+b-c<0

|
1. b 2. x-3y+21=0,x-3y+1=0,3x+y=12,3x+y=2
3. (Ad;B)d 4. (4,1 (2,3)> (3,3) > (0,3+2) 5. (A)d; (B)a
6. (A)c;(B)b; (C)b; (M) x-3y+5=0;(E)18 7. a 8. y=2x+1,y=-2x+1
9. Ac@®Bc 10.@->s;(b)>p,q@—>1(d—>p,qs
11. d 12. b 13. c 14. c 15. a, c
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0nly One Choice is Correct:

1. (b) Equation of pair OPand OQ is
obtained by homogenising.

S
X"'ky=1
O —» X

N
L Q

= Equation of pair OP and OQ is

5x% +12xy —6y2 + (4x —2y) (x + ky)

+3(x+ y)* =
OPand OQ are equally incized
X-axis.
Coefficient of xy =0
= 12+4k-2+6k=0
= k=-1
2. (c) OD =AD =BD

>
D
«—2xty=a
457\,B
op-p-14
J5

Area of AOAB :%(ZP)P =p?

2
Area = a
5

SOLUTIONS @

3. (a)
~[3(-D —-4(4) +12][12(-D) -5(4) + 71> 0
= Equation of bisector containing (-1,4)
in its region is
3x—-4y+12 12x-5y+7
5 13
= 21x+27y-121=0
4. (a) Intersection of x =(y — 1?2 with lines

are

-1 4
(y-D 3 y y 3

= PE[1,4]
9°3
(y-D?=5-2y=>y?=4=y=+2
Q 5(172)) R 5(9)_2)

= a+1e(-2,1) u(:,zj;

1
- =1
ae( S,O)U[B,j

5. (a) Equating slopes of P’A and P'Q.
A-1 3-1

2 7
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6. (c) (x-3y)(x-y)=0
Equation of line parallel to line
x —3y =0 and passing through (3,-2)
isLy=x-3y=9
Similarly equation of line, parallel to
line x—y=0 and passing through
(3,-2)isLy=x—-y=5
Equation of pair L; and L, is
(x-3y-9)(x-y-5=0

= x?-4xy+3y%-1-x+2%y- 45-0

7. (¢) Equation of L is

2y -8=3x-3
= 3x-2y+5=0
8. (b) (PR +RQ) pin =(PR +RQ") i, =PQ’

0-4 4+1
r+3 -3-0
= K=—§
5

= R E(—B,Oj
5

P(-3, 4) Il —|

Q(, 1)
R, 0) % Q

L .-1)

9. (b) Image of (0,0) w.r.t. L lies on L}
Image of (0,0) w.r.t. L is

L y=X

v

4 -2
P'=(v.")=| —,—
") (5 5)

Equation of L] which passes through
(1,1 and (4 ,_Zj is
55

-2
“ 1 7
y-1== (x-D="L(x-1)
4 -1
A
5
y=7x-6

10. (d) a -2+vbc =b + ¢
= b+ -Ha)? =0
= Vb++c-+a=0
or Jb + \ﬁ+\/az0(rejected)
Vb+c-a=0

= “ax++by++/c=0 passes through
fixed point (-1, 1).
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2 2
a® +2atan® +tan“ 0

|secO|
_(a +tan0)?
|sec 0]
(b + tan0)?
P3=—7""77—
|sec 0]

|ab + (a + b)tan6 +tan? 0|
|sec |

9 =

|(a +tan0) (b + tan 6)
|sec O]

= p5=pip3
12. (b) Equation of BC varies

Orthocentre will always lie on line
perpendicular to y=x+A passing
through A(1,2).

A(1, 2)

y=Xx+A
= Locus of orthocentre ‘H’ is x + y =3.
13. (a) Slope of CD is % =C=(-5,-1
B (0. 4)
D(1, 2)

G
A2, 0)

(-5, —»%Qﬁ
C 0, 1)

Perpendicular distance from G to AB

:% (Perpendicular distance from C to

AB)

~10-1-
_1(1=10-1-41) 5
3 Ja+1
14. (b) Image of A say A’ w.rt. x -2y +1=0
lies on BC.
-
A B
(1,2) 2.1

x—2y+1=0

x—1_y—2__2(1—4+1)_ﬁ
1 -2

1+22 5
Al= E,E
5’5

E( warior. o BC joining A’(i,?j and

B(2,1) is
1-2 5
y-l=—2(x-2)="(x-2)
9 1
2_7
5
3x-y-5=0=a+b=3-1=2
15.(c) LBIC="F - 4 L 4.7
4 2 2 2

-
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Hence, ZBAC :g

16. (b) Possible cases are shown below

(=3,0)

(0,-6)

<
\ S

(3 0) 4.0)

K

17. (¢ tane_— tan _7:
© 4 ¢ 2(3)

=
L‘)\/j;/z

slope of OB :tan(g -6+ d))] =cot (0 + ¢)

N | =

YA

31
1-2.=
421
+

2

E
4 2

k/‘\/ —‘
4,0)

43

18. (¢) Let perpendicular bisector of AB is
3x+4y-20=0 and perpendicular
bisector of AC is8x + 6y —65 =0.

= Image of Awrt.3x+4y-20=0isB
and image of A w.r.t. 8x + 6y —65=0
isC.

ForB, X= 10 _y-10 _ 2(30+40—20]

4 25

= B=(-2,-6)

x-10 _y-10 :_2(80+60—65)
6 100

= C=(-2,1)

For C,

(=2, 1)Ci

4
L B(- 2,-6)

Area ofAABC:%(10+2)(1+6):42

19. (b) Area of ABCD =mod of

1/*1 1 1 Xy Yp 1
~|x9 Yo 1l|4+modof=-|x3 y3 1
Xq4 Yq 1 Xq4 Yq 1
1 1
>-(D+=-(D=1
2() 2()
C(x3 ¥3)
(X4 ¥4)D,
(Xq, YA

\_ B(xy ¥,)
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3 .
20. (b) tan6 = 4 (from Fig.) (5'sin 6, — 5 cos 0)

(3.4)
3,500
cos 0, 5 sin 0)
4 3 I

] : Centroid
. 1o ,
Q =(551n9+5cos(9+3 5sin® — 5cose+4j

>

o[~ A ’
S - Circumcentre O =(0,0)

= Orthocentre, H =(h, k)

= Slope of OB —tan(g Oj =cot 0 B(SSine +5c0s0 + 3} o
k 4 i
= Locus of (h, k) is h g =5sin® +5cos0 +3 ..(D
= 3y=4x 3(551n9—5c059+4]_2(0):k
21. (b) Lines make comnlementary angles< 3
with X-axis=>m m :1:>E:1 =Y o)es® + 4 ~(2)
C b B, ec. (.) - eq.(2),
22. (¢) h=2cos6 + 2cos(120°-6) h+k—-7=10 sin®
=c0s0 + /3 sin® ..(1D) By eq. (1) —eq.(2),
k=0 +2sin (120°-6) h-k+1=10 cos6
3 cos +5sin O -e(2) = (x+y-ND*+(x-y+D*=100 s
squarring and adding eqs. (1) and (2), the required locus.
we get 24. (d) BH LOA = A lies on y-axis
h? + k% =4 + 43 sin6cosO equation of AH is :
Multiplying egs. (1) and (2), we get Y —‘
hk =~/3 + 4sin0cosO A
= (h®+k?) -4=+3hk-3 T~ B(3, 4)
(1 4)
x2+y2=y3xy+1 is the required
locus. ;
23. (d) By observation, it is clear that 3 L(O’ (g)' f
vertices of triangle lie on circle
x2+ y2 =25.
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Put x =0,
3 19
= =44+ —="
Y 4 4

= AE(O,lgj
4

25. (c¢) Slope of PQ =2 =tan®

\7
0,2) =

5

2|1

L (4,0

PE(2+\/E.1’1+\/§_25J

N5 5
=(3,3)

26. (b) Put x = x; in equation of pair of lines
V.
= by? +2hx;y +ax, =0,
N v
1
2hX1 2 axf

3y1=-

T’ Y1 b
C(x,, 2y,)

(B(x,, v,)

L A(x4, 0)

9y? 4h? xib
2y2  b? ax?
9 _4h*

T = 9ab=8h>
2 ab

0+2_ 4+2 6

x-8 -3-8 11

27. (b)

x=—
3

45

(-3,4) .. (3, 4)
/51/2)
B .
.
(8,-2)

28. (a) (2a,a) lies on2x +3y =20

So4a+3a=20
B(4, 4
Y
)
\\v,’o
(a,a (2a, a)
0,08 @0 @0 c(ioo
20
= a="
7
Artq :@
49

29. (d) Locus of C is a circle.
= infinite AABC can be formed
30. (a) Reflection of C with x-axis =(5,-3)

Equation of ABis y —2 :%(x -1

Sx+4y=13

-

L‘ , o

31. (b) Line passes through (0,0) and (8,11)

= itsequationisy = % X
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(13,21)—|

8,11

(3,16

(13, 6)
3.1)

32. (d) R=(B8h-6,3k+6)

(2, 5)P j

k)
w,—ﬂ)Q R
Rlieson9x +7y +4=0.
= 9(Bh-6)+7@Bk+6)+4=0
= (9h+7k)3-8=0
Which is parallel to N.
33. (b) Image of A(2,-1) \7r.t.
3x-2y+5=0,/." % giver by
X2 _y+1l_, (6+2+5

-2

@, —1)A-—

Equation of BC is

3+2
-3= x+4
y-3=—"S 0+
Sx+y+17=0

34. (d) ax? +by? +2hxy =0

Put x =X, y =-Y, in the equation of
pair L; and L.

= aX?+b(-Y)? +2h(X)(-Y) =0

= aX? +bY? -2hXY =0 is the required
equation.

A
T 2>

2a

l

<“«— a —dle—a—>

35. (a)

a
tan =—

2~

ta‘l[; Do1-12 1

-
2

- T

4 ) 1+12 3
36.(d) p(x+y-D+qg2x-3y+1)=0
= (x+y-D+Iex-3y+D=0
p

Always passes through intersection of
x+y-1=0 and 2x-3y+1=0,

which is [2 ,3j .
55
37. (d) Orthocentre is (0,0).

(0.46) —|

!
(0,0) (3. 0)

L

38.(b) y-mx=0, x+2y—-1=0 and
2x — y + 3 =0 are concurrent
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m -1 0
= |1 2 -1|=0=5m+5=>m=-1
2 -1 3

47

y=-—Xx+2
0.2)

39.b) (x+2)+A(x+y+1=0
Fixed point, P =(-2,1)
Distance of P from origin =2

40. (@) ax+(a+2d) y +(a+6d) =0

= alx+y+1D+2d(y+3)=0

= (x+y+1)+%(y+3):0

Fixed point =(2,—3) which lies on

x? +y2 =13

41. (a) PAB is the required triangle .

VAN

y=x+1 y+x=1
1
.. Area of APAB :§x2x2:2

42. (a) For point of intersection,
3x+4mx+4=9
p_ 5

3+4m
3+4m =41, £5
= m=-1/2,-1,1/2,-2

Number of integral values of m =2

43. (d) Let the linebe y =m (x -1)
Equation of pair of
(y=x+2)(y+x-2)=0

lines is

y=x-2

Caloy o

|

= yz—x2+4x—4:0

B

Equation of pair OA and OB is obtained
by homogenisation given by

2
yz—x2+4x[mx_yj—4[mx_y) -0

m m
OA 1 OB
2o Coeffcint of x?+ Coefficient of
3.0) ¥4 =0

= 1—1+4—4+i:0 = m-—©
m 2

Line is given by x =1.

44. (a) Equation of AB is % + % =3

-

Be (0, 3k)

\_o
AB passes through (a, b)
a b

—+—-=3
h k

= bx + ay =3xy is the required locus.

A(3h, 0)
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45. (c) Slope of AH :k:Z tanf, = BC :&
h 4 (AC/2) AC
Slope ofAC:M:E tand; _1
h-5 3 tan@, 4
So,3[ih+1j:2(h—5) Case-I : If m<3,
tan 6, 1 andtan6, _1
3 m
m 1 3
— =—=—m=—
3 4 4
Case-II : If m>3,

tan 0 -t andtan®, =%
m

1

= =—=>m=12
4

-
= h=-4,k=-7 m
A=(-4,-7) 48. (b) AD L BE

46. (d) Equation of line after rotation
becomes

ax+by+c=0 L |(o,o
/'(2' 0) b) -b

= | - =-1
s

= 2b%=qd?

bx —ay=c' A
= +
It passes through (2,0). = ¢’ =2b = 282 b
Equation of line is bx — ay = 2b. 49. (d) Equation of pair PAand PB is
47. (b) tan0, = 2C 1
. tan 1 == (_1 ’1)
2AC N
C 45°
> X
P 459 (1 —1 )
1.-1) BN x+y=0

(x+D(y+D=0
= xy+x+y+1=0
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50. (a) Point P must lie on at least one of the
angle bisectors.

L 3x+4y=12
Incentre,
A ( 4(0) +3(4) +5(0) 4(3) +3(0) + 5(0))
4+3+5 4+3+5
I=(1,1
P =(1,1) only

51. (d) Lines are
X+y+1l=0:4x+3y- 4=0

and xX+oy-p=9
where, o2 +B%2=2
1 11
4 3 4{=0
1 a B

138 —4a) =14 —4) + 1(4a - 3)
=33-4a -4 +4 + 4a -3
=pf+1=0 = =1
o==1
52. (a) Homogeneous equation of the curve
of x?+

with line. Coefficient

coefficient of y2 =0

53. (b) The point of intersection of the two
lines are (-1,-2)

P(-1-2) v2-3)
® e ®
10
L

Distance PM =+/10

49

Hence the required line is one which
passes through (—1,-2) and is | to PM.
=B

54 (b) Area of rectangle BCDE = 4mn

YA
(=n, m) B (n. m)
C y=X
A(m, n)
> X
(6]
D
(=n,-m) E(n,—m)
Area of AABE = W
=m 2 _ mn

area of pentagon = 4mn + m? —mn

=m? +3mn

55. (d) Fi;ui2i a parallelogram

x=2

s —
D/, 1| V=T

Slope of HD =2
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(3

57. (a) Image of point (2,1) lying on
2y —x=0w.rt. 4x+3y=0is
x-2 y-1 8+3

=2
4 3 25

38 41

= X,y =| —-=—,—-—
() ( 25 25)

Other line passes through (0,0) and

38 41 .
—-—,—— |and is given b
( 25 25) & Y

41
=—=x
38
58. (b) (a,b) is the foot of | ar of (12. 10) on
the line y +5x="8

P (12, 10)

y

y

O
L M (4, -2)
a-12 b-10 _ (10+5(12)-18
5 1 26
= (a,b)=(2,8)
59. (¢) Letm =tan20 and

andm=4n and m =0,

n=tan0

tan20 =0; S 020
tan20 =4tan 0

ﬂﬂtane

1-tan” 0
1=2-2tan’0

2tan’0=1 = tan?0=1/2

2
mn =tan20.tan 6 =M
1-tan’ 0
1,
1-(1/2)

60. (c) Reflecting a graph over the x-axis
results in the line M whose equation is
ax — by =c, while a reflection through

the y-axis results in the line N whose
equation is —ax + by =c. Both clearly
have slope equal to a/b (from, say, the
slope-intercept form of the equation.)

(1) (c, 1) 9, 1)

y=1
oK) y = (19
O
X=C
2x1-Sl9—c)=Ltxgx1
2 9 2
= ¢=3

or c¢=15which is not possible

(1 —d)l l
60-0
| i

B =

Isin® =d ..(D

62. (b)
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51
. 3 L. 1
lsm(60—9)=l£cose——sme now area of AABC = X ?C m?x 1
211 ¢ 1
-1-d :
2-d =—[cx -mqx]
= lcos=—-— ...(2) 2 1
3 1
Squaring and adding Eqns. (1) and (2) :5| [((my —my)x+my)x —myx]|
2
- 12:d2+4+d -4d 4

=2(d?*-d+1
33 3( +D

:E|[(m1 —mz)x2 +mqyx —mqx]|
2

:E(ml —-my)(x -x2)
> 2
63.(b) mb>0 = m>0 [ x> xin (0,1]
andb>0 or m<Oandb<0 Hence, f(x):l(x—x2);
Hence possible lines are as shown
1 1
y fOO) ] pax = A when x==
65. (c) P
(ha, 2)
E(C2) — C(4,2)
\— ol : |s
In both the cases x intercept cannot be (0,0) / A D' (40)
+ (hy,0)  (hy, 0)
ve
= (b)

64. (d) Let the coordinates of C be (1, ¢)

Line will pass through (2,1)
y A
I m e

= Eqn. of lineis y —3x=-5
B .. y-intercept is (0,—5)
’
A4, 1)
my > my

Al(0, 0) x=1_ "

c-Yy c—mqx

m = =

27 1-x > 1-x

B C(2,-3)
\EO—Za)
(my —my)x=c-m,

9-2a 13-2a 1
(D) a-4  a-2
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117 —26a - 18a + 4a® =—(a® - 6a + 8)
502 —50a +125=0
so B is (5, 0)

SO area=%ABxAC=%\/§x3x/§=3
67.(@) y-1=m(x-1)
y—1:—i(x—1)
m

2h=1-1

Y B

&* %]/ c (K

2k=1+ l
m
locusis x+y=1
68. (¢) Equation of any line through (2, 3) is
y-3=m(x-2)
y=mx-2m+3

0, 3-2m 18

(2.3)

2m -3
o R

with the help of the fig. area of
AOAB =12

. 1(2n—3
ie,—

j(B —2m) =112

taking + sign we get (2m +3)2 =0
this gives one value of m =—-3/2
taking negative sign we get

4m? -36m +9 =0(D > 0)
quadratic in m gives 2 values of m

= 3st. lines are possible.
69. (d)

3.2

P“-APAI6O°:J§if

p_1¥5¥3 _ 45
3 2

£

Slope of HD =2, D E£4,§j

Using parametric, form

_HE(4+ J5 013 45 2J

23 52 203 5
J3 3 J?J

= H=|4+—,—+—
(05

70. (¢) =a+(p-1d;

e 2|n

=a+(qg-1d; Xi=a+(r—1)d

-
a+(p-Dd p 1
a+(g-Dd q 1
a+(r-Dd r 1

= =0
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One or More than One is/are Correct
1. (b, c, d)

me (—1,;] for origin to lie inside the

triangle

X+y=2

2. (b, d)

Slope of lineism < n(a +t0)

tan o :%. tan0 =2

(2, 3)—|

1+2
m:—&T—héw
1-—x2
2
1y,
m:%:
1+—x2
2

eqn. of lines are

x=2 andy—3=?(x—2)

SOLUTIONS @
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x=2and 4y +3x=18

3. (a, b)
The diagonal of rhombus is parallel to
angle bisector of given lines
y-x-2 =+y—7x—3
V2o s\2
= 4y+2x-7=0,6y+12x-13=0

Diagonals are 2y + x =5

and 2x-y =0
Possible coordinates of A are (0,2) or
0, 0)
4.(a, b, c,d)
Fcr C:
6cos0 +2sinb=+/10

tan™' 3 =a,sin(0 + o) =%

6x + 2y =10
0+a _on
6
st—n—tan&S
6

. Be (0,5“ —tan”! 3)
6

5.(a, ¢)

3™ side will be parallel to angle
bisectors of given lines,
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7x—y+3_+x+y—3
2 W2
= 2x -6y =c

3™ side will be given by
x-3y=31 or 3x+y=-7

6. (a, b, )
(5, 6)

X =

o=

-1.2)

(1,3)
0,0

v

(3x + 2y =0)

(2x+y+x=0)

7. (a, d)
m =tan0;, m'=tan0,
inclination of given linec are 2A. and
20,
inclination of angle bisectc.s6; + I 0.

T
61 +92 +E

slopes will be fl tm mm=l

-mm' m+m'
Eqn. of bisectors are
_(m+m'")

y_b_(l—mm')(x_a)’
y_bzm(x_a)
(m+m")
8. (a, b)

BC is parallel to angle bisector of lines
2x+y=5and x-2y=3
2x+y—5_+x—2y—3

V5 J5

Eqn. of BC can be x + 3y =11

= Xx+3y=c

or 3x-y=3

9. (b, ¢)
Triangle formed by lines is obtuse.
10. (a, b)
3
YF 2
(-2.2) -1,2)|(1,2) 2,2)
(2.1)
2,0 1,1 1) |y=1
> X
o
X=_2X=—1 x=1 X=2

Possible squares have vertices
(-2,D,(=2, 2),(-1,D,(-1,2)
or (1, 1), (1, 2), (2, 1), (2,2)
11.(a, b, ¢, d)

—aV3 a C
2

Possible ordinates of C are (0, a), (0, —a),
a3 —-a -av3 a
2 721 2 2

12. (b, c)
H is the image of D

B|(o, b) —|
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Applying power of 'O’

aa'=bb = b‘:E
13. (b, ¢)
Bx+4y+5(x+2y+3)=0
m —_—Bm =—— => mym _3
1= M2 M2 =3
P=(1,-2)
1.3
tan0 = 2 4—%
1+—
2
= sinb=—+
55
14. (b, d)

LetC=(\, A —2)
L8 xn-2/=20
2

= A-2=15 A=7,-23

C 5(7: 5)5 (_3:_5)

15. (a, b)

1 1 7
tane—; s1n6—? cos—ﬁ
Apsiﬁcotgoo:f&@
(1 5V2V3 7 1 5243 1}
2 502’2 2 52
[1 5243 7 1 5V243 1}
2 2 5@’2 2 52
A:[1—7\/§’1—\/§J
2 2

1+743 1+43
2 02
16. (a, b)
L must be angle bisector of L; and L,
L is given by
3x+4y—1_+5x—12y+2
5 13
= 14x +112y -23 =0,
64x -8y -3=0

17. (c, d)

P will be on line parallel to y =x at a

NG

locusof Pwillbe y —x=1ory —x=-1

18. (a, ¢)
(", h)
N ]

perpendicular distance of

\_ @, 0)
Other vertices are

a y Va? +b? b

2 2 ¢a2 + b2 ?

b a® +b? a ]
+

Va? +b?

Va? + b2 ’
E_\/a2+b2 a
2 2 /a2+b2

(a+b a+bjand( zaj
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19.(a, b, c, d)
my_9  mi-my

9

m, 2 1l+mym,
= 9m§ _9m2 +2:0’

Om2 +9my +2=0

=3x+y=0,2x+3y=0
m, = ,my =N
3 =
= x+3y=0,3x+2y=0

20. (a, b, ¢, d)

21. (b, d)
Bc=>ag=2/n
477 4

1 3
P=-BC=2./41
2 8r

tanG:—ﬁ
5

a9l )b ()

Ja )z 8"\ Ja
o -3 )33

i.e.[f,ej A (ng
8 8
d= /£+36 or ﬁ+9
64 64
Hence, [d]=6 and 4
22. (a, d)

1
sinezﬁz
6
3

Angle made by L with positive x-axis
can be
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T T odELT Applying C; —» C; +C,, we get,
T o R il
120 s 4ys va 1 |-8 s 1
23. (a, d)
xp oy 1

)
Il
=
V]
<
N
—_



58 Advanced Problems in Coordinate Geometry for lIT-JEE

SOLUTIONS (3)
comprehension: (1) 3. (0)
Equation of line PM: 3 2 2
2 _(3+tanb 1+3tan6
y-1=tan0(x -1 (P _(1+tan6 1] +( 1+tan® 1)

YA

A(2,2)
y=x Q
@alye -

/\A o}
M (0, 0) 4, 0) X

Intersection point 'Q' of AC and MP
4 —x—-1=tan0(> — ")

/

N \ 3+tan® 1+ 5tany
“(1+tan0’ 1+tand

Area of AAPQ = modulus of

1 1 1 4
1 2 2 |- 1-tanb
2|3+tan® 1+3tanb 1 1+tanb6

1+tan® 1+tan6
1. (d) Area of quadrilateral BPQC,

A:l><4><2— 71_tan6
2 1+tan6
3 +5tan®
1+tan®
2. () A=5-— 2
1+tan6

0 e(O,Z] = 1+tanbe(1,2)

= Ae(3,4)

_ 4

- (sin©O + cos 6)2
-t ge (o,“j
1+sin20 4
= (PQ)? (2,4 =PQe(~2,2)
comprehension: (2)
]

(0,1) D ¢ (1)

i.% (0, x)NF

A B —
©0J0) Ex0 (1,0
Area of CDFE,
1 5, 1
Ax)=1-—x“-—-(1-x
(x) 5 2( )
_1+x—x2
2
1+1—1
Apa =4[ 1]=—2 43
max 2 2 8
1
at x=—
2
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y4 Ztang
1,1
D ¢ D tan@=—— 2 =2
20
B 1-tan” —
5 2
2. (d) -
o : = tang V5 -1
C ~ 2 2
A(—y—*—g—»B X 0
AEletan§=5(\E—1)

(PA)? —(PB)? +(PC)? —(PD)?
=(a?+y?) -(a?+8%)
+B2 +82) - (y2 +p)

.. Area of region required = shaded area

=%x10><5(\/g—1)

=0 =25(+/5 -1
; .
0,10 c(1.1) 0c @8
3.(d) (1.9)
Q
L A0, 0) BA,~ 2.(b) Al D _ x
(fe /1o (10, 0)
1
*.)/(1) —g( 2
N B' (0, -8)
= y==
3 (Perimeter of ARBC) in
2)* 13 =(RB +RC) i, +BC
Lpg = M2+ —_—
3 3 =(RB'+RC) ;, + BC
=B'C + BC
comprehension: (3) 8 16
= =? = x=3

(0,8)B L C(6,8) y
yA
1. (d) L L3 (0,8)B
) F\
% . ; (x,y)

Al,0) Ly, D (10,0)
0,0)A (6, 0)(x, 0)D(10, 0)
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- 3. (¢) Equation of AB is
Area of rectangle, A(x) =2x(10 — x) X y
xe[6,10] 3n T3 !
(A) pax =A(6) =2x6 x(10-6) =48 [ 3}
put| 2,—
comprehension: (4) _|

B (0, 3k)

>

1. (a) Intersection point of lines is (2,3

Ne—

(0, 2k) —| Eil, L9
N
(h, k) LO 0.0 Alan, )
(2, 3/2) y A
— =1
3h 2k
L A(2h, 0) 4k + 3h =6hk
Equation, of AB is = 3x+4y-6xy=0
x oy
2n okt ccm;m he nsicn: (5)
3 1 3 1
put| 2,= :ﬁJrﬁ:l 1. (d) Area ofADEFzzarea of ABC

= 4k +3h =4hk
= 3x+4y=4xy
2. (b) Equation of AB is
hx + ky =h? + k?

Put(Z,zj bu ) D B(,-1)

—| = 1 X A x6x4=3
e 4 2
2. (b) Equation of perpendicular bisector of
(h. k) ACis
(2,32 y—-1=-2(x-5)
LO(0,0) A = y+2x=11

3k perpendicular bisector of BC is
= 2h+ o h? + k2



Straight Line

m-1 )D:4,-1) (7,-1)

x=4
Circumcentre =(4,3)
- R=y(4-D*+(3+D2=5
= a+b+R=4+3+5=12

3. (¢) O =circumcentre, G = centroid

_[ 417 1
a2 )

- 3 .
42—>
H (17 1) O (4.3)
¢ |55
|_ Y/
H = (9: _5)
comprehension: (6)

1. (c¢) Equation of AB is

y A
(0, 16)
A
D P
80
5 >
©)0) C B\ X
X 4 = 2x+y=16
8 16

perpendicular distance of (2, 2) from

AB

61

_4+2-16_10 _, =_ po
J5 V5

2. (a) Put (A,)) to eqn. of AB

“ B

A

D P (L 1)

0 c B

= 2A+A=16 = 7»:13—6

Sum of coordinates of P =2\ = 33—2

s N
N\ .

-
(1, 16 - 21)

~

IR

Area of rectangle PDOC
=M(16 —2)) =30
= A*-8,+15=0
A-3)(A-5)=0
= A=3,5=P =(3,10),(5,6)

3. (b)

comprehension: (7)
a+b++a? +b? =%ab

(2a +2b—ab)? =4(a”* +b?)
8ab + a?b? —4ab(a+b) =0
ab-4a-4b+8=0
(a-4) (-4 =8=2x4,1x8
(a,b) =(6,8) or (5,12)

U
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1. (b) No. of ordered pairs (a,b) =2

2. (d) For maximum perimeter,

a =5, b=12 = Maximum perimeter

=5+12+13=30

3. (a) For minimum area, a =6, b=8

Minimum area = % x6x8 =24

comprehension: (8)
1. (¢) d(P,AB)<d(P,BC)
d(P,AB) < d(P,CD)
d(P,AB) < d(P,AD)

yAk C

(3/12,3/2) (7/2 3/2)

.............

u (0,0) (50

= P lies in region as shown

Area:lxgx(5+2):§
2 2 4

2. (d) d(P,AB)>d(P,BC)
d(P,AB) > d(P,CD)
d(P,AB) > d(P,AD)

4 23 B3 —|

T

(512, 5/2)",

-

= P lies in region as shown

Area:%xlxl:l

2 4

v

Advanced Problems in Coordinate Geometry for lIT-JEE

32
3. (d) x? +(y—2J >1

P lies in region as shown

DA c
(0,5/2)
(0,3/2) 1
(0,1/2)

A B

2
Area=5x%x3 — () -15-"
2
comprehension: (10)

A-6 A -30

30-% 61
m; -m
tanf=—2 11 _ 6 24
L+mymyp 1_’(30—%}(6—%)
6 24
(38-2)18
(A -18)2
%(tane) _ 18(A —18) (L —58)

.—-18)*

1. (¢) tan 0 is maximum at A =18.

2. (b) (tan0) py — 0= 0=—

2



63

Straight Line
m —m _
3. (b) tan =1 " (2=38)18 $Y
l+mym;,  (h-18)2 0n)
B ,a
- —58)  eeeeeegeee- C(a,
4 (tang) — 1808 -1 0. ~58) F\ (aa)
dx (. -18)* =
tan 0 is maximum at A =58 O 5088
» X
O A(a,0)
BF _BE _a/4
CF AC a

comprehension: (11)
AODE ~ ACDA
&:% = A :}a
a 5 S
= EE(O,Baj
4

Similarly ABFE ~ ACFA,

= BF :%(aJrBF) or BF :g

= FE(—a,aj
3
2
AE = a2+(3aj :Ea
4 4

a=7

=5+1—‘5=3—5:

T

1. e} A ea of .arare =a® =49

(-2 4)=[-7
2. (b)F:[ B,aj_[ 3,7)

3. () Circle circumscribing AAO'E has AE as
diameter.
Equation of circle is

x(x=7) +y[y—i(7)j=0

= 4(x2+y2—7x)—21y=0
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SOLUTIONS (4)
A . =AN + BM + MN > AM + BM
ssertion and/Reason = AM +BM < AC +BC e
1. (A) P and Q are harmonic conjugates, SimilarlyBM + CM < AB + AC  ...(2)
= AP,AB, AQ are in H.P andCM + AM < AB + BC ..(3)

A M P B Q
2 1 1
- = 4
AB AP AQ
2 1 1

2(BM) BM +MP | BM +MQ
= (BM)? =(PM)(QM)
A(Xq, Y1)

22X+ Xy 2y1+typ| A
' D

(225
2. (A)

>

6

P lies in side the AABC
= Area of APBC < area of AABC
3.(C)If P<AB,
P = AB, 1 line exist

P> AB, no lines exist.

=

4. (A) IN
|_B ©

AC + BC =AN + NC + BC > AN + BN

6

:[le +X9 +3x5 2y, + Y, +3y3]

2 lines exist

Adding (1), (2) and (3)
= AM+BM +CM<AB+BC+CA=P
5. (C) Let lines be
x+2y+3=0
X+2y+4=0
x+2y+5=0
3

1 2
1 2 4|=0, while lines are not
1

concurrent.
6. A “=mbn?+2hm+a=0
C
= a+b+2h=0 = m=1isaroot.

If by? + 2hxy + ax?=[ax + y(2h + @)]

(x-¥)
equating from both sides coefficient of
y2

= b=—2h+a)

7.(A)3a+2b+4c=0 = %+§+C=O

= ax+by+c=0 passes through fixed

oint El
p D

Let pa+qgb+rc=0
= Pat9pic=0
r r

= line ax+by+c=0 passes through

fixed point (p , qj
ror
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8. (A) Shift origin to (20, 22)
9.(C)2xy+3x-4y-6=0
(x-2)(2y +3)=0
10. (A) [2(cos6; cosO, + cosB, cosO5 +
cosf5cos0;) + cos? 0, + cos? 0, +
c05293]
+[2(sinB; sinB, +sinb, sinB5 +
sin@4sin6;) + sin? 0, + sin? 0,

+sin? 651=0

= (cos0; +cos0, +cos03)? +
(sin®; +sin®, +sinB3)2 =0
= c0s60; +cosB, +cosB5 =0
andsin®; +sinf, +sinf5 =0
= Centroid and circumcentre of AABC are
at origin.
= AABC is equilateral
.. Orthocentre of AABC is also origin.
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SOLUTIONS @

Match the Columns: A
1. a-p, b-s, c-q, d-r S

4+4+4
D (0,N3) 2
B . C \/5(4) 9

In radius of ADEF,
V3
>y (2) 1

T = .
DEF =9 1242) 3
2

€ -2

Point A,B,C are excentres w.r.t. to TaBc
ADEF , 'DEF
. N 2
A E(—z(o) +2(D '12( 4/ b) (£ sz :( 1j y \/g _ 16
2427 ) 3
~2(+/3) +2(0) + 2(0)j = [(AH)?]=5
22t © (yp+yp+ye)2=(3)2 =3
B E[—2(1) +2(-1) +2(0) () AB =4
N 2. a-1, b-s, c-p, d-q
~2(0) +2(0) +2(+/3) _(-2.43) 1 2a a|
—2+2+2 (@|1 3b b|=0
1 4c ¢
C= —2(-D +2(D +2(0)
= 941912 s =-bc -2a(c—-Db) +a(4c—-3b)
; =-bc + 2ac —ab
_2(0) + 2(0) + 2( 3) 5(2’\/§) A % =1 . 1
-2+4+2+2 b a c
Orthocentre H of AABC is the incentre b 216; 3% 1 . )
of ADEF (b) 3C 2C %:O= c+ac—-5ab=0
~ H E{o,lj a2 1
V3 ©|b 3 1/=0
(a) In radius of AABC, ¢ 41

=4b-3c—-4a+2c+3a-2b
=2b-a-c= a+c=2b
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(d =0=ab-c%+0

— 0 Q

a
c
0

—= oo

= c%=ab
3. a-r, b-q, c-s, d-p
(@A a+c=2b = a+c-2b=0

= ax+by+c=0 passes through

fixed point (1, -2).

(b) Perpendicular distance of P(A,4—2)

from 4x +3y =10
|40 +3(4 —2) — 10|
= - =
=>|A+2/=5 = A=-2+5=3,-7
P=(3, D,(-7,+11)
(c) Point B =(-1,2)

1

100, 7) __W
A .
. /[0.3
N\
1-3,0) (1, 0N_\7/2.0)

67
4. a-p, b-, c-q, d-s
(@ 2d*>+a-3=0
2a+3)(a-1D=0

v

(0, 3/2)

L

= ae(0,D
No. of integral values of a=0
(b) a?+a-2=0

= (a+2)(a-D=0 = a=-2,1

(=2, 4)

L1
12 4x+ 4y =3

-2 -3/2
4a® +4a-3=0

(2a-1)(2a+3)=0
1 3

a=—,
2 2

= a e[—Z,SJL{lJ
-2 2
-5 2

values of a of form S are —, 3
(c) Slope of line joining (t — 1,2t + 2) and
2t+2 -t
@t+1,0)is ——=7t _
t-1-2t-1
slope of perpendicular bisectors of
points is 1.
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(d) Images of A w.r.t. y =x and y =0 lies

on BC which are (2, 1), (1, -2)

Equation of BCis y =3x -5

Perpendicular distance of A from

I3-2-5
BC = =
d(A,BC) =2
J10
— +/10d(A,BC) =4

5. a-q, b-t, c-s, d-p
If P lies between T, and L ,, tt >n

Ll

dip—afy pta L;

Ls

= Ly

K:(d12 —(1)+OL +(d23 +(1)

+(d34 + d23 + O(,)

= dlz + 2d23 ar d34 + 20

o e (0, dlz)
If P lies between L, and L5, then
Ll
Lo
o $ xP L,
= L

K = d12 + (dzg —O(,) + (0(,) + (d34 + (X)
+(d23 _(X)

= d12 + 2d23 + d34
If P lies between L5 and L4, then

1

L,

oadPyt day— o Ls
Ly

K=d12 +d23 + o +d23 +o+a +d34 -
=d12 +2d23 + d34 + 200 o E(O,d34)
If P lies above L,

ofxP? Lj

= Ly
K=o +(djy +a)+(dys +djpy +0) +
(d3g +dy3 +dig +0)
K=2dj5 +2dy3 +dgy +4a , a>0
If P lies below L,

=
L,
L3

LT

K=(dyy +dgg +dgy +a) +

(dyz +d3q +a) +(d3y +0) +a
K=diy +2dy3 +2d34 +4a , a>0
6. a-1, b-p, c-s, d-q
(@ y=x+1

-

\(0,15/
A
)< (15/2, 0)
(1, 0) 2x+4y =15
X+2y=1
Ao 2) p (17
33 6 6

=
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3 6
(b) P((2 -t)x; +(t —Dx4,(2-)y;
+(t-Dy,)
divides (x1,y1), (x5,y,) internally
inratio (t -1 : (2 -1t)
ct-D2-1)>0 = te(1,2)
(c) te(0,D

(see from figure)

oo

0,4

x=1

O|y=0 (4,0)\Xx+y =4

(d) for A:
x?-2=x+1
x2-x-3=0

I ERVES

V13 -1
2

similarly for B, x =

te(l_m,—1Ju(1,m_1J
2 2

Let B [xl 4

15x, —240)

and C(xz,lsxz—‘r240j

52
M dpritts of AB and AC are

M ﬁ’lbxl -240
2 8

and N(xz 15x, + 240]

>

2 104
lie on 15x-25y+240=0 and
15x — 4y — 240 =0 respectively
x; =20 and x5 =36
B(20,15) and C(36,15)
a=BC=16,b=CA=39
and c=AB =25

incentre I (21,12), centroid G (536 ,10),

excentre opposite to C,I5(—4,7) and
orthocentre is (0,63).
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SUbjective Problems

1.0) A=tusxhe7=ho14
2 5

% ]
P(3,1) Q(6.5)
P

But h,,, = Radius of circle with
diameter PQ = > < 14
2 5
= No such triangle exists.
2. (1)
2y 5 /4y “
N2
@)
y?=x
2y=y?
= y=0,2=>A=(4,2)
4y=y?
= y=0,4= B=(16,4)
= ae(2,4)
Number of integral values of a =1
3.@3) (a? +ab+D(D>0 VaeR

= D<0=b%2-4<0 =be(-2,2)

4. (6) 6x°> —oo<y—3y2 -24x+3y+p=0

Intersection point of lines lies on

X-axis.

SOLUTIONS @

Put y =0,

= 6x2-24x+B=0 must have equal
real roots

= D=0=(24)2-248=0 =p=24
Apply condition of pair of lines,
i.e.,abc + 2 fgh—af? —bg? —ch?® =0

3 3)2
= 6(—3)B+(—oc)(—12)2—6(2j

2
L(-3)(12)? —B(;) _o

= -18(24) +180L—22—7

+3(144) -60.* =0
5 612 130+ -0
2
= 40%2-120+9=0
a=3/2  Hence, 20a-B=6
5. (3) Perpendicular distance of (2,3) from
line3x+4y-5=0,
[3(2) + 4(3) -5| 13
- 5 5
1+sin?0<P, VOeR = n; =0

Py

Perpendicular distance of (1,3) from
line3x+4y-5=0,

|3+12-5|
D ——

sec?0+2cosec?0>3>P, VOeR

P, 2

= le :2
Equation becomes, 2x2 —6x =0
= x=0,3

Hence, sum of roots =3
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6.(14)a+c-2b=0 8. (2) By observation, directly equation must
= ax+by+c=0 passes through fixed be
point (1,-2). (4x% —4xy + y2) +22x-y) +1=0
= B=(1,-2)

or 4x2—4xy+y2—2(2x—y)+1:0

Cld.4) "%24)—‘ (2x—y+1)2:0 or (2x—y—1)2=
P i.e.,4x® —4xy +y> +4x -2y +1=0

or 4x% —4xy+y% -4x+2y+1=0

A(1!1) a1 +b1 +C1 +a2+b2 +C2:1+4_2
+1-4+2=2
9. (8) Vertices of square are
B(1,-2)
i iy 7]
Slope ofBC:—ﬂzdmL2
4-1 r-1 o[z
A-1=-18=Ar=-17 8.7
2h+12k=-34+ ¢ =14 -
7.(5) Bx+7y+1DsecO+ (5x -3y —17) 4
4 o) 3+22) L |72x2v2 L],
cosec 0 =0 passes through intersection J2 2
of 3x+7y+11=0 and 5x -3y -11
=0V permissible values of 6 given by (3 + Z\F( \Fj 7+ Z\F(ID
(1)_2)
i.e.,(5,9), (1,5), (1,9), (5,5)
P max(ylsy21y3ay4)_min
AGA) (xl,}icz,xg,x4)—9—1:8
(3,0) 10. (8) Slope of AD =———-=2= X1 =5
IS 4-2
Fheal ] o |
B(1,-2) 7 @)
= B=(1,-2) B
It is clear that | PA — PB|< AB 0.2) D
(2,1 C
= |PA —PB| . =AB =62 +22 ' @0)
=2J10=>n =5

Equation of AB is



72

Advanced Problems in Coordinate Geometry for lIT-JEE

5-2
4-0
4y -8 =3x

y-2= (x-0)

3
=—Xx+2
Y 4

8m+c:8(3+2]:8
4

M
11. (2) a + 2hm + bm? =0
\mlz
where m :Z:ml +m? :—%;ml3 _C
x b b
3
_8:3:(m1 +m?)% =m3? +m?

+3mf’(m1 +m12)

a a? Ba[ 2hj
=—+ 4+ 7 =
b p2 b b

8h*> _ab+a2 —%~ah

b b
= ab(a+b) —6abh+8h"~ =0
= a+pf=8-6=2

12. (7) Let slopes of BC,CA,AB be -1,-2,3
respectively.

= Slopeof AH =1= A =(x1,Xx;)

Slope of BH =%:>B =(x2,;x2j

Slope of CH :—1:> C = xs,_xi
3 3

Xo X3

74—? _ 3xy +2Xx3

Slope of BC = =
X9 — X3 6(X2 _XB)

=-1=9x, =4x;,

2
X, +—=
SlopeofCA=73=—2
X1 —X3
3
3(x1—x3)
X1+ Xy +X X1+X72_X73
G=(hk) =| 21 2 3 2 3
3
Shoxy+ 223 X8 o0 6))

g 5Xa  2x3 X3 _4x3
9 9 3 9
From egs. (1) and (2), we get

..(2)

k 2 2

ﬁ—gjy—gx, b-a=9-2=7
13. (1) Point E

XSy 1 9-4+5

34 25

2—%2EE B’E
5 5°5

Line, L passing through midpoint of
sides AB and AD passes through F.

AB1Y) D_|

F e A
'5*)‘
e °
9 13

3t st (120
2 > 2 | 5’5

Equation of line L is
3x—-4y= 36_36 =0
5 5

= 3x-4y=0=|a+b+c|d3-4|=1
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14. (2) Image of (A,A — 1) w.r.t.
3x+y—-61L=0is
x=L y-(A-1)

3 1
_ o3 +r-1-6M) 2h+1
9+1 5
(xy)z(nx+3 7x—4]
>\ 5 7 5
:m2+ny:x=Z%;i
= r=2
15.B) L1 =y=2+x
LZZEJ,-Z::[
a b
Put (1,1),
= 1+1:1
a b

v

A >2 = A is minimum whena=b=2

Ly=x+y=2
AreaofAABC:%x4x2:4

= |p-ql=4-1=3

lx+y] |y-x|
16. (6) + [2,4]
2 oz

i |

(0.2)

(0,0)

/1]

L

If y>xand y+x>0
= yel2, 221

If y<x and y+x<0

= yel-2+42,-42]
If y>x and y+x<0
= xel-242,-+21

Ify<x and y+x>0
= xe[W2,2+2]
Area cfregi m
=(4+2) —(2+2)? =32 -8=24
17. (4) Area = Mod of

1] 20+3 1 1

=1 2 1|=2|-a+2a+3-1
2|2 3 1| 2

o+ 2|

e€[2,3)

= ae(-8,-6]U[2,4)
= (a,p) =(-7,-11),(-6,-9),(2,7),(3,9)
Number of possible co-ordinates of
A=4
18.(0)[+m =0

19.3) P - L. piq=3
q 2
20. (0) Slope of AB = e ﬁ
a-1 p-1
- 2B

o=—-:
B+1



74 Advanced Problems in Coordinate Geometry for lIT-JEE

Slope of BC:M:M Equation of AC is
! 33 28
- yo BB P12
p+1 B2 B+1
1-B B+1

= (x+y)-PBBy-5x+4)=0
which passes through fixed point

¥

h+k=0
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CIRCLE

KEY CONCEPTS |

1. EQUATION OF A/,;R LEIN'AR'O JS “ORIN

(a) The circle with centre (h,k) and radius 7' has the equation;
(x=-R2+(y-k?=r2

(b) The general equation of a circle is x2 + y2 + 2gx + 2 fy + ¢ =0 with centre as:

(-g,—f) and radius = m )

Remember that every second degree equation in x and y in which coefficient of

x2 =coefficient of y2 and there is no xy term always represents a circle.

If g2+ f%2-¢c>0=  realcircle.

g2+ f%2-c=0=  point circle.

g2+ f2-c<0> imaginary circle.
Note that the general equation of a circle contains three arbitrary constants g, f and ¢ which
corresponds to the fact that a unique circle passes through three non collinear points.
(c) The equation of a circle with (x;,y;) and (x,,y) as its diameter is:

(x—x1)(x=x3) +(y = y1)(y —y2) =0.

Note that this will be the circle of least radius passing through
(x1,¥y1)and (x3,y2).
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INTERCEPTS MADE BY A CIRCLE ON THE AXES:
The intercepts made by the circle x2 + y2? +2gx +2fy + c=0 on the co-ordinate axes are

2 g2 —¢ and2 f2 — ¢ respectively.

Note: If g2 —c>0 = circle cuts the x-axis at two distinct points.

If g¢2=c = circle touches the x-axis.

If g2<c = circle lies completely above or below the x-axis.

POSITION OF A POINT w.r.t. A CIRCLE

The point (x;,y;) is inside, on or outside the circle x2 +y? +2gx +2fy + ¢ =0 according as

x12 +y12 +2gx, +2fy; +cS0.

Note: The greatest and the least distance of a point A from a circle with centre C and radius r is | AC +r |

and | AC —r | respectively.
L)
(xgy- ") Q

| N
LINE AND A CIRCLE

Let L =0 be a line and S =0 be a circle. If r is the radius of the circle and p is the length of the
perpendicular from the centre on the line, then :

(i) p>r < the line does not meet the circle i.e. passes out side the circle.

(ii) p=r < the line touches the circle.

(iii) p <r < the line is a secant of the circle.

(iv) p =0= the line is a diameter of the circle.

PARAMETRIC EQUATION OF A CIRCLE

The parametric equation of (x —h) 2, (y-k 2 _r2are:

x=h+rcosO ; y=k+rsind ; -n1<0<mn where (h, k) is the centre, r is the radius and 0is a
parameter.

Note that equation of a straight line joining two point a and p on the circle x? + y2 =a? is

+ a-p

(04
X COS =dacos 5 .

+ . a
B+ys1n
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6. TANGENT AND NORMAL

7.

(a)

(b)

(c)

(d)

The equation of the tangent to the circle x* + y? = a? at its point (x;,y;) is,
XXy +Yyy; = a?. Hence equation of a tangent at (acosa,asina) is ;

xcoso + ysina = a.The point of intersection of the tangents at the points P(a) and Q(B) is

acosOHrl3 asinowr[3
2 2

cosoc_B cosa_B
2 2

The equation of the tangent to the circle x* + y2 +2gx + 2 fy + ¢ =0 at its point (x7 , y1)
isxxy +yy; +8x+x1)+ f(y+y1)+c=0.
y =mx + cis always a tangent to the circle x2 + y2 =a? if c2 =a?(1+ m?) and the point

. a’m a?
of contact is| — — |
c c

If aline is normal / orthogonal to a circle then it must pass through the centre of the circle.
Using this fact normal to the circle x? 4+ yz +2gx+2fy+c=0 at (xq,y;) is

yi+f
Y-y ==

(x—x7).
X1

A FAMILY OF CIR ot

(a)

(b)

(c)

(d)

(e)

The equation of the family of circles passing through the points of intersection of two
circless; =0 and s, =0 is:s; + ks, =0 (k = -1).

The equation of the family of circles passing through the point of intersection of a circle
S=0and aline L =0 is given S + kL =0.

The equation of a family of circle passing through two given points (x;,y;) and (x5, y)
can be written in the from :

x y 1
(x—x))(x=x9)+(y—y1)(y—-y2)+Klx; y; 1=0whereKisa parameter.
Xy Yo 1

The equation of a family of circles touching a fixed line y — y; =m(x — x;) at the fixed
point (x1,y7) is (x —xl)2 +(y —y1)2 + K[y —y; —-m(x—-x;)]1=0, where K is a
parameter.

In case the line through (x,y;) is parallel to y-axis the equation of the family of circles
touching it at (x;,y;) becomes (x — xl)2 +(y - yl)2 +K(x-x7)=0

Also if line is parallel to x-axis the equation of the family of circles touching it at (x;, y;)
becomes (x —x1)% +(y —y;)? + K(y —y;) =0.

Equation of circle circumscribing a triangle whose sides are given by L; =0 ; L, =0 and
Ly =0isgivenby;L{Ly +AL,L3 + puLgL; =0 provided coefficient of xy =0 and coefficient
of x2 = coefficient of y?2.
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(f) Equation of circle circumscribing a quadrilateral whose side in order are represented by
the lines L; =0,Ly =0,L3 =0and L, =0is L;L3 + AL,L, =0 provided coefficient of x* =
coefficient of y2and coefficient of xy =0.

LENGTH OF A TANGENT AND POWER OF A POINT

The length of a tangent from an external point (x;, y;) to the circle

S =x2 +y2 +2gx+2fy+c=0is given by L =\/x12 +y12 +2gx1 +2fiy+c =4/S7.

Square of length of the tangent from the point P is also called THE POWER OF POINT w.r.t. a
circle. Power of a point remains constant w.r.t. a circle.

Note that power of a point P is positive, negative or zero according as the point 'P ' is outside,
inside or on the circle respectively.

DIRECTOR CIRCLE:

The locus of the point of intersection of two perpendicular tangent is called the DIRECTOR
CIRCLES of the given circle. The director circle of a circle is the concentric circle having radius
equal to +/2 times the original circle.

EQUATION OF THE CHORD WITH A GIVEN MIDDLE POINT
The equation of the chord of the circle S = x? + y2 + 2gx + 2 fy + ¢ =0 in terms of its mid point

M(xy,y1) is y—y+ = -ié( ©—Xx ) Tiis on sinriceticn «an be put in the form
Y1-
xxq + Yy +gx+x)+ f(y+yq) +c:x12 +y12 +2gx; +2fy; + ¢ which is designated by

T=S,.

Note that the shortest chord of a circle passing through a point 'M' inside the circle, is one
chord whose middle point is M.

CHORD OF CONTACT :

If two tangents PT; and PT, are drawn from p(x;, y;) to the circle

S=x%+y? +2gx+2fy+c=0, then the equation of the chord of contact T.T, is:

0 +yy1 +8(x+x)+ f(y+y)+c=0.

REMEMBER:

(a) Chord of contact exists only if the point 'P' is not inside.
2LR
VR? + 2
(c) Area of the triangle formed by the pair of the tangent and its chord of contact
3
= % Where R is the radius of the circle and L is the tangent from (x;, y;) on
R +L
S =0.

(b) Length of chord of contact T;T, =
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(d) Angle between the pair of tangents from (x;,y;) :tan_l[fRsz where R =
L® —R

radius ; L =length of tangent.
(e) Equation of the circle circumscribing the triangle PT;T5is :
(x—x1)(x+ 8 +(y-y1)(y+ f)=0.
(f) The joint equation of a pair of tangents drawn from the point A(x;,y;) to the
circlex? + y2 +2gx +2fy +c=0is : SS; =T 2.
Where S=x%+y?+2gx+2fy+c=0; S; Exlz +y12 +2gx1 +2fy; +c¢
T=x¢;+yy; +8x+x)+ f(y+y)+c.

12. POLE AND POLAR

13.

)

(ii) The equation to the polar of a point P (x;,y;) w.r.t. the circle x2+y%=a

(iii)

(iv)
w)

If through a point P in the plane of the circle, there be drawn any straight line to meet the
circle in Q and R, the locus of the point of intersection of the tangents at Q and R is called
the Polar Of The Point P ; also P is called the Pole Of The Polar.

2 is given by
xx; +yy, = a?, and if the circle is general then the equation of the polar becomes
xxqy +yy; +glx x> fy 2.) -+ ~=0.Note that if the point (x;, y;) be on the circle
then the chord f \ontact, ta 1igen ¢ 2 nolar 1 7ill be rej re en =d by the same equation.

. . 3 2 2 2 . Aa? Bd?
Pole of a given line Ax + By + ¢ =0 w.r.t. any circle x* + y“ =a“ is| ———,—— |.
c c
If the polar of a point P pass through a point Q, then the polar of Q passes through P.
Two lines L; and L, are conjugate of each other if pole of L, lies on L, and vice versa.

Similarly two points P and Q are said to be conjugate of each other if the polar of P passes
through Q and vice-versa.

COMMON TANGENTS TO TWO CIRCLE

(6))

(ii)

(iii)
(a)

(b)
(iv)

Where the two circle neither intersect nor touch each other , there are FOUR common
tangents, two of them are transverse and the others are direct common tangents.

When they intersect there are two common tangents, both of them being direct.
When they touch each other :

EXTERNALLY: There are three common tangents, two direct and one is the
tangents at the point.

INTERNALLY: Only one common tangents possible at their point of contact.
Length of an external common tangent and internal common tangent to the two circles is

Where d = distance between the centres of the two circles. r; and r, are the radii of the
two circle.
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(v) The direct common tangents meet at a point which divides the line joining centre of circles
externally in the ratio of their radii.

Transverse common tangents meet at a point which divides the line joining centre of circles
internally in the ratio of their radii.

RADICAL AXIS AND RADICAL CENTRE

The radical axis of two circles is the locus of points whose powers w.r.t. the two circles are equal.
The equation of radical axis of the two circles S; =0 and S, =0 is given ;

Sl _SZ :Oi.e., 2(g1 —gz)X+2(f1 —fz)y+(cl —Cz):O.
Note That :
(a) If two circles intersect, then the radical axis is the common chord of the two circles.

(b) If two circles touch each other then the radical axis is the common tangent of the two
circles at the common point of contact.

(c) Radical axis is always perpendicular to the line joining the centres of the two circles.

(d) Radical axis need not always pass through the mid point of the line joining the centres of
the two circles.

(e) Radical axis bisects a common tangent between the two circles.

(f) The common point of intersection of the radical axes of there circles taken two at a time is
called the radice: ~entre of t wree -ir :les

(g) Asystemofcircies, 2ver "twc whch arave the s am :ri dical xis is called coaxal system.
(h) Pairs of circles which do not have radical axis are concentric.

ORTHOGONALITY OF TWO CIRCLE

Two circles S; =0 and S, =0 are said to be orthogonal or said to intersect orthogonally if the
tangents at their point of intersection include a right angle. The condition for two circles to be
orthogonal is :

28182 +2f1fa =¢1 + .

Note:

(a) Locus of the centre of a variable circle orthogonal to two fixed circles is the radical axis between
the two fixed circles.

(b) If two circles are orthogonal, then the polar of a point 'P' on first circle w.r.t. the second circle
passes through the point Q which is the other end of the diameter through P . Hence locus of a
point which moves such that its polars w.r.t. the circles S; =0, S, =0 and S5 =0 are concurrent in
a circle which is orthogonal to all the three circles.
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EXERCISE (1)

ﬂnly One Choice is Correct:

1.

Circles of radii 36 and 9 touch externally. The radius of the circle which touches the two circles
externally and also their common tangent is:

(@ 4 () 5

© 17 @ 18

. A(0,a) and B(0,b),a,b>0 are two vertices of a triangle ABC where the vertex C(x,0) is

variable. The value of x when ZACB is maximum is:

@ a;b ®) Jab
2ab ab
© a+b & a+b

. A circle passing through origin O cuts two straight lines x — y =0 and x + y =0in points A and B

respectively. If abscissae of A and B are roots of the equation x? + ax + b =0, then the equation
of the given circle is:

(a) x2+y2+ax—1y=0 (b) x +y2—(\/‘b—a2+yb=0

() x2+y2+axiy\/a2—4b:0 (d) x2+y2—ax iy\/a2—4b:0

. The minimum distance between the circle x? + y? =9 and the curve 2x? + 10y? + 6xy =1 is:
(@ 2v2 b 2
1
© 3-+42 d 3-—
J11

. A pair of tangents are drawn from a point P to the circle x2 + y? =1.If the tangents make an

intercept of 2 on the line x =1, then locus of P is:
(a) straight line (b) pair of lines
(c) circle (d) parabola

. Let ABCD be a quadrilateral in which AB||CD, ABLAD and AB =3CD. The area of quadrilateral

ABCD is 4. The radius of a circle touching all the sides of quadrilateral is:

T . T
in— b =
(a) sin 1 (b) sm6

T TC
T 9 sin®
(c) sin ; (@ sm3

. A circle with center (2, 2) touches the coordinate axes and a straight line AB where A and B lie

on positive direction of coordinate axes such that the circle lies between origin and the line AB.
If O be the origin then the locus of circumcenter of AOAB will be:
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10.

11.

12.

13.

(a) xy:x+y+w1x2+y2 (b) xy:x+y—w/x2+y2
(© xy+x+y=yx2+y? (d) xy+x+y+x2+y2=0

. The value of a for which the point (a,a + 2) is an interior point of smaller segment of the curve

x? + y? —4 =0 made by the chord of the curve whose equation is 3x + 4y + 12 =0

) (—w,—i?] b) (~2,0)
@)(%mfj ) aco

. The equation of circumcircle of an equilateral triangle is x2 + y2 + 2gx + 2 fy + ¢ =0 and one

vertex of triangle is (1,1). The equation of incircle of triangle is:
(@) 4(x*+y*) =g+ f?

(b) 4x*+y?)+8gx+8f=(1-9(1+39 +(1-H1+3f)

(©) 4(x? +y2) +8gx+8fy=g2 +f2

(A 4x*+y*)+8gx+8f=2-9(1+39+12-HR2+3/)

The equation of the smallest circle passing through the points of intersection of the line
x+y=1and thecirc’e ¢ + 2 =7is:

(a) x?2 +y2 +x+/-8=0
(b) x?2 +y2 -x-y-8=0
(© x2 +y2 -x+y-8=0
(d x2 +y2 -x-y+8=0
Let C be a circle x? + y2 =1. The line [ intersects C at the point (—~1,0) and the point P. Suppose

that the slope of the line [ is a rational number m. Number of choices for m for which both the
coordinates of P are rational, is:

(@ 3 (b) 4

(¢) 5 (d) infinitely many

The line 2x — y + 1=0is tangent to the circle at the point (2, 5) and the centre of the circles lies
on x —2y = 4. The radius of the circle is:

(a) 345 (b) 5v3

© 245 @ 5v2

One circle has a radius of 5 and its center at (0, 5). A second circle has a radius of 12 and its
centre at (12, 0). The length of a radius of a third circle which passes through the center of the
second circle and both points of intersection of the first 2 circles, is equal to:

(a) 13/2 (b) 15/2

(0 17/2 (d) none
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14.

15.

16.

17.

18.

19.

20.

In the xy-plane, the length of the shortest path from (0, 0) to (12, 16) that does not go inside the
circle (x —6)2 + (y —8)% =25 s:

(a) 103 (b) 105
(©) 1043 +53j (d) 10 +5x

Four unit circles pass through the origin and have their centres on the coordinate axes. The area
of the quadrilateral whose vertices are the points of intersection (in pairs) of the circles, is:

(a) 1sq. unit

(b) 242 Sq. units

(c) 4 sq. units

(d) can not be uniquely determined, insufficient data

Consider 3 non-collinear points A, B,C with coordinates (0, 6), (5, 5) and (-1,1) respectively.
Equation of a line tangent to the circle circumscribing the triangle ABC and passing through the
origin is:

(@) 2x-3y=0 (b) 3x+2y=0
(c) 3x-2y=0 (d) 2x+3y=0
A circle is inscribed ir < n equ late al ti’a1 gle with ride lergihs £ unit. Another circle is drawn

inside the triangle (F uc o 1tsid : the firs' ci cle) tang »nt to ‘he fi1 it ¢ rcle and two of the sides of
the triangle. The radius of the smaller circle is:

@ 1/43 () 2/3
(©) 1/2 @ 1
A square OABC is formed by line pairs xy =0 and xy + 1=x + y where 'O'is the origin. A circle

with centre C; inside the square is drawn to touch the line pair xy =0 and another circle with
centre C, and radius twice that of C, is drawn to touch the circle C; and the other line pair. The
radius of the circle with centre C is:

V2 242
@ ——F—— b)) —F——
32+ 1) 3(W2 + 1)
2 2+1
(© 2 () V241
3(v2 +1) 342
The shortest distance from the line 3x + 4y =25 to the circle x? + y? =6x -8y is equal to:
(@ 7/5 (b) 9/5
() 11/5 (d) 32/5
Two circles with centres at A and B, touch at T. BD is the tangent at D and TC is a common

tangent. AT has length 3 and BT has length 2. The length of CD is:
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21.

22,

23.

24.

25.

26.

=

A
A

(a) 4/3 (b) 372

(c) 5/3 (d) 7/4

Triangle ABC is right angled at A. The circle with centre A and radius AB cuts BC and AC
internally at D and E respectively. If BD =20 and DC =16 then the length AC equals:

(a) 6421 (b) 6426

(c) 30 (d 32

From the point A(O, 3) on the circle x% +4x+( y-3) 2 =0 a chord AB is drawn and extended
to a point M such that AM =2AB. The equation of the locus of M is:

(@ x2+8x+y%=0 (b) x2+8x+(y-3)2=0

(0) (x—3)2+8x+y7' =C (d) x2+8x+8_y2 =0

If x =3 is the chord o <o. tact >f th 2 circie x“ - y2 = 81 th>n he equ ation of the corresponding
pair of tangents, is:

(@) x2-8y2 +54x+729=0 (b) x2-8y2-54x+729=0

() x2-8y? -54x-729=0 (d) x%-8y2=729

The locus of the mid points of the chords of the circle x? + y? — ax — by =0 which subtend a
right angle at (a/2,b/2) is:

(@) ax+by =0 (b) ax+by =a? +b>

() x2+y2—a.x—by+az+b2 =0 (d) xz+y2—ax—by—aZ;-b2 =0

From (3, 4) chords are drawn to the circle x2 + y? — 4x =0. The locus of the mid points of the
chords is:

(@ x2+y%-5x-4y+6=0 b) x2+y2+5x-4y+6=0

(© x%>+y?-5x+4y+6=0 (d) x?+y2-5x-4y-6=0

The centre of the smallest circle touching the circles x? + y2 =2y =3 =0 and x2 + y? —8x
-18y +93 =0 is:

(@ @G,2) b) 4,4

© @2,7) (d (2,5
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27.

28.

29.

30.

31.

32.

In a right triangle ABC, right angled at A, on the leg AC as diameter, a semicircle is described.
The chord joining A with the point of intersection D of the hypotenuse and the semicircle, then
the length AC equals to:
AB-AD AB-AD
@ —— b)) ———
AB2 + AD2 AB + AD
AB-AD
(c) VAB-AD @ —=_
AB? - AD?
If the circle C;: x? + y? =16 intersects another circle C, of radius 5 in such a manner that the
common chord is of maximum length and has a slope equal to 3/4, then the coordinates of the
centre of C, are:
9 12 9 _ 12
a - B +— b +— o —
@ (+2.+2) ® (225 2)
12 9 12 _9
c T— > - d +— > + —
© (+2,:2) @ (+2.%2]
In the diagram, DC is a diameter of the large circle centered —|
at A, and AC is a diameter of the smaller circle centered at B. E
If DE is tangent to the smaller circle at F and DC =12 then the ’
length of DE is: D v (¢}
(a) 8+2 () 1
© 9v2 @ 10v2 |
Let C be the circle of radius unity centred at the origin. If two positive numbers x; and x, are
such that the line passing through (x; ,-1) and (x5, 1) is tangent to C then:
(a) xle:]. (b) xle :—1
(@ x1+x9=1 (d) 4x1x5 =1

The distance between the chords of contact of tangents to the circle
x2 +y? +2gx +2fy + ¢ =0 from the origin and the point (g, f) is:

[ 2
(@) g2+ f> (b) %f—c

@ &S @ VTS e
2\/g2+f2 2\/g2+f2
The locus of the centers of the circles which cut the circles x2 + y? + 4x -6y + 9 =0 and
x% + y% —5x + 4y —2 =0 orthogonally is:
(@) 9x+10y-7=0 (b) x-y+2=0
(c) 9x-10y +11=0 (d) 9x+10y+7=0
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33.

34.

35.

36.

37.

38.

39.

In a circle with centre'O' PA and PB are two chords. PC is the chord that bisects the angle APB.
The tangent to the circle at C is drawn meeting PA and PB extended at Q and R respectively. If
QC =3,QA =2 and RC =4, then length of RB equals:

(@) 2 (b) 8/3

(c) 10/3 (d) 11/3

Suppose that two circles C; and C, in a plane have no points in common. Then

(a) there is no line tangent to both C; and C5.

(b) there are exactly four lines tangent to both C; and C,.

(c) there are no lines tangent to both C; and C, or there are exactly two lines tangent to both

C, and C5.
(d) there are no lines tangent to both C; and C, or there are exactly four lines tangent to both
C, and C,.
If two chords of the circle x2 + y2 —ax — by =0, drawn from the point (a, b) is divided by the
x-axis in the ratio 2 : 1 then:
(a) a?>3b? (b) a?<3b?
(0 a® > 4b> (d a? < 4b>
The angle at which the circles (x — 1) 21 v2-10and x2 + (y —2)2 =5 intersect is:
e T
a) — b) —
(a) 6 (b)
i T
c) — d) =
@] 3 (d) ’

The locus of the point of intersection of the tangent to the circle x? + y? =a?, which include an
angle of 45° is the curve (x? + y?‘)2 =ra’(x? + y2 —a?). The value of A is:

@ 2 (b) 4

(c) 8 (d 16

P is a point (a, b) in the first quadrant. If the two circles which pass through P and touch both
the coordinate axes cut at right angles, then:

(@) a®-6ab+b*=0 () a®+2ab-b*=0

(© a®-4ab+b*=0 (d a*-8ab+b*=0

A circle of radius unity is centred at origin. Two particles start moving at the same time from the
point (1, 0) and move around the circle in opposite direction. One of the particle moves counter
clockwise with constant speed v and the other moves clockwise with constant speed 3v. After
leaving (1, 0), the two particles meet first at a point B and continue until they meet next at point
Q. The coordinates of the point Q are:

(@ (1,0 () (O, 1D
(© (0,-1 (d) (-1,0)
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40.

41.

42.

43.

44.

45.

46.

Three concentric circles of which the biggest is x2 + y2 =1, have their radii in A.P. If the line

y =x+1 cuts all the circles in real and distinct points. The interval in which the common
difference of the A.P will lie is:

1 1

057 b 0,7

® ( 4] ® ( 2&]
)] (0,2_4\6} (d) none

A circle is inscribed into a rhombus ABCD with one angle 60°. The distance from the centre of
the circle to the nearest vertex is equal to 1. If P is any point of the circle, then

| PA|2 +| PB|? +| PC|? +| PD|? is equal to:
(© 9 (d) none

The value of '¢' for which the set, {(x, y) |x2 + y2 +2x <1} n{(x,y)|x —y +c>0} contains
only one point in common is:

(@ (—o0,-1]U[3,0) (b) {-1,3}

(© {3} @ {-13

A tangent at a point ca the cicle : +y =¢? interse=ts 2 onczxtric circle C at two points P
and Q. The tangents .o th>circle C atPan¢ Or.eeta a1oi tortrec.rclex? + y2 =b? then the
equation of circle'C'is:

(@ x?+y?=ab b)) x%2+y%2=(a-b)?

© x*>+y*=(a+b)? @ x*+y*=a®+b?

Tangents are drawn to the circle x? + y2 =1 at the points where it is met by the circles,
x2+y2 —(L+6)x+(8-21)y —3=0. 1 being the variable. The locus of the point of
intersection of these tangents is:

(@ 2x-y+10=0 (b) x+2y-10=0

() x-2y+10=0 (d 2x+y-10=0

ABCD is a square of unit area. A circle is tangent to two sides of ABCD and passes through
exactly one of its vertices. The radius of the circle is:

@ 2-+2 (b) v2-1
1 1
© - @ —=
2 72
A pair of tangents are drawn to a unit circle with centre at the origin and these tangents

intersect at A enclosing an angle of 60°. The area enclosed by these tangents and the arc of the
circle is:

2 T T
e b) /3 -2
@ J3 6 ®) 3
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n 3 n
g T_33 4 3[1-T
© 36 D ( 6)
47. A straight line with slope 2 and y-intercept 5 touches the circle, x% + y% + 16x + 12y + c =0 at
a point Q. Then the coordinates of Q are:
(@ (-6,1D (b) (-9,-13)
(0 (-10,-15) © (-6,-7)
48. A variable circle is drawn to touch the x-axis at the origin. The locus of the pole of the straight
line Ix + my + n =0 w.r.t the variable circle has the equation:
(a) x(my—n)—ly2 =0 (b) x(my+n)—ly2:0
() x(my —-n)+ ly2 =0 (d) none of these
49. A foot of the normal from the point (4, 3) to a circle is (2, 1) and a diameter of the circle has the
equation 2x — y —2 =0. Then the equation of the circle is:
(@ x%2+y%-4y+2=0 b) x%>+y%-4y+1=0
(© x%2+y?-2x-1=0 (d) x2+y%2-2x+1=0

50.

51.

52.

53.

54.

AB is a diameter of a circle. CD is a chord parallel to AB and 2CD = AB. The tangent at B meets
the line AC produced at E then AE is equal to:

(a) AB (b) JoAR
(¢) 2+2AB (d) 2 B

Points P and Q are 3 units apart. A circle centre at P with a radius of 3 units intersects a circle
centre d at Q with a radius +/3 units at point A and B. The area of the quadrilateral APBQ is:

(@) 99 ) J?g

99 99

. . . s . .
The equation of a line inclined at an angle 4 to the axis X, such that the two circles

xZ + y2 =4,x° + y2 —10x —14y + 65 =0 intercept equal lengths on it, is:

(@) 2x-2y-3=0 (b) 2x-2y+3=0

() x-y+6=0 (d x-y-6=0

The equation of the circle symmetric to the circle x? + y? —2x — 4y + 4 =0 about the line
x—-y=31is:

(@ x2+y%2-10x+4y+28=0 ) x2+y2+6x+8=0

(©) x2+y2—14x—2y+49=0 (d) x2+y2+8x+2y+16=0

Consider the circles, x2 + y2 =25and x2 + y2 =9.From the point A (0, 5) two segments are

drawn touching the inner circle at the points B and C while intersecting the outer circle at the
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55.

56.

S57.

58.

59.

60.

61.

62.

points D and E. If 'O' is the centre of both the circles then the length of the segment OF that is
perpendicular to DE, is:

(@ 7/5 (b) 772 () 572 d 3

The locus of the center of the circles such that the point (2, 3) is the mid point of the chord
5x+2y=161s:

(@) 2x-5y+11=0 (b) 2x+5y-11=0 () 2x+5y+11=0 (d) none of these

If [a,l), [b, ;J, [c, 1) and (d, ;j are four distinct points on a circle of radius 4 units then, abcd
a c
is equal to:
(@ 4 (b) 14 © 1 @ 16
A circle of constant radius ‘ @’ passes through origin‘ O’ and cuts the axes of coordinates in points
P and Q, then the equation of the locus of the foot of perpendicular from O to PQ is:
@ (x2+y?)| S+ |=4a? ®) 2 +y2) =+ 2 |=d
xT oy x= Y
© (2 +y22| S+ L =40 @ 2eyh| Ll |-a?
x= oy x= oy
If a circle of constant r 1 1ius o1 pas es Jhrc agi the origin ‘O’ and meets coordinate axes at A and
B then the locus of t! @ « =ntrc d o' the ri migi> OAE is:
(@ x*+y?=2k? (D) x=+y*=(K2
© x*+y*=(4k)° @ x*+y®=(6k)?

Tangents are drawn from (4, 4) to the circle x2 + y2 —2x —2y —7 =0 to meet the circle at A
and B. The length of the chord AB is:

(a) 243 (b) 32 © 2V6 (d) 62

Tangents are drawn from any point on the circle x2 + y2 =R ? to the circle x2 + y? =r2. If the

line joining the points of intersection of these tangents with the first circle also touch the
second, then R equals:

2r 4r
(@ ~2r b) 2r © —= @ ——=
2-+3 3-+5
The complete set of real values of a for which at least one tangent to the parabola y? = 4ax

becomes normal to the circle x? + y2 —2ax —4ay + 3a® =0 is:

@ [1,2] ®) V2, 3] © R (d) R {0}

A ray of light incident at the point (-2,-1) gets reflected from the tangent at (0,— 1) to the circle
x2 + y? =1. The reflected ray touches the circle. The equation of the line along which the

incident ray moves, is:
(@) 4x-3y+11=0 (b) 4x+3y+11=0 (c¢) 3x+4y+11=0 (d) 4x+3y+7=0
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63. If from a moving point P on x2 + y? =4 tangents PA and PB are drawn to x2 + y2 =a?, then
the locus of the circumcentre of triangle PAB, is (0<|a|<2) :
@ x%>+y%=da’>+4 () x?+y%=4-q?
(c) x2+y2=1 (d) x2+y2=2
64. LetBand C be two fixed points of a given circle and A a variable point lying on major arc of this

65.

66.

circle as shown in figure. The locus of feet of perpendiculars dropped from the midpoint of AB

on AC is:
N

N
(a) Circle such that BC subtends angle tan ! (tan0) in its circumference
(b) Circle such that BC subtends angle tan ! (2tan®) in its circumference
(c) Circle such that BC subtends angle 2 tan ~I(tan ) in its circumference
(d) Circle such that J ¢’ subt¢ nds ang.> ¢t "(3tar 0) in ite ~ircmference
For any real k, the ci_cie % + y2 .- 2k" + 2ky -8 = ) p 1ss >s t 1. ug 1 two fixed points A and B.
Locus of the point of intersection of the tangents to the circle at A and B is:
(@) x%=4y (b) y?=4x () x=y (d x+y=0
If a line having y-intercept ‘¢’ makes a chord of length ‘@’ to the circle x? + y? = a?, then:
(a) 4c?>3a? (b) 4c? <3a? (¢) 4c?>5a? (d c?>3d?

11.
21.
31.
41.
51.
61.

.| (@ 2.| (b) 3.| (@ 4.| (b) 5./ (d 6. (d 7. (@ 8. /(| 9. ()| 10.|(b)

(d| 12.|{(@| 13./(@)| 14./ ()| 15.| ()| 16.|(d)| 17./(a)| 18.|(c)| 19.| (a) | 20.|(b)
(b) | 22./(b)| 23.|(b)| 24.|(c) | 25.|(@) | 26./(d)| 27./(d)| 28./(b)| 29.|(a)| 30.|(a)
() | 32./(c)| 33./(b)| 34./(d)| 35./(a)| 36. (b)| 37./(c)| 38. (c)| 39./(d)| 40.| (c)
(b) | 42./(d)| 43.|(a)| 44./(a)| 45.|(d)| 46. (b)| 47. (d)| 48./(a) | 49.| (c) | 50.|(d)
(b) | 52./(a)| 53.|(a)| 54.|(a)| 55.|(@)| 56./(c)| 57. (c)| 58.|/(a)| 59.|(b)| 60.|(b)

(d) | 62.|(b)| 63.|(c)| 64. (b)| 65./(c)| 66.|(a)
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EXERCISE (2)

0ne or More than One is/are Correct
1. If a circle passes through the point (3,@ j and touches x + y =1and x — y =1, then the centre

of the circle is at:
(@) (4,0) (b) (4,2)
() (6,0) (d (7,0

2. Equations of four circles are (x + a) 24 (yta) 2 -¢q? , then:
(a) The radius of the greatest circle touching all the four circles is (\/5 +Da
(b) The radius of the smallest circle touching all the four circles is (\/5 -Da
(c) Area of region enclosed by four given circles is (4 — n) azsq. units

(d) The centres of four circles are the vertices of a square

3. The equation of the circle which touches the axes of coordinates and the line §+ Y _1and

[N

whose centre lies in 2 frst (uad-ant s = + y2 - 21 — 2ry + -2 - 0, then r can be equal to:

@ 1 (b) 2 (©) 3 (d 6
4. If (a,0) is a point on a diameter of the circle x2+ y2 =4, then x2 —4x —a? =0 must have:

(a) exactly one real root in —i,i
10 10

(b) exactly one real root in [4,;}(9)}

(c) exactly one real root in [0,2]
(d) two distinct real roots in [-1,5]

2

5. The locus of points of intersection of the tangents to x2 + y 2 = a? at the extremeties of a chord

of circle x2 + y? = a? which touches the circle x2 + y2 —2ax =0 is/are:
(@ y*=a(a-2x) ) x2=ala-2y)
© xZ+y?=(x-a)? d x?+y2=(y-a)?
6. The tangent drawn from the origin to the circle x?+ y2 +2gx+2fy+ f2=0 are
perpendicular, if:

(@ g=f b) g=-f
() g=2f (d 2g=f
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10.

11.

12.

13.

14.

. Two chords are drawn from the point P(h,k) on the circle x? + y2 =hx + ky. If the y-axis

divides both the chords in the ratio 2 : 3, then which of the following may be correct ?
(@) k*>15h? (b) 15k*>h?
(© h%=15k> (d) k?>5h?

. The equation(s) of the tangent at the point (0, 0) to the circle, making intercepts of lengths 2a

and 2b units on the coordinates axes, is/are:
(@) ax+by =0 (b) ax-by =0
(0 x=y (d) bx+ay=0

. Consider the circle x? + y2 —10x — 6 + 30 =0. Let O be the centre of the circle and tangent at

A(7,3) and B(5,1) meet at C. Let S =0 represents family of circles passing through A and B,
then:

(a) Area of quadrilateral OACB =4

(b) the radical axis for the family of circles S =0is x + y =10

(¢) the smallest possible circle of the family S =0is x% + y* —12x —4y +38 =0

(d) the coordinates of point C are (7,1)

Let x,y be real variable satisfying the x4 y2 +8x—-10y —40=0. Let a=max
Wx+2% +(y-3)2) ondb -mit((c 2 +(y—-212 ,ten.

(2) a+b=18 (™) wrb=42

(©) a-b=42 (d) ab=73

Coordinates of the centre of a circle, whose radius is 2 unit and which touches the line pair
x2 —y2 —2x+1=0 are:

(@ 4,0 (b) (1+2v2,0)

© 4D @ (1,2+2)

Point M moved on the circle (x — 4) 24 (y-8) 2 220. Then it broke away from it and moving

along a tangent to the circle, cuts the x-axis at the point (-2,0). The coordinates of a point on
the circle at which the moving point broke away is:

3 46 2 44
a) |-=,— b) | -=,—
@ (-2.%) o (-2.%)
(© (6,4) @ G,5
If the area of the quadrilateral formed by the tangents from the origin to the circle

x2 +y2 +6x—-10y + c=0 and the radii corresponding to the points of contact is 15, then a

value of c is:

(@ 9 (b) 4
(¢) 5 (d) 25
If 4a® —5b2 + 6a + 1=0 and the line ax + by + 1=0 touches a fixed circle, then:
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15.

16.

17.

18.

(a) centre of circle is at (3, 0) (b) the radius of circle is NG
(c) the radius of circle is NE) (d) the circle passes through (1,1)
Let P(1, 2.2 ) is a point on circle x?+ y 2 ~9.Locate the points on the given circle, which are at

2 units distance from point P.

(@ (-1,2v2) () (2v2,1)
23 10+v2
_,— d) (3,0
(© [9 s J (d) (3,0)

AC is diameter of circle. AB is a tangent. BC meets the circle again at D.AC =1, AB =a, CD =b,
then:
(@ ab>1 (b) ab<1
© 251 @ 2!

R .

2 2

Equation of line that touches the curves|y|=x? and x? +(y —2)2 =4 where x =0 is:
(a) y=4£x+20 (b) y=4ﬁx—12
(©) y=-4J5x+20 (d) y=-45x-20
Let [;,l, and I3 are ‘ne leng hs ¢ 7 the ti =z nts draw 1 f on a va.iable point P to the circle

x2 ¥ yz =a?;x?% + y* =2ax and 20 y : —zay re~rcctizely. 12e engths satisfy the relation

I} =1212 + a*. Then the locus of P can be:

(a) Line (b) Circle

(c¢) Parabola (d) Hyperbola
"ANSWERS|
|

13.

(a, ) 2.| (a,b,c,d) 3. (a, d) 4.| (a,b,d) 5. (a, ) 6. (a,b)
(a, b, d) 8. (a,b,d 9. (a,c,d) | 10.| (a,c, d) 11. (b, d) 12.| (b,0)
(a, d) 14.| (a, b, d) 15. (a, ©) 16. (b, ©) 17.| (a,b,c) 18.| (a, b)
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EXERCISE (3)

comprehension: (1) |

An altitude BD and a bisector BE are drawn in the triangle ABC from the
vertex B. It is known that the length of side AC = 1, and the magnitudes of the
angles BEC, ABD, ABE, BAC form an arithmetic progression.

1. The area of circle circumscribing AABC is:

I I
a) — b) —
(a) 3 (b) 4
T
= d
(© 5 d =
2. Let 'O' be the circumcentre of AABC, the radius of circle inscribed in ABOC is :
1 1
(@ — (b) —=
83 443
1 1
© —= da -
2+/3 2
3. Let B'be the image of point B with respect to side AC of AABC, then the length BB'is equal to :
V3 V2
a) — b) Y&
(a) 2 (b) 7
1 3
(c) — (d £
2 2

comprehension: [ (2) |

Triangle ABC has circumcentre 'O'and orthocentre 'H'. Points E and F are
chosen on sides AC and AB respectively such that AE = AO and AF = AH as
shown in figure. Let' R' be the radius of circle circumscribing the triangle ABC

i B
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1. The area of quadrilateral BFEC is equal to:
2

R? . . R? .
(a) T(smB +sinC) (b) ?smAcos(B -0)
2 2
© z%fﬁnZA (d)e%;(QHZB—FQHZC)
2. The length of segment EF is equal to:
(@) RcosA (b) R
(¢) Rsin2A (d) 2RcosA

3. Let ZAFE = g , then the sum of squares of the 3 altitudes of triangle AFEis equal to:

9R? 2
b) 3R
(a) 4 (b)
3R> 8R?
© 5 (d) 3
comprehension: (3)

Let S; and S, be twc “iel coxte =-ly tangent circles with radius 2 and 3
respectively. Let 5. be a var abl : (.. e int rr al y tar gei 't to both S; and S, at

points A and E respectivel,. the lLagems 0 3zt .l and B meet at T, and
TA = 4.

1. The radius of circle S5 is equal to:

(@) 2 (b) 4
() 6 (d 8
2. The area of circle circumscribing ATAB is:
(a) 10w (b) 20=n
() 40mn (d) 80=n
3. LetC4,C,,C4 be centres of circles S;,S,, S5 respectively then which of the following must be
true:
(@) C3C; +C3Cy =5 (b) C3C; —C3Cy =3
() C3C; +C3Cy =3 (d) C3C; —C5Cy =1
comprehension: (4)

Let A,B,C,D lie on a line such that AB = BC =CD = 1. The points A and C are
also joined by a semicircle with AC as diameter and P is a variable point on
this semicircle such that /PBD =6, 0 <0 < . Let R is the region bounded by
arc AP, the straight line PD and line AD.
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1. The maximum possible area of region R is:

21 — \/g 2T + 3\/§

(@ s (b) 6 _

© (27 +64/3) @ 21 + 343
12 12

2. Let'L'is the perimeter of region'R', then L is equal to:

(@) 3-0++/5-4cos0 (b) 3+mT++5-4cos0O
(© 3+m-0++/5-4cosd (d)3+m+0++/5+4cos0

3. The non negative difference of greatest and least values of L is:

(a) 3—\@+g (b) \E—3+§
© £—3+23i (d) -2
comprehension: (5)

Let P(a,b) be a variable point satisfying 4 < a® + b2 <9 and b> - 4ab+a? <0.
Let R be the com~letc -3¢~ r--~esented in x-y plane in which P can lie.

. Area of region R is
2n
a) — b
(a) 3 (b) =
4n ST
e a) 2
© 3 d 3
. Minimum value of | a + b for all positions of P lying in region R is:
@ 3 b) 243
© 6 @ 2v6

. Let A and B be two points in first quadrant lying in region R, then maximum possible distance

between them is:
(@ 2 ) 5
© 6 @ 7

comprehension: [ (6) |

Let f(x,y) =0 be the equation of a circle such that f(0,y) = 0 has equal real
roots and f(x,0) =0 has two distinct real roots. Let g(x,y) =0 be the locus of
points ' P' from where tangents to circle f(x,y) = 0 make angle /3 between
them and g(x,y) =x2 +y%2 -5x-4y +c,ccR.
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1. Let Q be a point from where tangents drawn to circle g(x, y) =0 are mutually perpendicular.If
A, B are the points of contact of tangent drawn from Q to circle g(x, y) =0, then area of triangle
QAB is

25 25
a) — b) 22
(@) 12 (b) 3
25 25
c) — d) =22
(©) 4 (d) 5
2. The area of region bounded by circle f(x,y) =0 with x-axis in the first quadrant is
(a) 3+25(n—tan1 1] (b) 3+25tan1(24)
8 2 4 11
(0 3+25(27t—tan‘1 3] (d 3+§ 2n—tan‘1(24j
8 4 8 7
3. The number of points with positive integral coordinates satisfying f(x,y)>0,g(x,y)<0;y>3
and x< 6 is
@ 7 (b) 8
(c) 10 (@ 11
C omprehensior: (7=

Consider two cj :cle: S; anc S~ e teraally to 1c1in g) ha 7sing centres at points
A and B whose radii are 1 and 2 respectively. A tangent to circle S; from point
B intersects the circle S; at point C.D is chosen on circle S, so that AC is
parallel to BD and the two segments BC and AD do not intersect. Segment AD
intersect the circle S; at E. The line through B and E intersects the circle S; at
another point F.

1. The length of segment FEF is:

(@) 242 ®) Zf

© Zf @ 3
2. The area of triangle ABD is:

@ 2 b 3

© 2v2 @ 5
3. The length of the segment DE is:

@ 3 b 2v2

(0 2 (@ 3
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comprehension: [ (8) |

In an acute triangle ABC, point H is the intersection point of altitude CE to AB
and altitude BD to AC. A circles with DE as its diameter intersects AB and AC
at points F and G respectively. If BC =25, BD =20 and BE =7.

1. The sum of the length of all the sides of AABC is:

1.

2.

3.

(a) 65 (b) 70
(© 75 (d) 80
. Area of the circle S is:
(a) 100m (b) 196x
(© 22T (d) 4007
. Let FG and AH intersect at point K, then the length of AK =
192 216
a) —— b) =—
(@) o5 (b) oe
225
c) — d) 9
© 4 D
comprehension: = (9=
The circle ‘S’ touches the sides AB and AD of the rectangle ABCD and cuts the
side DC at single point F and the side BC at a single point E. If
| AB|=32,|AD|= 40 and | BE|= 1.
The angle between pair of tangents drawn from the point D to the circle ‘S’ is:
1(25 1(15
a —tan~| — b —tan~| —
@ n ( 3 j (b) = ( 7 j
_1( 15 T _1( 5
¢ —tan""| — d) ——-tan""| =
© ntanl( ) @ F-tan”(3)
The area of trapezoid AFCB is:
(a) 960 (b) 1020
(c) 1140 (d) 1180
The radius of circle is:
(a) 22 (b) 23

(c) 25 (d) 27
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G omprehension:

A point P(a, B) is called rational point if both o and  are rational numbers
and if both o and  are integers, then point P(o,() is called lattice point.

1. Line x + y =n(n € N) cuts coordinates axes at A and B. If O is origin then number of lattice
points within the triangle AOB is:

() n’-—4n+3 (b) n?+n
2
2 2
n®—-n n®-3n+2
) - —orTe
@] 5 (d) 5

2. The number of rational points that could be on a circle, whose centre is (2,\/§ ) and radius is
243 units, is :

(@ 1 (b) 2 (© 3 (d) Infinite
3. Number of lattice points on the circumference of circle x2 + y2 =25 is:
(@ 14 (b) 8 () 12 (d) 10
C omprehensio 1. YL

Consider a right triangle ABC right angled at vertex B with AB =3 and BC = 4.
A circle ‘S’ touching the side BC is drawn intersecting the sides AB at points D
and E and the side AC at points F and G respectively. Also D and F are the
midpoints of sides AB and AC respectively, then:

1. Radius of circle S is:

5
(@ 1 b) =
) ( y
7 13
) — d
(©) 6 (d) 12
2. The length of portion FG of hypotenuse AC is:
5 13
a) — b
(@) 5 (b) 10
11
0 — d 1
(©) 10 (d)
3. The length of chord EF of circle S is:
17 5
a) — b) >
(@ 6 (b) 2
13 11
c) — d) ==
(©) 6 (d) 6
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G omprehension:

Given a line segment AB,A = (0,0) and B(a,0). Three circles S;,S,,S;, of
radius R are centred at the end points and the midpoint of the line segment
AB. A fourth circles S, is drawn touching the 3 given circles.

1. IfO<R< % , then sum of all possible distinct values of radius of S, is:

2 2 2 2
a a 3a a
a) — b) — ) — d) —
@ 16R ®) 7R © 16R ()4R
2. IfO<R< % , then number of possible circles S, is:
(@ 2 (b) 4 () 6 (d 8
3. If % <R< %, then radius of circle S, is:
2 2
a a
a) —— b)
R 16R ®) 8R
3a? a’
0 —— H =
(© 16R S 4R
comprehension: (13)

Let A =(0,0),B =(4,0) and on segment AB is given a point M. On the same
side of AB squares AMCD and BMFE are constructed above AB. The
circumcircles S; and S, of two squares AMCD and BMFE respectively whose
centres are P and Q, intersect in M and another point N.

1. The point of intersection of the lines FA and BC is:
(a) N (b) outside S; but inside S,
(c) outside S, but inside S; (d inside S; and S, both

2. For all positions of M varying along the segment AB, the lines MN passes through the fixed point
R(a,b),thena+b=

(@ 0 b 1 © 3 (@ 2
3. The locus of midpoints of all segments PQ as M varies along the segment AB is:
(a) line segment (x,1),x €[1,3] (b) line segment (x,1),x €[2,4]

(c) line segment (x,1),x €[0,3] (d) line segment (x,1),x €[0,4]
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G omprehension:

Let C be a circle of radius r with centre at O, let P be a point outside C and D be
a point on C. A line through P intersects C atQ and R, S is the midpoint of QR.

1. For different choices of lines through P, what is the curve on which S lies:
(a) a straight line (b) an arc of circle with P as centre
(c¢) an arc of circle with PS as diameter (d) an arc of circle with OP diameter

2. Let P is situated at a distance'd' from centre O, then which of the following does not equal the
product (PQ) (PR).
(where T is a point on C and PT is tangent to C)
@ d*-r? ) (PT)? © (PS)? =(QS)(RS) () (PS)*

3. Let ABC be an equilateral triangle inscribed in C.If a,[3, y denote the distances of D from vertices
A, B,C respectively, what is the value of product (B +y —o)(y + o —B) (a0 +B —7):

@ o ®

3 3 3
(o LB Sbr @ a+p+y
comprehension: [ ()5f=

Given a line segment AB,A =(0,0) and B(a,0). Three circles S;,S,,S; of
radius R are centred at the end points and the midpoint of the line segment
AB. A fourth circle S, is drawn touching the 3 given circles.

1. IfO<R< %, then sum of all possible distinct values of radius of S, is:
2 2 2 2
a a 3a
a) —— b) — ) —— d) —
' 16R ®) 7R © 16R ()4R

2. If0O<R< % , then number of possible circle S, is:

@ 2 (b) 4 (0 6 d 8
3. If % <R< g, then radius of circle S, is:
2 2 2 2
a a 3a a
— b) — — d) —
@ Jer ®) sr © Ter @ 4r
comprehension: (16)

The line y = ax + b intersects the curve C: x? +y2 +6x-10y +1=0 at the

points A and B. If the lines segment AB subtends a right angle at origin then
the locus of the point (a,b) is the curve g(x,y) =0.
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1. The equation of curve g(x,y) =0 is:
(@ x2+2y2—-6xy+10y+1=0 (b) x%+2y%-6xy-10y +1=0
(© x*-2y%-6xy+10y +1=0 (d) x?-2y%-6xy-10y+1=0
2. The slope of tangent to the curve g(x, y) =0 at the point where the line y = lintersects it in first
quadrant is:
(a 1/2 (b) 1/3 (© 1/4 (d) 1/6
3. The equation of chord of the curve C whose middle point is (1, 2) is:
(@ 4x-3y+2=0 (b) 4x+3y-10=0 (c) 3x+4y-11=0 (d) 3x—-4y+5=0

-
([ANSWERS
Comprehension-1: 1. (b) 2. (b) 3 (d)
Comprehension-2: 1. (@ 2. (b 3. (a)
Comprehension-3: 1. (d 2. (1) 3 ()
Comprehension-4: B 1. E ; (c, : 71 5 | U
Comprehension-5: 1. (@ 2. (0 3. (d
Comprehension-6: 1. (@ 2. (D 3. (d
Comprehension-7: 1. (0 2. (0 3. (0
Comprehension-8: 1. (@ 2. (0 3. (b)
Comprehension-9: 1. (o 2. (d 3. (o
Comprehension-10: 1. (@ 2. (b) 3. (0
Comprehension-11: 1. (@ 2. (0 3. (0
Comprehension-12: 1. (0 2. (o) 3. (a)
Comprehension-13: 1. (a) 2. (a) 3. (a
Comprehension-14: 1. (@ 2. (D 3. (a)
Comprehension-15: 1. (0 2. (0 3. (a
Comprehension-16: 1. (b) 2. (D 3. (a
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EXERCISE (4)

Assertion and Reason

(A) Statement-1 is true, Statement-2 is true and Statement-2 is correct explanation for
Statement-1

(B) Statement-1 is true, Statement-2 is true and Statement-2 is not correct explanation for
Statement-1
(C) Statement-1 is true, Statement-2 is false
(D) Statement-1 is false, Statement-2 is true
1. Consider 3 equal circles of radius r; within a circle of radius r, each to touch the other two and
the given circle.
n B

Statement-1: —

rz_\/§+1

because
Statement-2: Incentre of trianole formed by joining centres of 3 equal circles is same as
cent e of giv >n c rcle.
2. Let a circle be inscrived 11 the qui dr=t fa jrcle f ciatiet v+ then
Statement-1: The radius of inscribed circle is the positive root of the equation
r? +4r-4=0
because
Statement-2: Distance between their centres = 2 (radius of circle inscribed).
3. Let A and B are two points both lying within a given circle S, and'P'be a point on circumference
of 'S' at which AB subtends the greatest angle.
Statement-1: If A=(1, 1),B =(1,—1) and equation of S is x? + yz =4 then P will be (2,0)
because
Statement-2: ‘P’ will be the point where a circle passing through A and B touches the circle
S.
4. Let PQ be fixed chord in a circle ‘S’ and AB is any diameter, then
Statement-1: If PQ is represented by equation y = -1, S represented by x2 + y2 =4 and A,
B lie on same side of PQ then the sum of the perpendiculars let fall from A and
B on PQ is equal to 4.
because
Statement-2: The sum of the perpendiculars let fall from A and B on PQ is same for all
position of AB.
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10.

11.

. If two equal chords AB and CD of a circle intersect at point B

Statement-1: if ACB and CBD are minor segments of AB and CD. AP =2 and PB =7 , then
PC =7 and PD =2.

because

Statement-2: AP =PD and PB=PC .

. AB is a fixed chord of a circle and XY is any chord having its middle point Z on AB, then

Statement-1: XY is greatest if XY coincides with AB
because
Statement-2: XY is greatest if Z becomes the middle point of AB.

. Let the bisector of ZA of AABC meets BC in D and the circumcircle of AABC in E, then

Statement-1: AD is less than the G..M. of AB and AC
because
Statement-2: AABD is similar to AAEC.

. Let ABCD is a rectangle, the diagonal AC and BD intersect at O. A straight line through B

intersects DC produced at E and DA produced at F such that OF = OF , then
Statement-1: (CE)(DE)=(AF)(DF)
because

Statement-2: If a line through anv point P intersects the circle with centre at ‘O’ and radius
‘rat (and.' then (P)) ‘PR,=(0")% + ?.

. Let A(xy,y1),B(x5,y5) and J(x,,27;) a=<ievericcio a riarg.e ABC.
Statement-1: If angle C is obtuse then the quantity
(x3 —x1)(x3 —x3) +(y3 —y1)(¥3 — y2) is negative.
because
Statement-2: Diameter of a circle subtends obtuse angle at any point lying inside the

semicircle.
Let C be a circle with centre ‘O’ and HK is the chord of contact of tangents drawn from a point A.
OA intersects the circle ‘C’ at P and Q and B is the midpoint of HK, then
Statement-1: AB is the Harmonic mean of AP and AQ
because

Statement-2: AK is the Geometric mean of AB and AO and OA is the arithmetic mean of AP
and AQ.

Let the diagonals of a convex quadrilateral ABCD intersect at point P and a, b, c,d denote the
length of sides AB,BC,CD and DA respectively, then

Statement-1: Diagonals of quadrilateral ABCD are perpendicular if a? + ¢? =b? + d?
because

Statement-2: a? +c2>b% +d?>(AP)? +(BP)? + (CP)? +(DP)?

or b% +d*>a? +c?>(AP)? +(BP)?* +(CP)? +(DP)?
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1. (d) .| (0) .| (a) .| () .| (0) . () .| (a) .1 (© .| (a) | 10.| (a)
11.| (o)
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EXERCISE (5)

Match the Columns:

1. Let E,F,G,H be 4 distinct points inside square ABCD whose area is 1 square units such that
ZEDC = Z/ECD = ZHDA = ZHAD = ZGAB = ZGBA = ZFBC = LZFCB =15°

(a) | If area of quadrilateral EFGH is equal to a — Jbwherea,be N, (p) 1
thena + b=
(®) | Lt ,AEB = %; then k = (C)) 3
(c) | The radius of circle circumscribing the AAHD is equal to () 5
(d) | Let the lengths of perpendiculars from vertices G,A,H to| (s) 6
opposite sides of triangle AHG be h; ,h,,h; respectively. Let
i+i+i:a+w/5wherea,beN,then—:
ht hi K3 a

2. Let A(x1,Y1),B(x5,y5),C(x3,Y3) ve 3 usunct powus lying on cicle S:x2 + y2 =1, such that

X1Xg +Y1Yo + XoX3 +Yoy3 +X3Xq +Y3Y1 =—2

2
(@) | Let P be any arbitrary point lying on S, then (PA)? +(PB)? | (p) 3
+(PC)? =
(b) | Let the perpendicular dropped from point ‘ A’ to BC meets S at Q| (q) 4

and ZOBQ =% , Where ‘O’ is origin, then k =

(c) | Let R be the point lying on line x + y =2, at the minimum| (r) 5
distance from S and the square of maximum distance of R from S
isa+b\/B, thena+ b=

(d) | LetI and G represent incenter and centroid of AABC respectively,| (s) 6
thenIA + IB + IC + GA + GB + GC =
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3. In the triangle ABC,the angle bisector AK is perpendicular to the median BM and ZABC =120°,

|
@)

(@) | The value of ratio —~ is equal to ) ﬁ (13 -1
AB 32
(b) | The value of ratio of radius of the circle circumscribing the| (q) V13 -1

triangle ABC to the side length AB is equal to

(c) | The ratio of the area of AABC to the area of the circle (r)
circumscribing AABC is equal to

(d) | The value of ratio of the sides AB to AC is equal to (s)

%"[\J YN

4. There are two circles in a parallelogram. One of them of radius 3, is inscribed in the
parallelogram, and the other touches two sides of the parallelogram and the first circle. The
distance between the points of tangency which lie on the same side of the parallelogram is

equal to 3.
(a) | The radius of t1> othe circle 1> (v) 75
| 2
(b) | Area of the parallelogram is equal to (q) 75
(c) | Let d;,d, denote the lengths of the diagonals of| (r) 5431
parallelogram, then the product d;d, is equal to
(d) | Let d; ,d, be the diagonals of the parallelogram then the| (s) 3
value of d; + d, is equal to 4

5. In the parallelogram ABCD with angle A = 60°, the bisector of angle B is drawn which cuts the
side CD at a point E. A circle S; of radius ‘r’ is inscribed in the AECB. Another circle ‘S5’ is

inscribed in the trapezoid ABED.

(a) | The value of radius of S, is (p) 243 r
(b) | The value of distance between the centres of S; and S, is | (q) ﬁ .
2
(c¢) | The value of the length of internal common tangent of S; | (¥) N7 r
and S, is
(d) | The value of the length CE is (s) 3 -
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6. In the given figure, the circle x? + y? =25 intersects x-axis at points A and B. The line x =11
intersects x-axis, at point C. Point P moves along the line x =11 above the x-axis and AP
intersects the circle at Q.

y
A =

Zall
L
B

(a) | The coordinates of point P if the AAOB has the maximum areais | (p) (11,0
(b) | The coordinates of point P if Q is the middle point of AP is (C)) (11, 8)
(c) | The co-ordinates of P if the area of AAQB is (Alr]th of the area of () ok 1A
AAPC is
(d) | The co-ordinat2s of Pi'|AF —Bi'|i: ™ .ximu n (s) (11, 16)
7.
Column-| Column-II
(a) | Two intersecting circles (p) | have a common tangent
(b) | Two circles touching each other (q@) | have a common normal
(c¢) | Two non concentric circles, one strictly inside| (r) | do not have a common normal
the other
(d) | Two concentric circles of different radii (s) | do not have a radical axis

8. Match the following : Let C and C; be circles of radii 1 and r> 1 respectively touching the
coordinate axes, Column-II gives values of r for the conditions in Column-I .

Column-| Column-ll
(a) | C passes through the centre of C; (p) 3
(b) | C and C; touch each other Q@2+ V2
2
(c) | C and C,are orthogonal () |2+ V3
(d) | C and C; have longest common chord (s) |3+ 242
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9. Triangles ABC are described on a given base BC and of a given vertical angle a.

109

Column-l Column-ll

(a)

(b)

(c)

(d)

The locus of orthocentre of AABC is | (p) | Part of circle such that BC subtend angle t

1 — o its circumference

The locus of incentre of AABC is (q) | Part of circle such that BC subtend angle

2

T o . 2
— + — at its circumference

The locus of the excentre| (r) | Part of circle such that BC subtend angle

corresponding to vertex opposite to
base of AABC is

T o . 9
E — E at its circumference

The locus of centroid of AABC is: (s) | Partof circle such that PQ subtend angle o

at its circumference where P,Q are points
of trisection of segment BC.

10. Match the column:

Column-lIl

(@)

(b)

(c)

(d)

Line L ic th: radia axis «f  tae >ircles
S;=x2+yt-2x-Ly—/=vando,=x*+y2 +6x-5y=0.If
(x7,y1)and (x,,y,) denote the coordinates of the extremeties of
the diameter of S, which is perpendicular to L, then

%(xlz +x2 +y? + y2)is equal to

The pair of lines represented by x2 + y2 +3xy + 4x+y —-1=0
intersect at P.IfQ and R are the point of intersection of the pair of
lines with the x-axis and the area of the APQR is A, then A% =

If the coordinates of radical centre of circles x? + y? —25=0;
2x2 +2y% —4x+6y-7=0; x2+y%-x-2y-9=0 is (a,B)
then, 2(a +B) is equal to

Let m; and m, are the slopes of the tangents drawn to circle
x? +y2 —4x-8y-5=0 from the point P(-1,-2), and
|m,; +m,|=p/q where p and q are relatively prime natural

numbers, then p + g is equal to

(p)

(q)

)

(s)

(t)

13

20

25

27

29
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11. Let two circles S; and S, having centres O; and O, have
radius R and r respectively (r<R) touching each other
internally at a point A. A tangent to smaller circle at point D
intersects the larger one at points B and C as shown. Let AB
and AC intersects the circles S, at points L and K respectively.

Yy

\

L

A

Column-I Column-ll
(@) | AK _ P) VR
Ac JR+VR—r
(b) | AC _ @ R
CD r
() AL _ @ | _r
AB R-r
(d) | A0 _ (s) |
AD : R
| A8
(where O is incentre of AABC) () \/ R
R-r
12. Let S ={(x,y):x2 + y2 —-6x -8y +21<0}
Match the Column-I with Column-II
Column-I Column-ll
(a) max{m Y e S} ®) 3
7 7
(b) rnin{;(x2 +y2 +1)+(x—y);(x,y)eS} (@ |4
(© max{?’x 4+ ﬂ;(x,y) € S} @ |5
7 7
d 6
(d) min 3y +|x 3',(x,y)eS (s)
|x -3
) |7
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m

a—>r,b>qcop;dos
a—>q b-os;cop;dor
a—»>s;bor;c>q dop
a—>p,q b—>p,qc—>q d—>q,s

IR

a—»>p;boqgcor;,dos
11.a—>s;b>t,c>s; d—>p

a—>s;bop;cor;dos
a—>s;bo>pcoqgdor
a—»>s;bo>qcor;dop

Cali A il o

a—>qb-os;cor;dop
10.a—>qg b>qgco>t;d>p
12. a>s;b>q c—o>r1,d>g
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EXERCISE (6)

SUbjective Problems

1. If the circle C, touches x-axis and the line y = xtan6,0 e (0,;] in first quadrant and circle C,

touches the line y = xtan 6, y-axis and circle C; in such a way that ratio of radius of C; to radius

of C, is 2 : 1, then value of tang = Ja-b where a, b, c are relatively prime natural numbers find
c

a+b+ec

2. Apoint D is taken on the side AC of an acute triangle ABC, such that AD =1,DC =2 and BD is an

altitude of AABC. A circle of radius 2, which passes through points A and D, touches at point D a
2

circle circumscribed about the ABDC. The area of AABC is A, then ?—5 =.

3. How many ordered pair of integers (a, b) satisfy all the following inequalities
a? +b?<16,a® +b><8a,a’ +b*><8b?

4. Circle S, is centered 7 ¢ '0,3) " vith -adi s .. C rcle S, is ex*zinall;-tangent to circle S; and also

tangent to x-axis. I’ dw loct s o the centre of tle var abl: (irc]: S, can be expressed as
2

y:1+xT.Find7».

5. Let two parallel lines L; and L, with positive slope are tangent to the circle
Ci:x?+y%-2x-16y +64 =0. If I is also tangent to the circle
szxz +y2 —2x+2y -2=0 and equation of L, is avJax —by + ¢ —avJa =0 where a,b,ce N,
then find the value of LM.

6. In the figure AB is tangent at A to circle with centre O; point D is interior to circle and DB
intersects the circle at C.If BC =DC =3,0D =2 and AB =6, then find the radius of the circle.

7. Thelines3x —4y + 4 =0 and 6x —8y — 7 =0 are tangents to the same circle whose radius is r,
then 4r is equal to.
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8.

10.

11.

12.

13.

14.

15.

16.

There exists two circles passing through (—1,1) and touching the lines x + y=2 and x — y =2
whose radii are r; and r,, and r; + r, =a+/2, then a is equal to.

. Let A be the centre of the circle x? + y? —2x — 4y — 20 =0. Suppose the tangents at the points.

B (1,7) and D (4,-2) on the circle meet at C. The area of the quadrilateral ABCD is N, then % =)

If radii of the smallest and the largest circle passing through (+/3,+/2) and touching the circle
x% +y? —242y -2 =0arer; and r, respectively, then find the mean of r, and r,.

Given a convex quadrilateral ABCD circumscribed about a circle of diameter 1. Inside ABCD,
there is a point M such that | MA|?+| MB|?+ MC|?+|MD|? = 2. Find the area of ABCD.

Tow circle of radii 8 and 4 touch each other externally at a point A. Through a point B taken on
the larger circle a straight line is drawn touching the smaller circle at C. Find BC if AB = \6.
Given a rectangle ABCD where |AB|=2a,|BC|=a+/2. On the side AB, as on diameter, a
semicircle is constructed externally. Let M be an arbitrary point on the semicircle, the line MD
intersect AB at N, and MC at L. If | AL|*> +|BN|? =1a?, then & =

The distance between centres of two circles is equal to 1. Let x be the side of a rhombus two
opposite vertices of which lie on one circle, and the other two on the other if the radii of the
circles are 6 and 3, then [x! = &+rhone [] domote greates integer function)

Circle of radii 4 and ” tc ich e ich « ther in c..:ally. Tae id ot ec aile teral triangle one vertex of
which coincides wit.1 the poit.t of :2zgen ;- 2ud the cter two lying on the two given circle is:
Two circles of radius 8 are placed inside a semi-circle of radius 25. The two circles are each
tangent to the diameter and to the semicircle. If the distance between the centers of the two

circles is A, then the value of 670

11.

22 2./ 9 3. 6 4. 8 S.| 7 6. 4 7. 3 8./ 6 9.5 |10.| 1
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EXERCISE (7)

1. (A)

(B)

2. (A)

(B)

3. (A

(B)

©)

4. (A

(B)

If two distinct chords, drawn from the point (p, g) on the circle x2 + y2 = px + qy (where
D, q = 0) are bisected by the x-axis, then:

(@ p*=¢° () p*=8q> (© p?<8q® (d) p?>8q>

Let L; be a straight line through the origin and L, be the straight line x + y = 1. If the
intercepts made by the circle x2 + y2 —x+3y =0on L, and L, are equal, then which of
the following equations can represent L, ? [IIT-JEE 1999]
(@ x+y=0 () x-y=0 (0 x+7y=0 (d x-7y=0

The triangle PQR is inscribed in the circle, x? + y2 =25.1fQ and R have co-ordinates (3, 4)

and (-4, 3) respectively, then QPR is equal to:
T T T T
= b) — = d) =
(@ 2 (b) 3 @) 7 (d) 6

If the circles, x2+y2+2x+2ky+6=0 and x2+y?+2ky+k=0 intersect

orthogonally, then ‘ K’ is: [IIT-JEE (Screening) 2000]
3

(a) 2or L (o ] () 2 01r§ @ -2 or§

2 X Z 2
Extremities of 1 diczonil of a r.ctenels are (9.1) nd (4 3. Find the equation of the
tangents to the circumcircle of a rectangle which are parallel to this diagonal.
Find the point on the straight line, y =2x + 11 which is nearest to the circle,

16(x2 + y2) +32x -8y -50=0
A circle of radius 2 units rolls on the outerside of the circle, x* + y? + 4x =0, touching it
externally. Find the locus of the centre of this outer circle. Also find the equations of the
common tangents of the two circles when the line joining the centres of the two circles is
inclined at an angle of 60° with x-axis. [REE (Mains) 2000]
Let PQ and RS be tangents at the extremities of the diameter PR of a circle of radius r. If PS
and RQ intersect at a point X on the circumference of the circle then 2r equals:
[IIT-JEE (Screening) 2001]

@ (PO TS b PR

) 2 2
(© 2PQRS @ /(PQ) +(RS)
PQ +RS 2

Let2x2 + y2 —3xy =0 be the equation of a pair of tangents drawn from the origin ‘0’ to a

circle of radius 3 with centre in the first quadrant. If A is one of the points of contact, find
the length of OA. [IIT-JEE (Mains) 2001]
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S.

10.

(A) Find the equation of the circle which passes through the points of intersection of circles
2 24+y24+2x-6y+6=0 and intersects the circle

x2+y2-2x-6y+6=0 and x
x2+ y2 + 4x + 6y + 4 =0 orthogonally. [REE (Mains) 2001]
(B) Tangents TP and TQ are drawn from a point T to the circle x2 + y2 =a?.1f the point T lies

on the line px + qy =r, find the locus of centre of the circumcircle of triangle TPQ.
[REE (Mains) 2001]

. (A) If the tangent at the point P on the circle x% + y? +6x + 6y =2 meets the straight line

5x -2y +6 =0 at a point Q on the y-axis, then the length of PQ is:
@ 4 () 245 © 5 @ 345

(B) Ifa> 2b> 0 then the positive value of m for which y =mx —by1+m ? is a common tangent
tox? + y2 =p%and(x-a)? + y2 =b2is: [IIT-JEE (Screening) 2002]

2b Va? - 4b? 2b b

@ —— (b) (© (d)

/a2—4b2 2b a-2b a-2b

. The radius of the circle, having centre at (2, 1), whose one of the chord is a diameter of the circle
x?+y% -2x-6y+6=0 [IIT-JEE (Screening) 2004]
(@ 1 b) - (© 3 (d) V3

. Line2x+3y+1=0",a.angeattc acir le at( ,—1) Th sc rcl:i ort 10gonal to a circle which is

drawn having diameter as a line segment with end points (0, — 1) and (-2, 3). Find equation of
circle. [IIT-JEE 2004]

. A circle is given by x? + (y —1)? =1, another circle C touches it externally and also the x-axis,

then the locus of its centre is: [IIT-JEE (Screening) 2005]
@ {(x,y):x2=4y}U{(x,y): y<0}

() {(x,3):x*+(y-D* =4} U{(x,y): y<0}

© {0x, y):x*=y}U{(0,y): y<0}

@ {(x,)):x* =4y} U{(0,y): y <0}

(A) Let ABCD be a quadrilateral with area 18, with side AB parallel to the side CD and
AB =2CD. Let AD be perpendicular to AB and CD. If a circle is drawn inside the
quadrilateral ABCD touching all the sides, then its radius is:

(a) 3 (b) 2 () 3/2 @ 1
(B) Tangents are drawn from the point (17, 7) to the circle x? + y2 =169.

Statement-1: The tangents are mutually perpendicular.

because

Statement-2: The locus of the points from which mutually perpendicular tangents can
be drawn to the given circle is x? + y 2 -338. [IIT-JEE 2007]
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11. (A)

(B)

)

)
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(a) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for
statement-1.

(b) Statement-1 is true, statement-2 is true; statement-2 is NOT a correct explanation for
statement-1.

(c¢) Statement-1 is true, statement-2 is false.

(d) Statement-1 is false, statement-2 is true.

Consider the two curves

Ci:y?=4x; Cy:x?+y? —6x+1=0.Then:

(a) C; and C, touch each other only at one point

(b) C, and C, touch each other exactly at two points

(c) C, and C, intersect (but do not touch) at exactly two points

(d) C; and C, neither intersect nor touch each other

Consider, L;:2x+3y +P -3=0; L,:2x+3y+P +3=0,

where P is a real number and C: x? + yz +6x-10y +30=0.

Statement-1: If line L, is a diameter of circle C, then line L, is not always a diameter of
circle C.

because

Statement-2: ‘flne L; isa dian el .o fcircl 'C th:n.In L, is not a chord of circle C.

(a) Statement-1 is true, staccuent-Z is trde; scatemenit-z > a correct explanation for
statement-1.

(b) Statement-1 is true, statement-2 is true; statement-2 is NOT a correct explanation for
statement-1.

(c) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true. I om Pr®
Comprehension

A circle C of radius 1 is inscribed in an equilateral triangle PQR. The points
of contact of C with the sides PQ, QR, RP are D, E, F respectively. The line

33 3].

PQ is given by the equation V3x+y -6 =0 and the point D is [2 >

Further, it is given that the origin and the centre of C are on the same side
of the line PQ. [IIT-JEE 2008]

The equation of circle C is:
2
@ (x-2v3)*+(y-D?=1 (b) (x—2\/§)2+[y+;J =1

© (x-+3)2+(y+D%=1 @ (x-V3)2+(y-D%=1
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12.

13.

14.

15.

16.

(ii) Points E and F are given by:

V3 3 31
a A 2A \/g’o b A 2 A \/§:0
(@ ( 5 3 ( ) (b) 5 75 ( )
V3 3)(43 1 3 43| (43 1
(C) A 2 AP A oA (d) A A Pl A oA
2 °2 272 22 272
(iii) Equations of the sides RP, RQ are:
2 2 1
@ y=—4=x+Ly=-—7x-1 b)) y=—7=x,y=0
V3 NE} NE}
© y=fx+1,y=—fx—1 (d) y=+3x,y=0
Tangents drawn from the point P(1,8) to the circle x2 + y? —6x — 4y — 11 =0 touch the circle
at the points A and B. The equation of the circumcircle of the triangle PAB is: [IIT 2009]
(a) x2+y2+4x—6x+19:0 (b) x2+y2—10y+19:0
(© x2+y2 -2x+6y—-29=0 (d) x2+y2—6x—4y+19=0
The centres of two circles C; and C, each of unit radius are at a distance of 6 units from each

other. Let P be the mid-point of the line seement joining the centres of C; and C, and C be a
circle touching circles O and 7, e iternal 2 Tfacom no 1t ug>nfw 7; and C passing through P

isalsoa common tar geni toC , an .C.*.1e 1 the raditso th2cicl:C s: [IIT 2009]

The circle passing through the point (-1, 0) and touching the y-axis at (0, 2) also passes through

the point: [IIT 2011]
3 5 35

a) |-=,0 b) | -=,2 o |-=,= d) (4,0

()(2] ()[zj ()(22] (@ ( )

The straight line 2x — 3y =1 divides the circular region x2 + y2 <6 into two parts. If

W 6-D62)

then the number of point(s) in S lying inside the smaller part is: [IIT 2011]

The locus of the mid-point of the chord of contact of tangents drawn from points lying on the
straight line 4x — 5y = 20 to the circle x? + y2 =9is: [IIT-JEE 2012]

(@) 20(x? +y?)-36x+45y =0 (b) 20(x? +y?)+36x—45y =0

(©) 36(x?+y?)-20x+45y =0 (d) 36(x2 +y2)+20x-45y=0
Paragraph for question Nos. 17 to 18

A tangent PT is drawn to the circle x2 + y2 = 4 at the point P (+/3, 1). A straight
line L, perpendicular to PT is a tangent to the circle (x -3)% + y2 =1.

[IIT-JEE 2012]
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17. A common tangent of the two circles is:

(@ x=4 (b) y=2 (© x+83y=-1 (d) x+2/2y=6
18. A possible equation of L is:
(@ x-+3y=+1 () x++3y=1
(© x-+By=-1 (d x++3y=5
19. The circle passing through (1, —2) and touching the axis of x at (3, 0) also passes through the
point : [IIT-JEE (Mains) 2013]
(@ (2,5 (b) (-5,2)
© (2,-5 @ 5,-2)
20. Circle(s) touching x-axis at a distance 3 from the origin and having an intercept of length 2+/7
on y-axis is(are) : [IIT-JEE (Advance) 2013]
@ x2+y%2-6x+8y+9=0 b) x2+y2-6x+7y+9=0
(© x?>+y%-6x-8y+9=0 (d x*>+y%-6x-7y+9=0
|
1. (A)d;(B)b,c 2. (A)c;(B)a
3. (A)6x-8y+25=0and6x-8y-25=0; (B) (-9/2,2)

(C) x? +y2 +4x—12:0,T1:\/gx—y+2\/§+4=0,T2:\/§x—y+2\/§—4=0(D.C.T.)
T3:x+\/§y—2=0,T4:x+\Ey+6:O(T.C.T.)

4. (A) a; (B) 0A=3(3 ++/10)

5. (A)x2+y2+14x—6y+6=0; (B) 2px+2qy=r

6. (A)c;(B)a

7. ¢ 8. 2x?+2y?-10x-5y+1=0 9. d
10. (A)b; (B)a 11. (A) b; (B) c; (C) (i) d; (i) a; (iii) d

12. b 13. 8 14. d 15. 2
16. a 17. d 18. a 19. d

20. a,c
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SOLUTIONS (1)
2 2 2 _ =
0nly One Choice is Correct: 7Ty Mi(m)y ’
) 4. (b)
- (a) r2(2cos? 0 +10sin? 0 + 6sinOcos6) =1

2 1 < 1

' re = < =1
\9" 3sin20 —4cos20+6 6-5
Q r<1

2.rry +24rry =241y (r cos®, r sin6)
= Jr(6+3)=6x3
= r=4

2. (b) For ZACB to be maximum,

circle passing through A,B will touch
x-axis atC.

N

M nniu n listance between curves

L —| B-AIX
5. (d) Equation of pair of tangents PA and PB

A
B<& 1S
L of ¢ A/m,m—‘

(h,k)
0C? =(0A)(0B) P

v

x? =ab
x =~ab
8. (o) L B\(1.y2)
.
(xh+yk-D? =(x?> +y2 -1
y=—x y=x (h? +k2? -1
B A )
(X9, X5) (X4, Xq) Putx=1,(h-1)~“ +2ky(h-1
0] - —y2(h% - 1)
L 2 Pl
y (h+1)—2ky—(h—1)=o\y2
(x—x)(x=-x)+(y—-x71)(y+x5)=0
1 2 Yy =Xy 2 AB =|y, - yq|=2

x?2 +y2 —(x7 +x9)x+(x9 —x7)y =0
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N 4 4k? L Ah-1) - —‘
(h+D> (h+D e
(h+D=k?>+(h>-D=k?=2(h+D
2 (h, k)
=2(x+1)
6. (d) Area of trapezium
ABCD :%(a 1 30)(2r) = 4 L 0 A(2h,0)
= ar=1 8. (d) Line does not intersect the circle

AY —|
(0,2r)D C(a, 2r)5(1r 2n) \ /\
C@\ =0 \ J (2,0)
Al0.0) BG20C. 0
\_ | (0,-3)

Equation of BC is y = —rz(x - §W
rJ

y+ r’x—3r=u
BC is tangent to circle

r+r° =37
[r+r7 =31
\/1+r4

= r*+4-4r>=1+r

=r

4

= r=—

1
5 x(2h) (2k)

7. (@) r=2 -

s %(2h+2k+2\/h2 +k2)

2 = 2hk xz+y2+2gx+2fy+g2+f2

2 2
fov ks VR k g2+ f2-c (g+D? (f+D?

:>Locusofxy:ery+w/x2+y2 - 4 - 4 " 4

2=(g+ D7+ (f+D?

Equation of incircle is




Circle

=g2 +f2 +2g+2f+2=g2 +f2 -c
.Equation of incircle becomes
4(x? +y?) +8gx +8fy
=2(g+ ) -3(g> + f*) +2
=(2g-3¢*+D+2f-3f%+D
=(1-91+39+(1-NHA+3/)
10. (b) S=x> + y2 -9+ AMx+y-1)

X2+y2= )

Centre lieson x+ y =1
= -A=1
Szx2+y2—x—y—8:0

11. (d) m =ﬂ =tan(ej
cosf + 1 2

1—-tan? 9

2tang
P(x,y) = )

26

1+tanZQ 1+tan” —
2 2

P(cos6,sin6)

—

121

x,y e Q, if me Q = Infinite points
are possible.

12. (a)

43) x—2y=4
2-2
tano = 21 :Z
1+2 j
2
y i :tanezéz—r
/87 + 47 4 45
= r=5s+5
13. (a)
(0, 5)
(0,0)

From figure it is clear that circle has
AB as diameter

13
r=-—"

2
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14. (c) OABC in the shortest path
OA + AB + BC = 10C05300+53—n + 10 cos30°

57
~10+3 + =
3
\ %12, 16)
B .39‘:,
AL60° .\
.77 (6.8)
9
>0

\J

Lo

15. (¢) Ar. (square of sides 2) = 4 sq. units

YA

1, 1)} L(1.1)

s :.4[_;_,(

11T -

_

16. (d) Note that the ABC is right angled at A

A (0, 6)

equation of circle
(x+D(x-5+(y-D(y-5=0
x? +y2 -4x-6y-5+5=0

x?+y?-4x-6y=0

Hence the circle passes through the
origin
tangent at (0, 0) is4x +6y =0
2x+3y=0

17. (a)

—

y=1 (A}
B(1,1)
C2 q}\
N
c \,\nf x=1
1
(rr)

o] (0,0) A g

OB=0C; +C,C, +C,B
V2 =12 +3r+ 212
32+ 1)
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19. (a) Shortest distance =CD —r 22. (b) B E[ h k+ 3)
-16-2 2’
_ |9 —16 —25| _s _|
S Put B to equation of circle
_32 5.7 M(h.k)
5 5 p

(0.3)
A
2 2
(3]
2 2 2
Required locus is
x? +8x+(y—3)2 =0
BC — 2 2.5 23. (b) Equation of pair of tangents is
cosf 4 2 (3:+5v2y -81)(3x —6+2y —81) =0
° (x-27)2 -8y2 =0
w-4-2-32
2 2 x? —54x-8y?% +729=0
21. (b) (AC)? + 1 =(36)* (D)
(CE)(CF) =(CD)(BC)
= (AC-1(AC+1r)=16x%x36 ..(2)

On adding (1) and (2), we get
= 2(AC)% =36x52
= AC =6+/26

-

24. (¢) 0OA% =AC? +0C?

atiafoct] (o)

2 2
o 2k ah-bk+ P g
8 8
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: N

[ ‘

Required Locus is g . (AC)2 =(AD)? + gAD)4 .
x2+y2—ax—by+a il =0 (AB) - (AD)
\ _ (AB)*(4D)>
25. (a) E(?cus is AI.'C of the circtl)e wi:h 01.3 as = (AB)2 — (AD)?
‘1amet'er intercepted by the given (AB)(AD)
circle. i.e., AC =

2 2
(x-2)(x-3)+y(y-4)=0 (AB)” —-(AD)

28. (b) Slope of C,C, = —g =tan®

= C, z(o+3(—§]’°+3[:n

26. (d) Centre will be mid point of C; and C,

0+4 1+9
= \ =(2,5
(22120

L

27. (d) (AC?) =(AD)? +(CD)?
(AB)? =(BD)(BC) =BD(BD + DC)
= (BD)(DC) =(AB)* —(BD)? =(AD)?
2 2
= DC:AD = )
BD \(aB)? - (aD)? 29. (a)
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sinE)zL:1
3r 3

DE =2(2rcos0) =4 XS{ZIJ

DE =842

30. (a) Let the equation of tangent is

(x2,1) —|

X2+y2: 1

(x2,1)
(©)

m,_

xcosO+ ysinf=1

1)

(x7,-1) lies on tangent
= Xx;c0s0—-sin6=1
x;cosB=1+sinb
now (x,,1) lies ¢ tagen

= X5 cos0=1-sin6

L1

..(2)

(D x(2), x1x, cos?0=1-sin’0=cos’0

= XIX2 =1

31. (c) Equation of chord of contact of the
pair of tangent from (0, 0) and (g, f)

are
g+ fy+c=0

R

B

These lines are parallel

and gx+ fy +

_gi+frec

2
g+ f?

Hence distance =

..(1)
..(2)

32. (¢) Locus of centres will be the radical axis

of two given circles given by
9x-10y +11=0

33. (b) (PQ)(AQ) =(QC)?

9
PO =2
= Q 5

]

/a 3 |c 4 R\
L

QL _PQ_ pp g

RC PR
(RC)? = (RB)(RP) = RB =§

34. (d)

—
O/O\
[

35. (a) Put (h,—gj to equation of circle

2 2
h? +b——ah+b— 0
4 2

2
h? —ah+%—0 must get two

distinct real roots
= D>0=a?-3b>>0

r12 +r2 -(C Cz)

36. (b) cos0 =

2rry
10+5-5 1
241045 2
= (9:E
4
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37.(c) tanb= % where 20 = 45°

2tan0

tan20 =—
1-tan? 0

2(R/L) 2RI

1-(R2/1%) 1 -RZ

2aw/x12 + y12 —a?

x4+ y2—a?-q?

(x? +y2 ~-2a%)? = 4a?(x? +y2 —a?)
(x% +yH? +4a* —4a>%(x* +y?)
= 4a?(x? +y2 —a?)

(x2 + yz)2 +8a* =8a?(x? +y2)

(x2 +y2)2 =8a2(x2 + y% —a?)
= A=8

38. (¢) Let the circle be
(x-N2+(y-n?=r?
x2 +y2 -2rx —=2ry + r?=0 <r1

Ty

Orthogonality

= 2nry +2nry = r12 + rzz

= 611y =(1 +15)° ..(1)
Circle passes through (a, b)

= r2-2(a+br+@®+b*=0
From (1), 6(a® +b*) = 4(a + b)?

= a? +b% —4ab=0

39. (d) P(0,1) —‘

(1,0)

40. (¢) For max common difference, the
smallest circle just touches the line

(0,1) —‘

1
= 1-2d=—
V2
2 -1
d:
242
de 0,\/5_1
242
2
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41. (b) r=+/3sin30°=">

YA
A]0.1)

(xy)

(-3.0) ©0

© Yo~

(PA)? + (PB)? +(PC)? + (PD)?
—(x-3)2+y2+x?+(y-1?

(¥3,0)

Hx+3)2+y2+x riy+ )2
=4(x? +y2+2)

=4(3+2j=11
4

42. (d) Line is tangent to circle as shown

[-(-1,0) lies above the line

y—-x-c=0]
= c=-1

127

43. (a) Equation of AB is xh + yk = r2

AB is tangent to x2+ y2 =q?

ke
D

_

r2

= —=a
= r?=ab [-h? + k% =b?]
= Equation of circle is x2 + y? =ab
44. (a) Equation of AB is
chooyi=1 ..(1)
AB=S5,-2,=0
= A+6)x+(2r-8)y+2=0 ..(2)
(1) & (2) are identical

k-1
L+6 20-8 2
2h k  2h-k

M+12 2L-8 20

1 a ¢ a-c
2[ b b b—dJ
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1 2T T
area of sector=—-1-— =—
2 3 3

shaded region =+/3 — r

1

47. (d) Y1 =2X1 +5 ]
(_)’1 +6) y
x1 +8

X2+y2

and

B x2+y2—(1+6)x—(2\—8)y—3=0

= 2x-y=-10

= 2x-y+10=0
= x;=-6 and y,;=-7

48. (a) Equation of Ois
x* 4 (y-1)2=22

45. (a) Equation of circle is

x? +y2 —2rx—2ry+r2 =0

—‘ x? +y2 -2\y =0 (D
(0,1)D_CA3(1’~) —|
7
[ ]
(r,r) (0, 1)
L A0.0) B(1,0) L
Put (1,1) Let the pole be (h, k).It's polar w.r.t. (1)

= r2—4r+2:0,r:2i\/§ 15

h + ky — Mk =0
= r:Z—ﬁ Cor<l Xh+ky =Mk +y)

A xh+(k-A)y-2k=0 ...(2)
46. (b) r=1; L=v3 compare it with Ix+my+n=0 and
area of quadrilateral = NE) eliminate A .

49. (c) Diameter of the circle is given as
2x-y-2=0 ...(D)

slope of PN: 35— 1

4-2

equation of normal through PN is
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P(4, 3) 1, 5 |2 BY
N2, 1) BE ER i e
_J3.Y33 _99
2 2
L 52. (a) r12 —P12=T‘22 —P22
C (2-0)?
y-1=(x-2) 2 2
x-y-1=0 ...(2) - C:—§
solving (1) and (2), centre is (1, 0) 2
Hence equation of the circle is — equation of line y = x — 3
(x-D2+y?=2-D%+1 2
2 2 y=x+c
x“+y°-2x-1=0
50. (d)
=
ART %
AP
| N
53. (a) x—1=y—2 =_2(2—1+3)
-1 1 2
= (x,y)=(5,-2)
B
From figure it is clear that
— AE-—2B _sp)
€0s60°
51. (b) Area of APBQ =2 (area AAPQ)
A |

%)
|_ B

Eqn. of S’ is (x —=5)% + (4 +2)2 =

x2+y%2-10x+4y+28=0

1
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54. (a) sin6 :§
5
Slope of AB, AE are

tan(1t - 6),tan(7t + Oj _4 ,—ﬁ
2 2 373

Equation of OB is y = —E

=

D%%E

= 4y +3x=0
D is image of A w.r.t. OB
x—O_y—5__24(5)__§
3 4 25 5
pe(2 7\ /S \or L7

5 5 5
55. (a)

k-3 _2
-2 5
S5k=2h+11
2x -5y +11=0

56. (c¢) Let circle is
x? +y2 +2gx+2fy+c=0

a

b
t* +2gt3 +ct? +2ft+1:0<C
d

= abed =1
57. (¢) Equation of PQ is

2 2
hx+ky=h2+k2(o,h Zk ]

{0’h2;k2j a

0(0,0) P [h2+k2 oJ
h )
2

PQ? =
2,242 1 1 2
0k e 5]
58. (a)
(0,3k)B, —|
o

|
L 0(00) A (3h.0)

(3h)? +(3k)% =(6k)?
h? + k% =4k?
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59. (b) sin0 =

=l

3 —
342

A

‘I

iy (4.4)

-

0=—
4

AB = 2rcos0 = 2(3) L 342

V2

60. (b) r=R cos60° =

AN ]
LGN
L

R
2

61. (d) Letequation of t .:nge. tto yz 5

ty =x +at?

If passes through (a,2a)

= 2at=a+at? :>a(t—1)2:0

= aeR-{0}
62. (b)

Reflected ray

—

Ao b(

131

1-°

N

Slope of QR = —g

Equation of incident ray QR is

4
+1=—-—(x+
Y 30(

3y+4x+11=0

63. (¢) Circumcircle of APAB

has OP as diameter

If circumcentre = (h, k)

= P =(2h,2k)

Pliesonx? +y2 =4

= (2h?%+2k?*=4

Locus of circumcentre is x2 + y2 =1
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0ne or More Than One Correct
1. (a, )

SR

< N

PN

Fromx+y-1=+(x-y -1
= y=0or x =1 (rejected)

2
(x —3)2 +%=(x‘21)

= x=4,6
2.(a,b,c,d)

—

OA =+2a
Largest radius =+/2a + a
Smallest radius = v/2a — a

Area enclosed by circles

SOLUTIONS @

=(2a)? —4(Za2j =(4-m)a?
3.(a,d)
Circles will be in circle and excentral circle
of A ABC as shown

A1(0,0) (3,0)

—

sz 43 3(4) 15(1,1)
4+2+5 4+3+5
I _{ 1'(3,4(3)) =(6,6)
-5+4+3 -5+4+3
r=1,6
4. (a, b, d)

£

yA

ac[-2,2] \

y=x2—4x

222 O 4 2422
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Exactly one root in 7. (a, b, d)
[2 -242,01U[4,2 +2+2] y —|
5.(a, ¢) (_2_h k) (h, k)
PQ is chord of contact of (h,k) w.r.t. (3 ' 2)
2 2 _ 2
x“+y“=a
2 )
/ 3
2
Put x = ,y2 -k 10h =0
e 9
D>0 = k2—§h2>0
: N
h, k :
(h, k) (ﬂ,kﬂ (h, k)
(2 )
. E
= Equation of PQ is xh + vk =a I\z )
PQ is tangent to / v - a)? —y2 =a“ [ i
ttx =-
|ah—a?| a P
[2 .2 2
h* +k - yz—ky+15h 0
= (h-@)2=h?+k> 42 i
—15h
Locusis(x—cz)2:>c2+y2 D>0 2 >0
Y . ) k% > 15h>
i.e.,y” =ala-2x) 8. (a, b, d)

6. (a, b) —|
_|

r x(a, b)
=)
©, o I_ I\/
L Eqn. of circle is
2 2 f2 (xiaz)+(yib)2:a2+b2
J Vet

2 2
+
& s sin 45° or (xirb)2+(yira)2=a2+b2

= g+ =29’ x2+y% +2ax+2by =0
g =f>= g=1f or x?+y?+2bx+2ay=0
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Eqn. of tangent origin is
ax+by=0 or bxtay=0
9.(a, c,d)

A(7,3)

(5, 1); B

Area of square OACB =2 x2 =4

Radical axis of the family S =0 is line
AB whose equation x =y + 4

Smallest possible circle of family S =0
has AB as diamete: givei &
(x-5)(x-7)+(r=D(y -3) =0
-12x -4y +38=0

-

= X2+y2

10. (a, ¢, d)

L

a=9+2+2
b=9-2v2
ab=81-8=73
a+b=18
a-b=4y2
11. (b, d)
Centre of circles which touches the
lines

x+y=landx-y=1
are (1i2\/§,0) and
(1,£2+/2)
12. (b, ¢)

245 1

sin@="">=

10 s

Slhpes cr P’ and PB are tan(a. + 0)
4

where tano = 8 = g

6

Ay
3 2
4
+7
3

[4”[[5{) o M(sfjj

-1 2 -2 44
(4 ‘m(@]’s 2% )5 ¥)
=(6,4)
13. (a, d)
Area of quadrilateral

15=+34-C C
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C? -34C +225=0
(C-25)(C-9=0

€=9,25

14. (a, b, d)
9a? +6a+1=5(a? +b?)
3a+l _ 5

= _lar distance of (", 7
fromax+by+1=0iS\E

= Centre of circle =(3,0)

radius =+/5
16. (b, ¢)
tanC :£ .
b 1

= AD=ab<AC=1 = ab<l1

rTe— O ——> 5

(AC)? =(AD)? + (CD)? =a?b? + b2 =1

135
= b= 1
a®+1
- ¥ _ 1 1
2 4 2
a a” +a a*+a2+ L
3 1
- 2
(azﬂj
2
1
= —> 1
4 g2 4=
2
17. (a, b, ¢)
-(0,2)

Y

U

_

Eqn. of tangent to y = x? is

o=yt 1t?
4

lar from centre (0,2) =2
Alrtz +2
(t2 +8)2 =64(1+t2)

t* —48t% =0

t=0,+ 43

Eqn. of tangent is +4+/3x = y + 12

=2

Eqn. of tangent to y =—x?2 is
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1o = t*-80t?=0
= t=i4\@

Equation of tangents are
(1t2_2j i4x/§x:y—20
=2
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SOLUTIONS @

comprehension: (2)

A\
R
Also, o 38 = (o + 3B) + (a + B) Lv

[using exterior angle theorem]
1. (d) Area of quadrilateral

BFEC = AABC — AAFE

= a=-7B

T
From AABD,a —B +o +3f =2 = AAOB + ABOC + ACOA — AAFE
B:_l a:ﬁt =1R2(sin2C+sin2A+sin2B
2477 24 i
—sin(mt —2A))

ZB=2(c+p) =, ]
2 =§R2(51112B +5sin2C)

T T
M_E’Zc_g 2. (b) AE =R; AF =2RcosA
1. (b) Area of circle circumscribing = EF =R
2 T
AABC:n[lj _n 3. (a) If ZAFE =7
2 4
. . = AAFE is equilateral
2. (b) ABOC is equilateral .
) sum of squares of altitudes
ﬁ(lj 2
L o4l2) 3[1‘@] _9p2
1(3 43 ) 4
2\ 2
J3 .1 43 comprehension: )]
3.(d BD=——sin—=— . .
2 6 4 AT and BT are radical axis toC 5 and C;
3 and C5 & C, respectively.

BB'=2BD ="
2
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comprehension: (4)

1. (b) Area :%(1)2(71 —0) + %(2)sin9

=T 4 sin0- o
2 2
eemeas P (cos 6, sin 6)
: A0 ;
T is radical centre = radical axis of C; A(-1,0) B(0,0) C(1,0) D(2, 0)

and C, ie, common tangent passes

A:E+sin9—9
2 2

through T.
TA=TB=TD =4
b 2 1 0, 3

tan—=—=—,tan—==—,
2 4 2 2 4

(LATD =0. /RTD =0,)

] BW
] +7
0 p -
1.(d) r; =TAtan -1 2 -4 = 4 _g
2 1_13J
24

2. (b) Circumcircle of ATAB will pass
through C5 has TC; as diameter

2
TC
= Area:n(z?’j Y

1 1
A=—sinf(2) + = (-0
TC, = TA _ 4 _ 45 2s1n()+2(7t )
0; +0, 1/\/5
cosl 2. (€) L=3+ (1 —0) +/(2—cos6)* +sin> 0
Area =n(24/5)% =20x =3 +(n-0) ++/5-4cos®
3.(d)C3Cy =r3 -1, 3. (c)@ gy Asinb

do 2.5 - 4cos0
= 4sin’0=5-4cos0

= 4c0s20—4cosO+1=0

C3Cy =13 -1y
= C3C1 —C3C2:r2_r1:1
T

= cose:1 = 0==—
2 3

LO)=3+n+1=4+x
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L(m)=3++5+4 =6

L(n/3):3+2n+\/5—74:3+\/§+2n
3 2 3

Lo =4+m
Lin =6
= Lpax ~Lmin =7 -2

comprehension:

Let é =tan®

2
(b) —4—b+1£0
a

= tanee[Z—\/§,2+\E]
= 0e[15°,75°]
5

3
2. (c) |r(cos6 +sinB) | = rﬁ|sin(6 +45°) |
> 24/2 sin(15°+45°)

minimum =22 f =6

1. (d) Area =g(9 —4) =

3. (d) (AB) =/9 + 4 —2(3)(2) cos 60°
7

1. (d) AreaofAQAB:%xSxS:?

139

comprehension: (6)

g(x,y) =0 represent a circle concentric
with circle f(x,y) =0 with radius twice

the radius of f(x,y) =0, centre :[; ,Zj

fla, )= x> +y% —5x—4y+4=0
gx,y) =x%+y? —5x—4y—%:0

25

2.(d) 6=tan! %

B e
20=tan"}| ~"Z =tan1(4)
1-2 7

16

Area of region inside f(x, y) =0 above

X-axis

2
:1(5J 2n—tan_1(24j +1><3><2
2\ 2 7 2
:3+§ 2n—tan‘1(24j

8 7
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3. (d) Points satisfying the conditions are

(1,5)(1,6),(2,5),(2,6) (3,5), (3,6)
(4) 5): (4) 6)) (5) 4)) (5) 5)’ (5) 6)'

comprehension: (7)
1. (¢) 2.(c) 3. (o)

tan 0 =22

AG =242

Mpp =242

272

~
B
oo {7

(557)

>

3 3

m 4 =—tan(m —20) =tan 20

_222) 42
1-8 7

o

Al

{557)

>

9 9

Eqn. of BE is y :\/E(x—S), Solving

intersection of line

BE with circle S,

2, 2 2

Xx“+—=(x-3)"=1
25

27x% -12x-7=0
Ox-7)(3x+1)=0

pof 1 —2V2
= F= 3

3

comprehension: (8)
1. d . (c) 3 (b)
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_4 =tanC A —‘
3
= A=C IR
= BC =AB =25 (0,40)D A = ,_315
= AC=2(CD)=30 e =,
AB + BC + CA =80
E (32, 1
AP =CE =24 M ( )=X
A(0,0) B (32, 0)
DE =AD =DC =15
2 125
Area of S = n(15)" _ 225n 0 =tan (15}

4 4

(AEPC is cyclic quadrilateral with AC
as diameter)
EFGD is cyclic
= /AFG = ZGDE
BEDC is cyclic = ZGDE = ZABC
= /AFG = Z/ABC = FG||BC
AAFG ~ AABC
AK AF
AP AB
1

AF =_AE=9 ' AD=DE

9x24 216

" AK = =22
25 25

comprehension: (9)

1.(¢) 2.(d) 3.(c)
Equation of circle is
x? +y2 —2rx =2ry + r? =0
Put (32, 1)
= r?-66r+1025=0

= r=25, r=41,r=41,is rejected

= 20=2tan ! E =n—tan ! E
3 8

Area of

AFCB :%(40) (32 +27)=1180
comprehension: (10)
1. d o +p<i =>ax+p<n-1

1<a<n-1,1<B<n-1l,a,pel

No. of points (a,[)

_nl2e20 _ndle nm-D(n-2)
2
n?-3n+2
2

2. (b) Number of rational points is 2 given by
(5,0) and (-1,0).
3. (c¢) Lattice points are (+5,0),(0,£5),
(£3,+4),(+4, £3)
=2+2+4+4=12
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comprehension:

1. (d) Locus of S is a part of circle with OP as

diameter passing inside the circle C.

2. (d) (PR)(PQ) =(NP)(MP) =(d+1r)(d-1)

_ g2 g2

=(PS —SR)(PS + SQ) =PS? —SQ >
(-SQ =SR)
=(PS)* —(SQ)(SR)

3. (a) Using Ptolemy's t'ie.rem
A —|
\ 5
A‘
S

(BD)(AC) =(AB)(CD) + (BC)(AD)
Bl=Ily +al

= B=y+a

comprehension:

1. (b) By homogenisation,
x2+ y2 +2(3x -5y)

(555 -

As the angle subtended at origin = /2

coefficient of x2 + coefficient of y2 =0
= 1+1—?—?+b—2+b—2:0
= a*+2b*-6ab-10b+1=0
locus of (a, b) will be
glx,y) =x2 +2y2 —-6xy-10y+1=0
2.(d) y=1 cuts the curve g(x,y) at
x2-6x-7=0
> x=7,-1
in fir t qe~urant at (7,1)

dl_ x -3y
dx 2y -3x-5

4 _1
24 6

(7,1)

3. (a) Equation of the chord with middle
point (1, 2) willbe T =S,
= x-1+y-2+3(x+D-5(y+2)+1
=1242246-1-10-2+1
= 4x-3y+2=0
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nssertion and Reason
1. (D) AC,C,C4 is equilateral

OC2 =TIy —1n

rl :(rz —rl)COSBOO

= T2 _ 2 +1:2+\/§
n V3 V3
n_ 7
1”2 2-! \/6

2. (0O

3.(4)

SOLUTIONS @

4. (C)

(—2co0s0,-2sinB)A

L

143

-

B(2co0s0,2sin0)

P\/Q

Py + P, 525sin6 + 1+-25in6 + 1| =2
If A, B lie on opposite sides of PQ, then

P; + P, = constant

If AC3 ¢ad "BD

aie mino. segments of AB and CD
then AP =PD,PB =PC

If ACB is minor and CBD is major
segment of AB and CD respectively
then, PB = PD and AP =PC.

6. (D) (XZ)(YZ) =(XZ)?

U

U

2
—(AZ)(ZB) < [AZ;ZB)

-

X

> ozl 2



= (AD) (AE) =(AB)(AC) > (AD)*>

AD < /(AB) (AC)

2

8. (O)

“E C D

(CE)(DE) = (OE)? -2
(FA) (FD) =(OF)? -2
OE =OF

—

L d~—__"R

= (CE)(DE)=(FA)(FD)
(PQ)(PR)=(OP +1r)(OP -1)
=(0P)* -r?
9. (A) Use diametrical form of circle with
A(xy,y1) and B(x5,y5) as diameter.
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10. (A)

AP +AQ (OA-1n)+(OA+r1)
2 2 a
AK AB
cosf=—=—
OA AK
= (AK)? =(0A)(AB)
Also (AK)? =(AP)(AQ)
(OA)(AB) =(AP)(AQ)

N [AP ;AQ jAB ~ (AP)(AQ)

OA

(4P +AQ)
11. (C) S-1 is true, S-2 is false
If0eln/2,n)
a? =(PA)? + (PB)? —2(PA)(PB) cos
>(PA)? + (PB)?

4 2(APY(AQ)

Case-I

b% <(PB)? +(PC)?
c2>(PC?) +(PD)?
d* < (PD)? + (PA)?
= a?+c2>(PA)? +(PB)? +(PC)?
+PD)2 >b?% +d?
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2 2 2 2
Case-II Ifee{o,“} a®+c” =b o
2 = a2 =(PA)? 1 (PB)Z?,
= a®<(PA)? +(PB)?, b2 =(PB)? +(PC)?,
2 2 2
b2 > (PB)? +(PC)?, ¢2 =(PC)? +(PD)?,
c2 <(PC)? + (PD)?2, d? =(PD)? + (PA)?
d? > (PD)? + (PA)? T
= 0O0=—
= a® +c%<(PA)? +(PB)? +(PC)> 2

+(PD)2 < b? + d?
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Match the Columns:

l.a>rboqcop;dos

(a) FH:1—2(;tan15°j=\/§—1

Area, Azédldz =%(\/§—1)2 =2 -4/3.

a+b=5
D 15° 15° c \
E o
0 > %
H ) G
6/ e o
'G A .
‘ 15° 1.7~ ;]
A B
(b) LAEBzg
sin(150°) (1/2)
= R=1
(d) h; =asin60°= 12 ﬁ
cos15° 2
4B
V243 +1)

+
hi hi K3
=8+ 4+/3 = 8+ﬁ:>—

111 [2(4+2I)J

2.a>s;bopjeor;dos

(2x1x9 +2x9X3 +2Xx3X +x? +x3 +x§) +

(Y7 +Y5+ Y3 +2y1Y2 +2Y2¥3 +2y3y,) =0

SOLUTIONS @

= (X +x3+x3) 2+ (¥ +ya+y3)?=
= X1+ X9 +x53=0
and y, +yy +y3 =0
= Circumcenter and centroid of AABC
coincide

= AABC is equilateral
(a)
(PA)? +(PB)? + (PC)?
—(x-x))?+(y-y?+(x-x,)°
+(y—J/2)2
+x —x3)% +(y - y3)?
=3(x%+y%+1=6

b) .09 g k=3

(c) Max. distance of R from S,

2
d=—2+1=+2+1
V2

= d?=3+22
a+b=3+2=5.

(d) I and G coincide with origin
IA=IB=IC=GA=GB=GC =1
IA +IB +IC + GA + GB + GC =6.
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3.a>q;bos;cop;dor
A

60-0

|_ B K c

AAMB is isosceles

angle bisector of /A is | to MB
c 2

sin®  sin60°

= sinO =

[ AB =c, AC =2c]
a® =c? +4c¢? - 4c? cos(60°-0)

=5¢2 —4c2(ml+ \E\/gj

4 2 2 4
L N7 =413
V2
14 -2412 13
= —C = — C
2 2
a 13 -1 ABCD is a rhombus with side
a — =
@ c 2 —44 9 25
®) R_Lm_ac(Zc) _ 2c 4 4
4 2ac§ 3 Area of ABCD
2 2 E
c R_1 2 25 25 . 25 25 |\ 4
A].t- 2R—7 p— —_— = = zixislnezixii
sin 0 c 2V3 43 4" 4 4 4,9
4 16
75 1
1 acﬁ A_i 7d1d2
A 2 2 2
(C) TCRZZ Tcﬂcz = d1d2:75
ﬁ+§_@_(dl+d2)2—zdld2
_3V3a_ B«f(r D 4 4 16 16
16 ¢ 323 . = d; +dy =+/775 =531
(d) AB=c,AC= ZCE 9" 5,.a>s;bor;ec>q;d—op

4.a>s;bop;e>qdor Lar distance between AB and CD
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2R =3r = R:g
2
C, =(2R+/3 2r) =(3+/3r,21)
€y —(RV3,R) = 33T 3"
2 2
2 2
r 27r
C1Cy =o|— + =7
27V 7 a4
_ / “E 2r3 c/ _
2R C,e 3r
(RV3, R)
VA A 4
(0,0) B

Length of comm.on taagert

=\7r? =(R +1)?

2 257 3
4 2

=,|7r

6.a>s;boqecor;d—op
(a) Q lies on y-axis i.e., OQ = radius

yp -0 _
11+5
= yp=16
11-5
)  xq=""2=3,y,
2
=425-9 =4
yp+Q _4
2
= yp =8

(¢) Let ZQAB =6
%%(16)(16tan6) :%x (10 cos0) (10sin6)

Advanced Problems in Coordinate Geometry for lIT-JEE

-

16 x16 16

cos?f=—"— ="
4x10x10 25

= cosO =—

(d  yp=0.
7Z.a->p,q¢sbo>p,qgse>q;d—>q,s
8.a>qbos;cor;dop

{a) U-ing perametric form,

(-1 -1

p1- i)

r:1+i:ﬁ+1:2+\5
V2o 42 2

AY y=x

i

5 /(1,1

i

(b) ClCZ =r1 + r2
= 20r-D*=(+D?




Circle 149

z

= r2-6r+1=0

= r=3+2y2
(0 C=x?+y%-2x-2y+1=0

(x2 +y2 -2x-2y+1) —(x? +y2
—2rx = 2ry + r?)=0

_ 12 2 2 _
Cr=xt+y" —2rx =21y +17=0 = @r-2)x+@r-2)y +(1-r2)=0

orthogonality

Put (1,1)
= 2r(D+2r(D)=r?+1 — 4r—4+1-12-0
= r2_4r+1=0 > - 230> -D(-3)=0
= r=2+43 = r=3
= r:2+\/§

9.a->p; boqeor;dos
(d) Equation of common chord AB is 10.a>qboqeot;dop
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SOLUTIONS @

_ 1
SUbjective Problems ~ Area of MBC = x(AC) (BD)

1. (22)

OA =rcot E—Q :2rcot9
4 2 2

0
Let, tan— =t

3.5}

Points satisfying the inequalities are
common to all 3 circles given by (1, 1),
(1,2); (2, 1), (2,2),(2,3), 3,2
number of ordered pairs (a,b) =6

(0,8)

(8,0)

(0,4)

= a+b+c=17+3+2=22

2.09)

cosa = 1/72 :% [from AOED] (0. 0) w

0=7-2a

BD :2cote:2cot[n—aj:2tana
2 2

[from ABDC] 4. (8) Locus is parabola with directrix

=215 yZ: —1 and focus (0,3) given by
x*=42)(y -1
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242 -8-C =43
C=2v2-11,24/2 -5
equation of L' is
22x -y +11-242 =0

a+b+c 2+1+11
= = =7
2 2
6. (4)
2 2y pn2
oc? .2 _ 20D +0B?) - BD
4
[Length of median dropped from ‘O’ to
5. (7) BD in AOBD]

Equation of transverse common .2 _2(4+(0B) »)-6° (D)
tangent L with positive slope is 4
y—5:2\/§(x—1) Also,

442

[ slope =tan® = -

=242]

L=2V2x-y+(5-.+2) -0
.

=
7. (3)

Let equation of tangent L' which is

parallel to L is 2/2x — y =C =

2J2(D)-8-C
V8 +1

=1

(0B)? =(0A)? +(AB)? =r? + 36

..(2)

From (1) and (2), we get
4r? =2(r* +36) - 28
r2=22=r=422

[rl=4

2r = perpendicular distance between
two parallel tangents
4+ 7
2r= 2
5

15
2x5

_£)
2
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3x—4y+4=0

r=— = 4r=3
8. (6)
2]
r2:(k+1)2+1:[J
V2
_(-2)?
2
A2 +81L=0
= A=0,-8
(-1, 1)
(2,0)
(.. 0) X

L

= Equation of circle are
x? +y2 =2
and (x + 8)? +y2 =50
i.e., x> +y2 -2=0
and x? + y? +16x +14 =0
r + 7y =+2 +/50 =62
9. (5)
Equation of CD is

3
+2="(x-4)
Y 4

= 4y-3x+20=0
Puty=7

B(1, 7) cy

L

= C=(16,7)
Area of quadrilateral ABCD,
N=2(1><5><15j=75
2
N
T
10. (1) Maixi nt m nd minimum distance of
puint
P(\@,\E) from circle is 2 ++/3 and
2-43

-

Largest and smallest circles passing

through
P must have +/3 +2 and 2 -+/3 as
diameters.
= 20 +15)="3+2+2-3=4
r Ty _1

2
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\ 0(0.0)

(at? 2at)
R

PARABOLA

KEY CONCEPTS |

1. CONIC SECTIONS

A conic section, or cor.c ‘s the ocu of a pcint which mc 7e: in 2 plan > so that its distance from a
fixed point is in a ccastatra io tc it pei pen icule - d ste nce fr ym a fixed straight line.

The fixed point is called the Focus.

The fixed straight line is called the Directrix.

The constant ratio is called the Eccentricity denoted by e.

The line passing through the focus and perpendicular to the directrix is called the Axis.
A point of intersection of a conic with its axis is called a Vertex.

2. GENERAL EQUATION OF A CONIC: FOCAL DIRECTRIX PROPERTY
The general equation of a conic with focus (p, q) and directrix Ix + my +n =0 is :
C+mD)(x-p2+(y=-?1=e? (x+my +n)? =ax? + 2hxy + by +2gx +2fy + ¢ =0

3. DISTINGUISHING BETWEEN THE CONIC

The nature of the conic section depends upon the position of the focus S w.r.t. the directrix and
also upon the value of the eccentricity e. Two different cases arise.

Case (I) : When The Focus Lies On The Directrix.
In this case D = abc + 2 fgh — af > — bg? — ch? =0 and the general equation of a conic represents
a pair of straight lines if :

e> 1the lines will be real and distinct intersecting at S.

e =1 the lines will coincident.

e < 1the lines will be imaginary.
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Case (II) : When The Focus Does Not Lie On Directrix.

a parabola an ellipse a hyperbola rectangular hyperbola
e=1D+#0, O<e<1;D=#0; e>1;D #0; e>1;D#0
h* =ab h* <ab h* > ab h*>abja+b=0

4. PARABOLA : DEFINITION

A parabola is the locus of a point which moves in a plane, such that its distance from a fixed
point (focus) is equal to its perpendicular distance from a fixed straight line (directrix).

Standard equation of a parabola is y? = 4ax. For this parabola:
(i) Vertex is (0,0) (i) Focus is(a,0) (iii) Axisis y =0 (iv) Directrixis x +a=0
Focal Distance
The distance of a point on the parabola from the focus is celled the Focal Distance Of The Point.
Focal Chord
A chord of the parabola, which passes through the focus is called a Focal Chord.
Double or Dinate
A chord of the parabola perpendicular to the axis of the symmetry is called a Double Ordinate.
Latus Rectum
A double ordinate pr.ssing through th: Lcas or € fo:al ch r¢ pe ‘pendicular to the axis of
parabola is called the Latus Rectut... Tor ) > Z4ax.
Length of the latus rectum = 4a.
ends of the latus rectum are L(a,2a)and L'(a,—2a).
Note that: (i) Perpendicular distance from focus on directrix = half the latus rectum.
(ii) Vertex is middle point of the focus and the point of intersection of directrix and axis.
(iii Two parabolas are laid to be equal if they have the same latus rectum.

Four standard forms of the parabola are y2 = 4ax; y? =—4ax; x? = 4ay; x> =—4ay

5. POSITION OF A POINT RELATIVE TO PARABOLA
The point (x; y;) lies outside, on or inside the parabola y? = 4ax according as the expression
yf —4ax; is positive, zero or negative.

6. LINE AND A PARABOLA
The line y =mx + ¢ meets the parabola y? = 4ax in two points real, coincident or imaginary

. < .. . a
according as a S cm = condition of tangency is, c =—.
m

7. Length of the chord intercepted by the parabola on the line y=mx+c is: (“ZJ
m

\/a(1+m2)(a—mc) .
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Note: length of the focal chord making an angle o. with the x-axis is 4a Cosec? a.

8. PARAMETRIC REPRESENTATION

10.

1.

The simplest and the best form of representing the co-ordinates of a point on the parabola is
(at 2 ,2at).

The equations x =at?and y =2at together represents the parabola y? =4ax,t being the
parameter. The equation of a chord joining t; andt, is2x —(t; +t,)y +2at; t, =0.

Note: If the chord joining t;,t, and t5, t4 pass through a point (c,0) on the axis, then t; ty =tst, =—c/a.

. TANGENTS TO THE PARABOLA y? = 4ax

@) yy; =2a(x + x;) at the point (x7,y;); (i) y:mx+£(m #0) at[az,Z(lj
m m

m

(iii) ty =x +at? at(at?,2at).
Note: Point of intersection of the tangents at the point t; and t, is [at; to, a(t; +t5)].

NORMALS TO THF \"ARABO .Ay 2 -4.x

@ y-y =—;—;(x—x1)at(ax1,y1);

(ii)) y=mx-2am —am? at(am? —2am)

(iii) y +tx=2at + at® at (at® 2at)
Note: Point of intersection of normals at t; and t, are, a(t? +t2 +tity +2);—at; to (t; +t,).

THREE VERY IMPORTANT RESULTS :
(a) Ift; andt, are the ends of a focal chord of the parabola y2 =4axthent t, =-1Hence the

. . a 2a
co-ordinates at the extremities of a focal chord can be taken as (at 2,2at) and [2 — )
t

(b) If the normals to the parabola y? = 4ax at the point t,, meets the parabola again at the

. 2
pointt,,thent, =—| t; +t— .
1
(¢) If the normals to the parabola y? =4ax at the points tyandt, intersect again on the
parabola at the point ‘t3’ then t{ty =2;t3 =—(t; +t,) and the line joining t; andt,
passes through a fixed point (—2a,0).
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12.

13.

14.

15.
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General Note:
(i) Length of subtangent at any point P(x,y) on the parabola y? =4ax equals twice the
abscissa of the point P. Note that the subtangent is bisected at the vertex.

(ii) Length of subnormal is constant for all points on the parabola and is equal to the semi
latus rectum.

(iii) If a family of straight lines can be represented by an equation A2P + AQ + R =0 where A is

a parameter and P,Q,R are linear functions of x and y then the family of lines will be
tangent to the curve Q 2 = 4PR

The equation to the pair of tangents which can be drawn from any point (x;y;) to the
parabola y? = 4ax is given by : $S; =T % where

Ssy2—4ax; S1=y12—4ax1; T=yy; —2a(x+xq).
DIRECTOR CIRCLE
Locus of the point of intersection of the perpendicular tangents to the parabola y? = 4ax is
called the Director Circle. It’s equation is x + a =0 which is parabola’s own directrix.
CHORD OF CONTACT
Equation to the chord of contact of tangents drawn from a point P(x;, y1)is yy; =2a(x + x;).

Remember that the ar'.c of the tric 1gle o me ! by the tongerts frem the point (x;, y;) and the
chord of contact is ( /f 4ax )3/ * +2/.11s0 10te "hat th = c10 d ¢’ contact exists only if the

point P is not inside.
POLAR AND POLE
(i) Equation of the Polar of the point P(x;, y;) w.r.t. the parabola y? =4axis.

YY1 =2a(x+x;)

(ii) The pole of the line Ix + my +n =0 w.r.t. the parabola y? = 4ax is [rll — Zc;m j

Note: (i) The polar of the focus of the parabola is the directrix.

(ii) When the point (X, y;) lies without the parabola the equation of its polar is the same as the
equation to the chord of contact of tangents drawn from (x, y;)when (X, y;) is on the parabola
the polar is the same as the tangent at the point.

(iii) If the polar of a point P passes through the point Q, then the polar of Q goes through P.

(iv) Two straight lines are said to be conjugated to each other w.r.t. a parabola when the pole of one
lies on the other.

(v) Polar of a given point P w.r.t. any Conic is the locus of the harmonic conjugate of P w.r.t. the two
points is which any line through P cuts the conic.
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16.

17.

18.

CHORD WITH A GIVEN MIDDLE POINT
Equation of the chord of the parabola y? = 4ax whose middle point is
(x1,y1)isy -y, :2—a(x —x7).This reduced to T =S,

Y1

where T =y y; —2a(x + x;)and 7 = y¥ — 4ax;.

DIAMETER

The locus of the middle points of a system of parallel chords of a Parabola is called a Diameter.
Equation to the diameter of a parabola is y =2a/m , where m = slope of parallel chords.

Note:
(i) The tangent at the extremity of a diameter of a parabola is parallel to the system of chords it
bisects.

(ii) The tangent at the ends of any chords of a parabola meet on the diameter which bisects the
chord.

(iii) A line segment from a point P on the parabola and parallel to the system of parallel chords is
called the ordinate to the diameter bisecting the system of parallel chords and the chords are
called its double ordinate.

IMPORTANT HIGF L' HT®)

(a) Ifthetangent and normal at any point‘ P’ of the parabola intersect the axis at T and G then
ST =SG = SP where* S’ is the focus. In other words the tangent and the normal at a point P
on the parabola are the bisectors of the angle between the focal radius and the
perpendicular from P on the directrix. From this we conclude that all rays emanating from
S will become parallel to the axis of the parabola after reflection.

(b) The portion of a tangent to a parabola cut off between the directrix and the curve
subtends a right angle at the focus.

(c) The tangents at the extremities of a focal chord intersect at right angles on the directrix,
and hence a circle on any focal chord as diameter touches the directrix. Also a circle on
any focal radii of a point P (at ?,2at) as diameter touches the tangent at the vertex and
intercepts a chord of length av'1+t2 on a normal at the point P.

(d) Anytangent to a parabola and the perpendicular on it from the focus meet on the tangent
at the vertex.

(e) If the tangents at P and Q meet in T, then :
(i) TP and TQ subtend equal angles at the focus S.
(i) ST? =SP.SQ and The triangles SPT and STQ are similar.

(f) Tangents and Normals at the extremities of the latus rectum of a parabola y2 =4ax
constitute a square, their points of intersection being (—a,0) and (3a,0).
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(g) Semi latus rectum of the parabola y? = 4ax, is the harmonic mean between segments of

any focal chord of the parabola is ; 2a = 2hc i.e. 1 + 1 1

b+c¢ b ¢ a

(h) The circle circumscribing the triangle formed by any three tangents to a parabola passes
through the focus.

(i) The orthocentre of any triangle formed by three tangents to a parabola y? = 4ax lies on
the directrix and has the co-ordinates —a,a(t; +t5 +tg +t1tyt3).

(j) The area of the triangle formed by three points on a parabola is twice the area of the
triangle formed by the tangents at these points.

(k) If normal drawn to a parabola passes through a point P(h, k) then

3

k =mh —-2am —am i.e.,am3 +m(2a-h) + k=0.

. 2a-h k
Then givesm; + my + m4 =0; MMy +MoMg +MgMy =——; M{MyMg=——.
a

where m; ,m,,andm 4 are the slopes of the three concurrent normals. Note that the algebraic
sum of the:

* slopes of the three concurrent normals is zero.

* ordinates of the three co-normal points on the parabola is zero.

* Centroid of the A fr1 med b 7 thy 2e ¢ -1 orir al points lies ¢ the s-axis.

()  Acircle circum ,cric ing t 1e tilang.e orm :d by thr 2e :o0- 10. me . points passes through the
vertex of the parabola and its equation is, 2(x? + yz) —2(h+2a)x —ky =0, where (h, k)

is the point of concurrence of three normals.
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EXERCISE (1)

0nly One Choice is Correct:

1.

Parabolas (y —a) 2 = 4a (x-B)and (y —a) 2 —4q' (x —B") will have a common normal (other
than the normal passing through vertex of parabola) if :
2(a—a") 2(a—-a)
(@ ———«<1 (b)) ———=«<1
B -B B-p’
© M <1 ) M -1
B+p B+pB

. If the line x + y —1=0 is a tangent to a parabola with focus (1,2) at A and intersects the

directrix at B and tangent at vertex at C respectively, then AC - BC is equal to :

(a) 2 b 1
1 1

. If the segment intercepted by the parabola y? = 4ax with the line Ix + my +n =0 subtends a

right angle at vertex t1°n :
(@ al+n=0 (b)) 4 m+r =)
(¢) 4al+n=0 (d) 4am -n=0

. If the normal to the parabola y? =4ax at the point (at?,2at) cuts the parabola again at

(aT2,2aT), then complete set of values of T satisfies :
(@) T?>8 (b) T e(—,-8) U (8,0)
() —2<T<2 (d) T?<8

. If the line y —+/3 x +3 =0 cuts the parabola y? =x +2 at A and B, and if P =(+/3,0), then

PA - PB is equal to:

2(W3 +2 44/3
(@) Q (b) i
3 2
4(2 -3 43 +2
© (7\/7) () @
3 3
. Px + 2y =1is normal to parabola y? = 4ax for :
(a) no value of P (b) exactly one value of P
(c) exactly two values of P (d) exactly three values of P

. The vertex of a parabola is at(3,2) and its directrix is the line x — y + 1=0. Then the equation of

its latus rectum is :
(@) x-y=2 (b) x-—y=3
() x-y=1 d x+y=2
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10.

11.

12.

13.

14.

. Locus of point of intersection of normals drawn at end points of focal chord of a parabola

yz =4axis:
(@) y*=alx-a) ® y%=a(x-2a)
© y?=a(x-3a) (d y?=a(x - 4a)

. Two mutually perpendicular tangents of the parabola y? = 4ax meet its axis in P, and P,.If Sis

the focus of the parabola then L + L is equal to :

Sp, Sp,

4 2
(@ — (b) =

a a

1 1

o = d —
() a (d) 4a
ABCD and EFGC are squares and the curve y =k+/x passes v A _‘
F
through the origin D and the points B and F. The ratio % is: 5 g
A
J5+1 V3 +1
a b
(@ 5 (b) 5
[5 . 4 >
(©) \/g"'l d) - —- ’2 C G X
4

The points of contactQ and R of taugent frou the pouic £ (2,3, on the parabola y 2 = 4xare :
(&) (9,6) and (1,2) (b) (1,2)and (4,4)
() (4,4)and(9,6) (d) (9,6) and (1/4,1)
A tangent is drawn to the parabola y? = 4x at the point ‘ P’ whose abscissa lies in the interval

[1,4]. The maximum possible area of the triangle formed by the tangent at‘P’, ordinate of the
point ‘ P’ and the x-axis is equal to :

(@ 8 (b) 16
(c) 24 (d) 32
The set of points (x, y) whose distance from the line y =2x + 2 is the same as the distance from
(2,0) is a parabola. This parabola is congruent to the parabola in standard form y = Kx? for

some K which is equal to :

V5 V5
a) — b) —
(@) 12 (b) 4
4 12
© —= @ —=
V5 V5
If the normal to a parabola y 2 = 4ax at P meets the curve again in Q and if PQ and the normal at

Q makes angles o and P respectively with the x-axis then tana (tana + tanf) has the value
equal to :
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15.

16.

17.

18.

19.

20.

21.

(@ o0 (b) -2

() -12 @ -1

Let A and B be two points on a parabola y ? = x with vertex V such that VA is perpendicular to VB
and 0 is the angle between the chord VA and the axis of the parabola. The value of }“f;: is :
(a) tan© (b) tan® 0

(© cot? @ (d) cot3 0

A parabola y = ax? + bx + c crosses the x-axis at (,0) (3,0) both to the right of the origin. A

circle also passes through these two points. The length of a tangent from the origin to the circle

is :
(@ \/E (b) ac?
a
© 2 () \F
a a

C is the centre of the circle with centre (0,1) and radius unity. P is the parabola y = ax?. The set

of values of ‘ @’ for which they meet at a point other than the origin, is :

(@ a>0 (b) a{’),zl]

11 1
\ vy d )
(C)(42j ()LZOOJ
Through the vertex O of the parabola, y? =4ax two chords OP and OQ are drawn and the

circles on OP and OQ as diameters intersect in R. If 61,6, and ¢ are the angles made with the
axis by the tangents at P and Q on the parabola and by OR, then the value of, cot 6, + cot 6, is
equal to:

(a) —2tan¢ (b) —2tan(m —¢)

(© O (d) 2cotd

Tangents are drawn from the points on the line x — y + 3 =0 to parabola y? =8x. Then the
variable chords of contact pass through a fixed point whose co-ordinates are :

@ @3,2) (b) (2,4 © G,4) @ 4,1

The latus rectum of a parabola whose focal chord PSQ is such that SP =3 and SQ =2 is given by:
(a) 24/5 (b) 12/5

() 6/5 (d) None of these

The equation of the other normal to the parabola y? =4ax which passes through the
intersection of those at (4a,- 4a) and (9a,—6a) is :

(@) 5x-y+115a=0 (b) 5x+y—-135a=0

() 5x-y-115a=0 (d) 5x+y+115=0
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22.

23.

24.

25.

26.

27.

A common tangent is drawn to the circle x? + y? =¢? and the parabola y? = 4ax.If the angle

which this tangent makes with the axis of x is n/4 then the relationship between a and ¢
(a,c>0)is:

(@) a=+2c¢ () c=av2
(0 a=2c (d) c=2a

The locus of the foot of the perpendiculars drawn from the vertex on a variable tangent to the
parabola y? = 4ax is :

(@ x(x%2+y?+ay?=0 b)) y(x%2+y?H+ax?=0

(© x(x? —y2)+ay2 =0 (d) None of these

The triangle PQR of area ‘ A’ is inscribed in the parabola y? = 4ax such that the vertex P lies at

the vertex of the parabola and the base QR is a focal chord. The modulus of the difference of the
ordinates of the points Q and R is :

A A
(@ — (b —
2a a
2A 4A
© — @ —
a a
The normal chord of # »araixia 'y~ = 1@ ac *he point whose ordinate is equal to the abscissa,
then angle subtende '+ nornal chord a tne focus is
(a) g (b) tant+2
() tan'2 @ g

Length of the intercept on the normal at the point P (at ,2at) of the parabola y? = 4ax made
by the circle described on the focal distance of the point P as diameter is :

(@) av2 +t2 (b) %\/1+t2
(© 2av1+t? (d av1+t?

In a parabola y? = 4ax the angle 0 that the latus rectum subtends at the vertex of the parabola
is:
(a) dependent on the length of the latus rectum

(b) independent of the latus rectum and lies between 5?nand i

(c) independent of the latus rectum and lies between 3Tﬂand 20

(d) independent of the latus rectum and lies between 2?ﬁand 3n
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28.

29.

30.

31.

32.

33.

The distance between a tangent to the parabola y 2 = 4 Ax (A > 0) and the parallel normal with
gradient 1 is :

(@) 4A (b) 242 A

© 2A d 24

Tangents are drawn from the point (~1,2) on the parabola y? = 4x. The length, these tangents
will intercept on the line x =2 is :

(@ 6 () 642

() 2 J6 (d) none of these

The locus of the middle points of chords of the parabola y? = 4x, which are of constant length
2lis :

(@) (4x+y>)(y? -4 =41 B 4y +x?)(x? —4) =41>

© (4y —x?)(x? +4) = 41> @ (4x-y*)(y?+4) =41

In a square matrix A of order 3,a; =m; +i where i =1,2,3 and m;’s are the slopes (in
increasing order of their absolute value) of the 3 normals concurrent at the point (9,— 6) to the
parabola y? = 4x.Rest all other entries of the matrix are one. The value of det. (A) is equal to :

(@ 37 (b) -6
() -4 d) —
A circle C passes though the points of intersection of the parabola y + 1=(x —4)? and the

x-axis. The length of tangent from origin to C is :

(@ 8 (b) 15

© 8 @ V15

For the parabola y 2 + 4x — 4y =4, the straight line x — y +3=01s :
(a) focal chord (b) normal chord

(¢) both focal chord and normal chord (d) none of these



164 Advanced Problems in Coordinate Geometry for lIT-JEE

1.| (a) 2. (a) 3./ (9 4.| (a) 5./ (d) 6. (b) 7. (b) 8. (| 9. (0] 10.(a)
11./(b)| 12./(b)| 13.|(a)| 14.|(b)| 15./(D)| 16./ ()| 17./(d)| 18./(a)| 19.|(c) | 20.|(a)
21.|(b)| 22./(a)| 23./(a)| 24.|(c)| 25.|(d)| 26./(d)| 27./(d)| 28./(b)| 29. (b)|30.|(d)

31.| (0| 32./(d)| 33.|(b)
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EXERCISE (2)

nne or More than One is/are Correct

1.

If two distinct chords of a parabola y? = 4ax passing through the point (a,2a) are bisected by
line x + y =1, then the length of the latus rectum can not be :

(@ 2 (b) 4

(© 5 (d 7

. Ais a point on the parabola y? = 4ax. The normal at A cuts the parabola again at point B. If AB

subtends a right angle at the vertex of the parabola, then the slope of AB is :
(@ 2 b V2
© -2 (d) None of these

. Three normals are drawn from the point (c,0) to the curve y? = x.One normal is x-axis and the
other two normals are perpendicular, then :
1 1
a) c>— b) O<c<=
(@) 5 (b) /
3 1
© c=— (@ c =
4 2

. Suppose that a normal drawn at a point P (at %, 2at) to parabola y“ = 4ax meets it again at Q. If

the length of PQ is minimum, then :

(@) t=++2 () t=+43
(© PQ=6+3 (d) Qis(8a,:4+2a)
. P is a point on the parabola y2 =4x and Q is a point on the line 2x + y + 4 =0. If the line
x —y +1=0is the perpendicular bisector of PQ, then the co-ordinates of P can be :
(@ (1,-2) (b) (4,4
() (9,-6) (d) (16,8)
. If the tangents to the parabola y? = 4ax at (x;,y;) and (x,, y,) meet at (x3,y3),then:
(@) xp,x3,x5 arein AP (b) xy,x3,x5 arein G.P
() ¥1,y3,Y arein G.P (d) y1,ys3,ysarein AP

. A variable chord PQ of the parabola y? =4ax is drawn parallel to the line y = x. If the

parameter of the points P and Q on the parabola be t; and ¢, respectively, then :
(@) t; +ty =2
(b) tit, _2
a
(c) locus of point of intersection of tangents at P and Q is y =2a
(d) locus of point of intersection of normals at P and Q is2x -y =12a
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10.

11.

12.

13.

14.

. If P;P, and Q,Q 5, two focal chords of a parabola are at right angles, then :

(a) area of the quadrilateral P;QP,Q , is minimum when the chords are inclined at an angle

% to the axis of the parabola

(b) minimum area is twice the area of the square on the latus rectum of the parabola
() minimum area of P;QP,Q 5 cannot be found
(d) minimum area is thrice the area of the square on the latus rectum of the parabola

. Let there be two parabolas with the same axis, focus of each being exterior to the other and the

latus recta being 4a and 4b. The locus of the middle points of the intercepts between the
parabolas made on the lines parallel to the common axis is a :

(a) straight lineifa=>b (b) parabola if a # b

(c) parabolaVa,beR (d) none of these

Let y2 =4ax be a parabola and x? —y? =a? be a hyperbola. Then number of common
tangents is :

(a) 2fora<0 (b) 1fora<O

(¢) 2fora>0 (d) 1fora>0

The chord AB of the parabola y 2 = 4ax cuts the axis of the parabola at C.If A =(at?,2at,) and
B=(at3,2at,) and A> AB=1:3, ther :

(@) ty =2t (D) t, + 2, =0

(©) t; +2t,=0 (d) 6t =t, (t; +2t,)

A line L passing through the focus of the parabola y? = 4(x — 1) intersects the parabola in two
distinct points. If ‘m’ be the slope of the line L, then :

(@) m e(—x,0) (b) m €[0,x)

() me(0,%) (d) none of these

Consider a circle with its centre lying on the focus of the parabola y? =2px such that it touches
the directrix of the parabola. Then a point of intersection of the circle and the parabola is :

p Ly
(@ (2,pj b) (2, p]

—p —p P
o | —, | =,E2
(0 ( 5 PJ (d) ( 2 2)
Variable circle is described to pass through point (1,0) and tangent to the curve
y =tan(tan"' x). The locus of the centre of the circle is a parabola whose :
(a) length of the latus rectum is 2 V2

(b) axis of symmetry has the equation x + y =1
(c) vertex has the co-ordinates (3/4,1/4)
(d) none of these
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15.

16.

17.

18.

19.

20.

21.

The range of o for which the points (a,2 + o) and (za,a 2] lie on opposite sides of the line

2x + 3y =6 can lie in intervals :

(@ (-0,-2) (b) (-2,0)
(© (0,1 @ 2,9
If the point [sin 6,\/1,j lies exterior to both the parabolas y? =| x|, then 6 can belong to :
2
T T

a 037 b - ,O

@ [0.] ® (-£9]
St 7m T 5w

o |—,— d |—,—
© (F.7) @ (£.7]
Equation of a common tangent to the circle, x? + y? =50 and the parabola, y? = 40x can be :
(@ x+y-10=0 (b) x-y+10=0
() x+y+10=0 (d x-y-10=0
Let y2 = 4ax be a parabola and x? + y? + 2 bx =0 be a circle. If parabola and circle touch each
other externally then :
(@ a>0,b>0 (b) a>0,h<0
(¢) a<0,b>0 (d) a:0 b :C
If from the vertex of a parabola y“ =4ax a pair of chords be drawn at right angles to one

another and with these chords as adjacent sides a rectangle be made, then the locus of the
further angle of the rectangle is :

(a) an equal parabola (b) a parabola with focus at (8a,0)
(c) a parabola with directrix as x —7a =0 (d) not a parabola
Through a point P(-2,0), tangents PQ and PR are drawn to the parabola y? =8x. Two circles

each passing through the focus of the parabola and one touching parabola at Q and other at R
are drawn. Which of the following point(s) with respect to the triangle PQR lie(s) on the
common chord of the two circles ?

(a) centroid (b) orthocentre
(c) incentre (d) circumcentre
If two distinct chords of parabola y? = 4ax(a > 0) passing through (a,2a) are bisected by the

line x + y =1; then the length of the latus rectum can be:
(@ 1 (b) 4 (© 3 (d) 2
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-

(ANSWERS)
1.| (b,c, d) 2. (b, © 3. (a, ©) 4. (a,c,d) 5. (a, 0) 6. (b, d)
7. (a,c,d) 8. (a, b) 9. (a, b) 10. (a, c) 11., (b, d) 12. (a, ¢)

13.| (a,b) 14. (b, © 15. (a, ©) 16.| (a, b, ) 17. (b, ©) 18.| (a,d)

19.| (a, 0 20.| (a,b,c,d)| 21.| (a,c, d)
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EXERCISE (3)

comprehension: (1)

Let from a point A(h, k), 3 distinct normals can be drawn to parabola y? = 4ax
and the feet of these normals on parabola be points P(at2 ,2at,), Q(at3 ,2at,)
and R(at?,2at3)

1. The controid of APAQ has co-ordinates :

(@ (g(h—Za),O] b) (g(h—Ba),Oj
(c) (j(Zh—a),Oj (d (i(h—a),Oj
2. If tangents at P and Q to parabola y? = 4ax meet on line x = —a, then ty,t, are the roots of the
equation :
(@ x? —t3x+1=0 (b) x2+t3x+1=0
(@ x2—t3x—-1=0 (d) x%+tax-1=0
3. Let the point A varie, sw"h thattt 2 po at; P ¢ nd Q are th: e «d. of 1focal chord then locus of
point A is :
@ y?=a(x-2a) ®) y*=a(x-a
© y?=alx-3a) (@ y*=3a(x-a)
comprehension: )

A tangent is drawn at any point P on the parabola y2 = 8x and on it is taken a

point Q(«,p) from which pair of tangents QA and QB are drawn to circle

x2+y2 =4,

1. The locus of point of concurrency of the chord of contact AB of the circle x2 + y2 =4 s :
(a) y2—2X=0 (b) _yz—x2=4
(@) y2+2x:0 (d) y2 —2x%=4

2. The points from which perpendicular tangents can be drawn both to the given circle and the
parabola is :

(@) (4,++/3) (b) (-1,4/2)
© (—2,-2) (d (-2,+2)
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3. The locus of circumcentre of AAQB if P =(8,8) is :

(@ x-2y+4=0 (b) x+2y-4=0
(c) x-2y-4=0 (d x+2y+4=0

comprehension: [ (3) |

Let the two parabolas y2 = 4ax and x? = 4ay,a > 0 intersect at O and A(O

being origin). Parabola P whose directrix is the common tangent to the two
parabolas and whose focus is the point which divides OA internally in the

ratio (1++/3):(7 -+/3)

1. The equation of the common tangent to y % = 4ax and x* = 4ay is :
(@ x+y+a=0 (b) x+y—-a=0
(c) x-y+a=0 (d x-y-a=0

2. The equation of the Parabola P is :

@ (x-y?*=2+V3)alx+y-(1++3)a)
®) (x-»*=2+V3)a@x+2y-(2++3)a)
(© (x—y)2:(2+ﬁ‘a(z>< +2.'—(.‘+\/§_ a)
d (x-y2=2-V3)c(x4y- T+

3. Extremities of latus rectum of P are :

(@) (a (3+2f)a}{(3+2\/§)a a] b) ( a (3- f)a]( 3—\6)a aJ

2 2 ’2 27 2 2 72
© (¢ (3 V3)a)((3-v3)a a @ [~ B+2a|[B+23)a a

2 ’ 2 2 27 2 ’ 2 T2
comprehension: (4)

y = f(x) is a parabola of the form f(x) = x2 +bx+1, b is a constant. The

tangent line is drawn at the point where f(x) cuts y-axis, also touches

x2 +y2 =r2(r > 0). It is also given that at least one tangent can be drawn

from point P to y = f(x) where P is a point at which y =|x-a| is non
differentiable V o € R.

1. For maximum value of b, the area of circle is :
T
o b) =
(@) T (b)
(© = (d) 5=
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2, lim Y/max T _

b—0 sinb

1 1
(@ —= b)) ——

V2 V2
(© % (d) Not exist

3. Locus of vertex of parabola is :
(@ y=1-x*, xe[-11],y[-1,0] ®) y=1-x?,xe[-2,2],y<[0,1]
(© y=1-x%xe[-2,2],ye[-3,1] (d y=1-x%xe[-1,11,y€[0,1]
comprehension: (5)
2 1 2y2% —6xy

The limiting value of expression is A as point (x,y) on curve

6x2 + \/Ey - 8xy

22

point as focus of parabola S having axis parallel to x-axis, vertex at origin.

x2 + y2 = 1approaches the pomtmn( j where A is such that (5A4,0) is a

1. The two common tar = ts ca be lraw 115 pcthcir le. nc pa -a’ ola from external point whose
co-ordinates are :

-4
(@) ,0 (b) ,0
(F 1 J (\/ﬁ +1 j
—4 -4
) ,0 (d) ( ,OJ
(\/ﬁ -1 J V15 +1
2. Locus of midpoints of chords of parabola, which subtend a right angle at vertex of parabola is :
(@ y?-4x+32=0 () y%+4x-32=0
(© y2-32x+4=0 (d) y?+32x-4=0

3. Position of point [; ,SAJ with respect to circle is :

(a) inside (b) on circle
(c) outside (d) none of these
comprehension: ()

Let a tangent to parabola y2 = 4ax at point P(at?,2at), t = 0 intersects its
directrix at point Q. Let ‘S’ represents the focus of parabola y2 = 4ax and C
represents the circle circumscribing the triangle PQS.
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1. The angle between the parabola y 2 = 4ax and the circle C at point P is :

(a) (b)

wla ola

(© D

Nja Ma

2. If normal to parabola y2 =4ax at point P intersects the line joining Q and S at R, then

(PS)(QR)

————= " jsequal to:

(PQ)(PR)

(@) 4 (b 3
() 2 (@1

3. Area of circle C is :

712(12(1+t2)3

() b)) ————
8t2 4t4
2 253 2 243
(©) M (d) M
42 4¢2
comprehension' ~ (7

Consider one si ie ARof as¢("=-e, R, ‘r¢ar ir ot le ) yntheliney =2x-17,
and the other two vertices C,D on the parabola y = x2.

1. Minimum intercept of the line CD on y-axis, is :

(@ 3 b 4
() 2 (d 6
2. Maximum possible area of the square ABCD can be :
(a) 980 (b) 1160
(c) 1280 (d) 1520
3. The area enclosed by the line CD with minimum y-intercept and the parabola y =x? is :
15 14
a) — b) —
(@) 3 (b) 3
22 32
c) — d) ==
© 3 ( 3
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comprehension: (8)

The function f satisfies f(x) + f(2x +y) + 5xy = f(3x —y) + 2x2 + 1 for all real
numbers x,y.Let a chord to parabola x> = 4y, normals to parabola at ends of

which satisfy the relation, m;m, = -2 where m,;,m, represent slope of
normals, passes through a fixed point ‘P’ on axis of parabola. Let y = g(x)
represent line passing through point P.

1. The value of f(10) is equal to :

(a) -61 (b) —-49 (o) -21 (d -10
2. The minimum area bounded by y = g(x) & y = f(x) is :
1 1 2 5
il b) = e’ 2
(a) 3 (b) 2 (@] 3 (d) 6

3. The tangent to y = f(x) at x =0 has slope equal to :
(a) -1 (b) 0 (0 1 (d) 2

4. Let y = g(x) intersects y = f(x) at two distinct points A, B, then the slope of g(x) if length of
segment AB is 4 units is :

(@) #1 ‘b) =+ (c) %2 (d) +4

comprehension: = (97

Let ABCD be a square of side length 2 units. C, is the circle through vertices
A, B, C, D and C, is the circle touching all the sides of the square ABCD. L is a
line through A.

PA? + PB% + PC? + PD?

1. If PisapointonC; and Q in another pointonC,,then 3 2 7 3 isequal to:
QA +QB“ +QC~* +QD
(a) 0.75 (b) 1.25
© 1 (d) 0.5

2. Acircle touches the line L and the circle C; externally such that both the circles are on the same
side of the line, then the locus of centre of the circle is:

(a) ellipse (b) hyperbola
(c) parabola (d) parts of straight line

3. Aline M through A is drawn parallel to BD. Point S moves such that its distances from the line
BD and the vertex A are equal. If locus of S cuts M at T, and T5 and AC at Ty, then area of
AT, T, T, is:
(a) 1/2 sq. units (b) 2/3 sq. units
(c) 1 sq. units (d) 2sq. units
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G omprehension:

Let curve S; be the locus of a point P(h, k) which moves in xy plane such that
it always satisfy the relation min {x2 +(h-K)x+(1-h-k)}=max
{-x2 +(h+K)x-(1+h+k)}. Let S, is a curved mirror passing through (8, 6)

having the property that all light says emerging from origin, after getting
reflected from the mirror becomes parallel to x-axis. Also the area of region
bounded between y-axis and S, is 8/3.

1. The area of smaller region bounded between S; and S, is equal to:

(@) 2z (b) n—% © n+§ ) 271:—%

2. If the circle (x — 4)? + y? =r? internally touches the curve S, , then r =
(@ 5 (b) 4 (© 3 @ 2

. . . 9 X x . .
3. The ratio in which the curve y = {sm2 2 + cos 4} , where [.] denote greatest integer function

divides the curve S; is:

(@) 4m+3+/3:81-3,3 (b) 47 -2./3:.87+343
(© 1:1 (d, 4t-+2:81+4/3
||
(ANSWERS)

Comprehension-1: 1. (a) 2. (@ 3. (o
Comprehension-2: 1. (o 2. (@ 3. (3
Comprehension-3: 1. (@ 2. (0 3. (d
Comprehension-4: 1. (b) 2. (@ 3. (d
Comprehension-5: 1. (0 2. (a) 3. (0
Comprehension-6: 1. (@ 2. (@ 3. (o
Comprehension-7: 1. (a) 2. (0 3. (d)
Comprehension-8: 1. (b 2. (o) 3. (b 4. (a)
Comprehension-9: 1. (a) 2. (o 3. (0
Comprehension-10: 1. () 2. (b 3. (b)
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EXERCISE (4)

Match the Columns:

1. The locus of the middle point of the chords of parabola y? = 4x which

Column-l Column-ll

(a) | are normal to parabola is (p) y4 +4(1- x)y2 +4(1-4x)=0
subtend a constant angle T at the 4 9

(b) 4 @y +(4-2x)y° +8=0
vertex is

(c) | are of given length 2 (r) y2 =2(x+2)

(d)| are such that normals at their| (s) | y* —4xy? + 4x2 +32y2 —96x + 64 =0
extremities meet on same parabola.

2. Normals of parabola /% =4x atl and Q mets at R(x,.0) and tangent at P and Q meets at

Column-I

Column-ll

(a)
(b)

(c)

(d)

If x, =3, then area of quadrilateral PTQR is

If length of tangent PT is 4 /5, then Xo =

The possible values of x, so that 3 distinct normals can
be drawn to the parabola from point R is/are.

If x, =4 and area of circle circumscribing APQR is kr,
then k is equal to

(»)
(<))

)

(s)

3/2
6
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3. If y = x + 1is axis of parabola, y + x = 4 is tangent of same parabola at its vertex and y =2x + 3
is one of its tangent, then

Column-I Column-li

(a) | If equation of directrix of parabola is ax + by —29 =0, (p) | 9
thena+b=

(b) (q) |18

If length of latus rectum of parabola is a\f where aand b
are relatively prime natural numbers, then a + b =

(c) | Let extremities of latus rectum are (a;,b;) and (a,,b,), (¥) | 23
then[a; + by +ay +byl=

(where [-] denote greatest integer function)

(d) | If equation of parabola is a(x —y +1)2 =b(x+y —4)| (s) | 37
where a and b are relatively prime natural numbers then
a+b=

A | i Column-li

Colur in-l

(a) | The point (8,8) is one extremity of focal chord of| (p) | 1
parabola y? =8x. The length of this focal chord is

(b) | The equation (26x -1? + (26y -3) 2=k (q) | 4/3
(G5x-12y+1) 2 will represent a parabola if k is

(c) | The length of common chord of curves y2 =4(x+D| (r) | 4
and 4x2 +9y?2 =36 is

(d) | Afocal chord of parabola y? = 4ax s of length 4a. The| (s) | 25/2

angle subtended by it at the vertex of the parabola is 6
then |tan 6| is equal to
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5.
Column-I Column-li
2 _
(a) | The equation of tangent of the ellipse x? +y%=1 ® | B3
which cuts off equal lengths of intercepts on
coordinate axis is y =+ x + a,then a can be equal to
(b) | The normal y =mx —2am —am?® to the parabola| (q) | -2
yz =4ax subtends a right angle at the vertex then
m can be equal to
(c) | The equation of the common tangent to parabola| (r) ND)
y% =4x and x? =4y is x+y+L:O, then k is
V3
equal to
(d)| An equation of common tangent to parabola| (s) V3
y2=8x and the hyperbola 3x2-y%2=3 is
2x+k—y +1="),*hen | car be equal tr
2 [ 0]
6.
Column-| Column-ll
(@) | The normal chord at a point (¢t 2,2t) on the parabola| (p) | 4
y2 = 4x subtends a right angle at the vertex, then t 2is
(b) | The area of the triangle inscribed in the curve y? = 4x,| (q) | 2
whose vertices are (1,2),(4,4),(16,8) is
(c) | The number of distinct normal possible from (141 ,ij () |3
to the parabola y? = 4x is
(d) | The normal at (a,2a) on y? =4ax meets the curve| (s) 6
again at (at 2,2at), then the value of |t — 1| is
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7. Normals are drawn from point (4,1) to the parabola y? =4x. The tangents at the feet of

normals to the parabola y? = 4x form a triangle ABC.

Column-I Column-ll
(@) | The distance of focus of parabola y2 =4x from| (p) | >
centroid of AABC is 3
(b) | The distance of focus of parabola y2 =4x from| (q) 10
orthocentre of AABC is 2
(¢) | The distance of focus of parabola y? =4x from| (r) ﬁ
circumcentre of AABC is 2
(d) | Area of AABC is (s) ﬁ
2
® |5
" ANSWERS|
|
1. a>qgb—os;cHop;dor 2. a>»>r;b>qc—>q,r,s; d—>s
3. a>q bor;cop;dos 4, a>s;borcor;d—ogq
5. a>»>p,s;b>q,r;co»>s;d—>q,r 6. a>qb-os;c>qdop
7. a—»>p;bo>tc—o>q d—os
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EXERCISE (5)

SUbjective Problems

1.

If (x1,y71),(x5,y5) and (x3,y3) be three points on parabola y? =4ax and the normals at
X1 =Xy X2 7X3 X37X
Y3 Y1 Y2

these points meet in a point, then is equal to

. A parabola of latus rectum [, touches a fixed equal parabola, the axes of two curves being parallel. The

locus of the vertex of moving curve is a parabola of latus rectum kI, then k is equal to.

. If the normals at the points where the straight line Ix + my =1 meet the parabola y2 =4ax,

2
. am® kam
meet on the normal at the point (k 2
[

J of parabola y? = 4ax, then k is equal to

. Let PG is the normal at point P to a parabola cuts its axis in G and is produced to Q so that

GQ =1/2 PG. The other normals which pass through Q intersect at an angle of n/k , then k =

. The locus of the point of intersection of two tangents to the parabola y? = 4ax which with the

tangent at the vertex form a triangle of constant area c? ,is the curve x2(y 2 — 4ax) =ic?, theni =

. Find the ratio of area of triangle formed by three points on a parabola to the area of triangle

formed by tangents at these points.

. ‘O’ is the vertex of pabola 7“ = 4xcnc L y; the ppar end of lotus rectum. If LH is drawn

perpendicular to OL 1v cew. g x-i xis i 1H "€ 1len sth of dor bl¢ or: inite “arough H is</N , then N =

. The radius of circle which passes through the focus of parabola x* = 4y and touches it at point

(6,9) is kv/10, then k =

. From the point (~1,2) tangent lines are drawn to the parabola y? = 4x. If area of triangle

formed by the chord of contact and the tangents is N +/2, then N =

10. Let K(c,0) be the point which has the property that if any chord PQ of the parabola y 2 = 4x be
drawn through it, then + is the same for all positions of the chord, then c =
(PK)?  (QK)?
11. Tangent are drawn at those point on the parabola y2 =16x whose ordinate are in the ratio 4 :
1. If the locus of point of intersection of these tangents is y 2 = kx, then [k/3] is:
([.] denote greatest integer function)
12. If the focus of parabola y2 +8=4x coincides with one of the foci of ellipse
3x2 + by? —12x =0, then the reciprocal of eccentricity of ellipse is:
13. In the above problem, b =
|
(ANSWERS
1.| O 2., 2| 3.4, 4. 2| 5. 4 6. 2 7./80 | 8.5 | 9. 8 |10.| 2

11.
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EXERCISE (6)
. Find the equations of the common tangents of the circle x> + y? =6y + 4 =0 and the parabola
y?=x. [REE 1999]
. (A) If the line x —1=0is the directrix of the parabola y? — kx + 8 =0 then one of the values of
‘k’is:
(@ 1/8 (b) 8 (© 4 @ 174
(B) Ifx + y =kisnormalto y? =12x,then‘k’ is: [IIT-JEE (Screening) 2000]
(@ 3 (b) 9 © -9 @ -3
. Find the locus of the points of intersection of tangents drawn at the ends of all normal chords of
the parabola y2 =8(x-1). [REE 20011]
. (A) The equation of the common tangent touching the circle (x -3)2 + y2 =9 and the
parabola y 2 — 4x above the x-axis is: [IIT-JEE (Screening) 2001]
(@) 3y=3x+1 (b) By=—(x+3)
(© V3y=x+3 (d V3y=-Bx+1

(B) The equation of the directrix of the parabola, y? + 4y + 4x + 2 =0 is:
[ITT-JEE (Screening) 2001]

(a) x=-1 () x=1 (© x =-3/ (d) x=3/2
. The locus of the mid-point of the line segment joining the focus to a moving point on the
parabola y2 = 4ax is another parabola with directrix: [IIT-JEE (Screening) 2002]
(@) x=-a (b) x=-a/2 (©) x=0 (d x=a/2

. The equation of the common tangent to the curves y2 =8x and xy =—1is:

[IIT-JEE (Screening) 2002]
(@ 3y=9x+2 (b)) y=2x+1 () 2y=x+8 (d y=x+2

. (A) The slope of the focal chords of the parabola y? =16x which are tangents to the circle

(x-6)2 + y2 =2are: [IIT-JEE (Screening) 2003]
(@) £2 (b) -1/2,2 (0 *1 (d -2,1/2

(B) Normals are drawn from the point ‘P’ with slopes m,m,,m to the parabola y? =4x.If
locus of P withm ;m 4 =a is a part of the parabola itself then find a.. [IIT-JEE 2003]

. The angle between the tangents drawn from the points (1, 4) to the parabola y? = 4x is:

[IIT-JEE (Screening) 2004]
(@) n/2 (b) n/3 (0 n/4 (d) n/6

. Let P be a point on the parabola y2 — 2y — 4x + 5 =0, such that the tangent on the parabola at P

intersects the directrix at point Q.Let R be the point that divides the line segment PQ externally

in the ratio% : 1.Find the locus of R. [IIT-JEE 2004]
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10. (A) The axis of parabola is along the line y = x and the distance of vertex from origin is~/2 and
that of origin from its focus is 2+/2.If vertex and focus both lie in the 1** quadrant, then the

equation of the parabola is:
@ (x+y?=(x-y-2)
© (x-y?=4(x+y-2)

(@ y=4(x-1) (b) y=0
(3,0).Then:
(i) |Area of APQR

(ii) Radius of circumcircle of APQR
(iii) |Centroid of APQR

(iv) |Circumcentre of APQR

[IIT-JEE 2006]

®) (x-N*=(x+y-2)
(d) (x-y)2=8(x+y-2)

(B) The equations of common tangents to the parabola y = x? and y = —(x —2)? is/are:

© y=-4(x-D
(C) Normals are drawn at points P, Q and R lying on the parabola y2 =4x which intersect at

(@)
(b)
(o)
(d)

2

5/2
(5/2,0)
(2/3,0)

[IIT-JEE 2006]
(d y=-30x-50

[IIT-JEE 2006]

11. Statement-1: The ure y- % -4 X + L1s.ymm :tri: v ith re ;pect to the line x = 1.

12.

because

Statement-2: A parabola is symmetric about its axis.
(a) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for

statement-1.

[IIT-JEE 2007]

(b) Statement-1 is true, statement-2 is true; statement-2 is NOT a correct explanation for

statement-1.

(c) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true.

Comprehension

Consider the circle x2 + y2 = 9 and the parabola y2 = 8x. They intersect at P

and Q in the first and the fourth quadrants, respectively. Tangents to the
circle at P and Q intersect the x-axis at R and tangents to the parabola at P and

Q intersect the x-axis at S.

(A) The ratio of the areas of the triangles PQS and PQR is:

(@ 1:42 (b) 1:2 © 1:4
(B) The radius of the circumcircle of the triangle PRS is:
(@) 5 (b) 3v3 © 3+2

(C) The radius of the incircle of the triangle PQR is:

[IIT-JEE 2007]

(d 1:8

(d 243
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13.

14.

15.

16.

17.

18.

19.

20.

(2 4 (b) 3 (o) 8/3 (d 2
Let P(xq,y;)and Q(x,, ¥5),¥1 <0, ¥y, <0,be the end points of the latus rectum of the ellipse
x2+4 y2 = 4.The equations of parabolas with latus rectum PQ are: [IIT-JEE 2008]
(@) x%+2V3y=3+43 () x2-243y=3+43
(0) x2+2\/§y:3—\/§ (d) x2—2\/§y:3—\/§

The tangent PT and the normal PN to the parabola y* = 4ax at a point P on it meet its axis at

points T and N, respectively. The locus of the centroid of the triangle PTN is a parabola whose:
[IIT-JEE 2009]

(a) vertexis (Zga s Oj (b) directrixis x =0 (c¢) latus rectum is 23—a(d) focus is (a, 0)

Let A and B be two distinct points on the parabola y? = 4x.If the axis of the parabola touches a
circle of radius r having AB as its diameter, then the slope of the line joining A and B can be:
[IIT-JEE 2010]
2

(@) -1 ®) 2 © 2 @ -2

r r r r
Let(x, y) be any point on the parabola y 2 = 4x.Let P be the point that divides the line segment
from (0, 0) to(x, y) in the ratio 1: 3. Then the locus of P is: [IIT-JEE 2011]
(@ x*=y b) yi=ix @y’ =x d x* =2y
LetL be anormalto he p.rabi la y 2 - 4x. €7 pas-es hiough tae point (9, 6), then L is given by:

[IIT-JEE 2011]
(@ y-x+3=0 (b)) y+3x-33=0 () y+x-15=0 (d y-2x+12=0
Consider the parabola y? =8x.Let A 1 be the area of the triangle formed by the end points of its

latus rectum and the point P [; , 2) on the parabola, and A , be the area of the triangle formed

A
by drawing tangents at P and at the end points of the latus rectum. Then A—l is: [IIT-JEE 2011]
2

Let S be the focus of the parabola y? =8x and let PQ be the common chord of the circle
x2 + y2? —2x — 4y =0 and the given parabola. The area of the triangle PQS is: [ITT-JEE 2012]
Given : A circle,2x2 + 2y 2 =5and a parabola, y 2 = 4+/5x. [IIT-JEE (Mains) 2013]

Statement-1: An equation of a common tangent to these curves is y = x + 5.
because

. 5 . . -
Statement-2: If the line, y :mx+£(m #0) is their common tangent, then m satisfies
m

m* -3m? +2=0.
(a) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for
statement-1.
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(b) Statement-1 is true, statement-2 is true; statement-2 is NOT a correct explanation for
statement-1.

(c) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true.
21. Comprehension

Let PQ be a focal chord of the parabola y2 = 4ax. The tangents to the parabola
at P and Q meet at a point lying on the line y =2x + a, a > 0.
[IIT-JEE (Advance) 2013]

(A) If chord PQ subtends an angle 0 at the vertex of y2 =4ax,thentan0 =

2 -2 2 -2
(a) gﬁ (b) ?ﬁ (© 5\6 (d ?\E
(B) Length of chord PQ is:
(@) 7a (b) 5a (¢) 2a (d) 3a

22, AlineL:y =mx + 3 meets y-axis at E(0, 3) and the arc of the parabola y2 =16x,0 < y < 6 at the

point F(xg, ¥o)- The tangent to the parabola at F(x, ¥ ) intersects the y-axis at G(0, y;).The
slope m of the line L is chosen such that the area of the triangle EFG has a local maximum.

Match Column-I with CoHlumz -IT & 1d se le 't th.e cor1 2ct an swi r 1 sin 3 the code given below the

columns : [T.T-JEE (Advance) 2013]
Column-I Column-ll
(@ |m= )| 1/2
(b) | Maximum area of AEFG is (q |4
© |yo= (r) |2
@ |y = (s) | 1
]
(ANSWERS)
1. x—2y+1:0;y:mx+iwherem:ﬂ 2. (A)c;(B)Db
4m 10
2. (x+3)y?2+32=0 4. (A)c;(B)d 5. ¢ 6. d
A)c; (B) o =2 8. b 9. 2(y-D?*(x-2)=(3x-4)>
10. (A)d;(B)a,b;(C) (@) a, (i)b,d i) d, Gv)e 11. a 12. (A)c;(B)b;(C)d
13. b,c 14. a,d 15. ¢, d 16. c
17. a b, d 18. 2 19. 4 20. b

21. (A)d; (B)b 22, a—>s;bo>p;co>q dor
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0nly One Choice is Correct:
1. (a) Eqn. of AB is

y—oc:—t(x—B)+2at+at3 ..(D
ory—OL:—t’(x—B’)+2a't'+a't’3 ...(2)
(B+a't2,a+2a't))
B (B+at?,a+2at)

X

(1) and (2) are idetical
— t=t'and 2at +*+3 LBt - o
=2a't+a't’ +tf' +a

2 (B'—-P)+2(a’"-a)

= ...(3
=t a—a) 3
= B'_ﬁ>2 = M<1
a-a' B -B
2. (a)

v

ZS S(1.2)

SOLUTIONS @

Using power of C

2

1+2-1
BC)(AC)=(CS)?> =| —"=2—~| =2

(BC)(AQ) =(CS) [ﬁ)

3.(c) OALOB

2 2

——=-1 = t1t2_74

ty to

y2=4ax
Ix+my+n=0
O

. \/
| b/m@zmg
L \

Put (at? ,2at) in eqn. of AB

t

= lat® +2mat +n=0" !
Nt

n 2

tl tz :_4:*

la

= n+4la=0

2
A y?=4ax
(at?,2at)

4. (@A T=-t-—
t

(aT2,2aT)

IT|>2+2 (applying A.M. > G.M.)
T?>8
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5. (d) PA:rl, PB :—rz
Put (\/§+ rcos0, rsin0) to y2 =x+2

= r? sinze—rcosé)—(\/§+2) =0/r1

)
A

Q
(-2,0) (v3,0)
L B
(PA)(PB) =1y 1, = V3+2
sin? 0
=(\E+ 2)(1+cot2 0)

=(J3 + 2)(1+?1)j [+ tan0=+/3]

(PA) (PB) =§(2 SR

6. (b) Equation of normal to y2 =4ax
y:—13c+2at+at3

-

(0,1/2)

L

2at +at® ==

f(t) =2at> + 4at -1
f'(t) =6at? +4a=2a(3t2 +2)#0

= f(t) can have only one real root.

185

7. (b) tan0=-1

focus, S = [3 f( ﬁ] f[ Hj
S=(4,1)

Eqn.of [R=x-y=4-1=3

x-y=3
8. (c) tl tz :_1
= k:a(tl +t2)

h=a(t12 +t§ +1

v T
(t))

(altyty+t? +t2 +2),

—at,t,(t,+,))=(h k)
—2: 7—1 r2en="_3

a a a

= y?=a(x-3a)

9. (c)
1 1 1 1
2 - 2 " 2
a+at1 a+at2 a+at1 1
a+al -——
ty

a
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k2 k2
= t? =t =t =2

4

k2 k2 5
—ty =—(t5 -t
22 4(2 ])

2, =t3 —4= 0y 2ty -4 -0
= t2=1+\@

FG _tp 1445
BC t; 2

11. (b) Equation of tangent at (t2,2t)

P(2,3) g
(t? ,2t,)

/
L

yt=x+t2
Put(2,3)=t? -3t+2=0
t=1,2=Q,R =(1,2)and (4,4)

12. (b) Area of APTQ :% < (2t2)(20)|

A =2|t3]

(-t2,0)T

L

t? e[l 4]=te[-2,-1]U[L,2]
A nax =16 for t =12

1
13.(a) x?2 :Ey

/ ]
k {\

Length of LR =2 (SM)
:2|2(2)+2—0| :E

V2241 A5
1 12 V5
= == k=—
k 5 12
14. (b) tz :_tl —3
tq

(t]. +t2)t1 :_2
—t; =tana,—t, =tanf}

= tana(tano +tanf) =-2
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P(at? 2at,) ,
y“=4ax

Q(at? ,2at,)

L

15. (d) VAJ.VB:%%:—l: £ty =—4
152

41 76 o |t1|\/4+f1
l Loa |eply4+t3
4 16

8
4 4+%
ty tl
[ tan0=-2]
1
16. (d) ax® +bx+c=0" = oap="
\B a
y=ax2+bx+c

\_'b

(0U2:KWMOQ%4$=§

= OT:\F
a

17.(d) Put x?% =

Q<

= y2 +(i—2]y:0

y=2--
a

= y=0,

2>2—l>0 = a>1
a 2
18. (a) ZORP :%:40}«2
2
ty +t,

P(at? ,mT‘

slope of PQ =

=

t t
= slope ofOR:—[ljzL ijtand)

(at22 ,2at,)

1 1
= —=tanf®; —=tan0,
1 ta

= tan¢= _[COtel-;COtezj

= cotf; +cotb, =—2tan¢
19. (¢) Equation of AB is
YL +3)=4(x+1N)
= @By-4x)+A(y—-4)=0
represents family of lines

passing through (3,4)
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8X

x-y+3=0

20. (a) SP, semi latus rectum, SQ are in H.P
2 1 1 1 1 5
—_——t — =4+ — = —
2a SP SQ 3 2 6

24

= a:% = LengthofLR:4a:?

21.(b) t; =-2,t,=-3
tl +t2 +t3 :O

= t3=5

v
.2 2at © (4 — 43—‘

(at? 2at,)° (9a,~6a)

(at? 2aty)

Equation of normal at (at % ,2ats)
y=-tzx+2at; + atg
¥y =-5x+10a + 125a
Sx+y—135a=0

22. (a) Equation of tangent is

yt =x + at?

slopezlztanﬁzlztzl
t 4

= y=x+a
= c—7|0+a_0|—i:>a— 2c
]

23. (a) Equation of tangent ‘L’ is

y2=4ax
(at?,2at)

yt—x=at2 ..(D
AlsoLisgivenbyhx + ky =h% + k% ...(2)

(1) and (2) are identical
2

t 1 at k
k h h%4p2 h
h? + k2 (kj
at=———=al| ——
k h
= x(x2+y2)+ay2:0
0 0 1

24. (c) Area = modulus of1 at? 2at; 1
at% 2at, 1
=a?t; t5 (t1 —t5)]

A =|—a2(t1 —tz)l
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o
0B

-

(0,0P S(a,0)

R\ (at? ,2at))
2A

|2a(t1 —tz) |:7
a

25. (d) at =2at; =>t; =2

26. (d) PRSQ is a rectangle

= PR:SQ:\/a2+a2t2
PR =aV1+t?

,2at,) = (4a,4a) |

0,at) Q 5

S(a,0)

‘9/9

\\A/

_

27.(d) 0=2tan'2
y2=4ax

(a, 2a)

X

-

v

0,

L (a,—2a)
N

\/§<2<\E+1

= E<tan’12<3—n
3 8

21 3n
= —<0<—
3 4

1

28.(b) —=1 =t;=1
t
Equation of tangent at A is
yt; =x +at?

= y=X+a

—tz :1:> t2 :—1
Equation of normal at B is

y=-tyx+2aty + atg’

-..(D
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= y=x-a-2a=>y=x-3a ...(2)
RN /i
A

(at2 2aty)
B

1 ar distance between lines (1) and
(2) is

(a+3d) _4a_, 5,

V12112 2

29. (b) Equation of pair PA and PB is
(y(2) -2(x-1)% = y? - 4x) (4 + 4)

Put x=2
A
(2,y4)
y2=4x
P
-12) x=2

B

N

N (2Y,)

= (y-D?=2(y*-8)
= y2+2y—17:0
(y1 —y2) 2 =(-2)2 —4(-17) =72
= |y1 - yal=6v2

30. (d) Put (h +rcos0, k + rsin0) to yz =4x

= k% +r2sin?0 +2krsin0 = 4h + 4rcos0
= rzsin29+(2ksin9—4cose)r
k% —4m =0
N
[+ () =2ksin® —4cos0=0

A _~ Y?=dax

(h.k)

= tanezg
k

21

B

T 1 ‘
l(—l)=k_ —4n

sin“ 6

y2
= (4x—y2)(1+4] =12

—(k? - 4h)(1+cot?0)

= (4x-yH4+y>) =42
31. (¢) Equation of normal at (t2,2t) is
y=—tx+2t +t°

At2 ,2t,)
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= t2-7t+6=0=(t-D({-2)(t+3)=0 33.(b) (y-2)2 =—4(x-2)
= t=1,2-3 y-2=Y,x-2=X
ay =my +1=-1+1=0 Y2 =-4x
a22=m2+2=—2+2=0 AY
Q33 =m3 +3=3+3=6 2 (20
01 1 y=—tx-2¢%;
|Al=1 0 1=-4 R
116 30) (1,00 |00 X
32. (d)
w Lineis X -Y =-3
0 A -
> = Y=X+3 (D

) B
(W(w
|_ T
(0T)?* =(0A)(OB)
=3x5=15

oT =15

=

Y =—tX -2t —t°

(1) and (2) are identical fort =-1

..(2)
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SOLUTIONS (2)
0 H gg:_]. 2t1t2:—4
ne or More than One is/are Correct ty to
1. (b, ¢, d) oty -2 A 2
Put(2h —a,2 —2h —2a) in the equation of ty tq ty
parabola £y =+ J2
(a,2a) A Ay
y=4ax o slope of AB=—t; =F~/2
3. (a, )

Equation of normal at (i t2 ,;tj is

RPN PR ye
Y 2 "%

Put (¢,0)

= 41-h-a)?=212k-0)

V4
h
= h%-2h+@2a?®-2a+D=0 " / (c.0)

“h,
For two distinct real roots
D>0 = 4-4(2a*-2a+1)>0

= a(a-1D<0
= ae (0, (%tg,;—tz]

= Length of Latus rectum (0, 4)

2. (b, ¢) = 1t?’ +[1—cjt=0
j 4 2
A t
(at? 2at,) = t2—(4c-2)=0"
\t2
(0,000

= 4c—2>0:c>% and tqt, =-1

= 4c-2=1 = c=3/4

B
(at? ,2at,)
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4.(a,c, d)
(PQ)? =a®[(t? —t'H)? + 4(t —t"?]
=a?[(t +tN2% —4tt1[(t +t)? + 4]

. 2
t'=—t-=
t

:a2{4+4(t2 +2)} {4+4}
t2 t?
- 2( .2 1 1
=16a (t +t2+2j[t2+1j

=16a? 3+t2+i+i
t4 2

PQ2:16a2(3+x+i2+§) x>0

X X

i(sz) 16 2(1—2—3j
X X2
=164 (x* —2x-2)

4 16a?(x + D% (x -2)

PQ 2 is minimum at 2 =2

(PQ) i = 4a /3+2+%+%:6x/§a

g2
t'=—~/2 5 242

= Q =(8a,-4+2a)

or t’=\5+i=2ﬁ
V2

=  Q=(8a,4V20)
5. (a, ¢)
Q is image of Pw.rt. x —y +1=0

x-t? _y-2t_ ft?-2t+1
1 -1 12 +12

Q=(x,y) =(2t—1,t2 +1

PutQ to equation2x+ y +4 =0

= 22t-D+({t>+D+4=0
t+3)t+D)=0 = t=-1,-3

= P=(1,-2),(9,-6)

6. (b, d)
(at12 ,2at1)=(x1,y1)

(at?) (at3) =(atyty)>

= X1X2:x§

2atq +2at
M:a(tl"'tZ)
2
YitYa _
2
7.(a, c, d)
slope = =l=>t; +ty =2

ty +ty
locus of R is
k=a(t; +ty)=2a
= y=2a
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(at? 2at,)=(x,.y,)

locus of S is
h=a((t; +ty)% —tqty +2) =a(6 —ty t,)

k =—at1t2 (tl +t2) =-2 at1 tz

2h-k=12a
2x—-y=12a
8. (a, b)

PPy =(a+ atlz) +(a+ at%)

=a[(t; +t2)2 +

Q1Q, =alty +t4)% + 4]
2 2
(t1 +t5) (t3 +1ty)

= |(t1 +t2)(t3 +t4)|:4

:'.'t] L2 = ‘]

4 P,(at? 2at,)

—

(at? 2at,)P,
2
(at? 2at,)

.
.
.
.
.
.
.
.
.

1-> -
Area of P;Q{P,Q,,A =£|d1 x dy]

=%d1d2 =%a2[(t1+t2)2+4][t3+t4)2+4]

A Z%aZZ\/4(t1 1t5)224(t5 +£,)?

=8a?|ty +1t,||ts +1t4]=32a>

Amin =2(40) at

(t; +15)% =4=(t5 +14)>
=ttty =2,t3 +ty=-2
or ty +ty=-2,

t1 +tyg==2, tg +ty =2

Slope of P; P, =1,slope of Q;Q 5 =-1

or slope of P{P, =—1,slope of Q1Q, =1
9. (a, b)
k=2at

20 =t +( -

y2=4ax

(at?,2at)

AN

(a2 ,2at\ (h\,|§)

| X
)/ y2=4b(x—ct)

Ifa=b, 2x=aqa, straightline
If
a=#b, yz(b —a) + 4abo. =8abx, Parabola
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10. (a, c)

%7
VN

Equation of tangent to y 2 = 4ax is

1
yt:x+at2:>y:fx+at ...(D)
t
1
= a’t?=a?—-a?
2
t
for (1) to represent tangent to
x2_y2_q2

= t*+t?2-1=0

2 J5-1 \/\@—1
2

t™ = 5 =>t==x
= There exists two tangents
Y aeR —{0}
11. (b, d)

C
t]. tz Z—E:>C:—at1 tz

AC? (atf +atyty)* +4a’t] t}
CB? (at? +at t5)?% + 4a%3 t2

CB_,ty B

ty

=t== +1=t—=+1
AC tq AC t;
= &:M:B
AC tq
or ﬁztl —fa =3
AC tq

195

A
(at? ,2at,)

C(c0)=(-at,t,,0)
L E (at3 ,2at,)

= tz +t1 :Stl or t]_ —t2=3t1
= 2t1 —tz :O or 2t1 +t2 :O

[ ifiﬁz—ij: t; andt, are of opp.
sign.]
6t2 —2t3 —t;t, =0=6t% +31;t,
4t ty —2t3
= (3t; —2t,)(2t; +t5) =0
12. (a, ¢)
m=#0

-

(1,0) (2,0)

L

13. (a, b)

AB is latus rectum of parabola

o

(-p/2,0)

(D/g} N
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—

14. (b, ¢)

(1/2,112)

y=x+2

(=2,0) (3,0) \2x+3y=6

For point A, B
2x+3(4x2]=6
9
2x2 +3x-9=0
2x2 +6x-3x-9=0=(2x-3)(x+3) =0

= A=(-3,4) and 35(2,1]
—a=-3 = a=-2,

3
—a=—=a=1
2 2
o e(—0,-2) U0,

16. (a, b, ¢)

[sin®] <

7

—n/6|n/6  5m/6 97

Oe[nn—n,nn—knj,nel
6 6

19. (a, ¢)

Lytation of AS is

y(;{j —2a(x+;lj =k42—2ah

2yk —8ax =k? — 4ah

Homogenising, we get

(k% —4ah)y? — 4ax(2yk —8ax) =0
coefficient of x?2 + coefficient of y2 =0
= k*-4ah+32a*=0

= y?=4a(x-8a)
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comprehension: (1)
1. (@) y =—tx+2at + at® is normal to
yz =4ax at (at2 ,2at)
Put (h, k)

(at? ,2at,)

(at2 ,2at,)
L . \
.
= at® +(2a-h)t-k=0—ty
\ts

tl +t2 +t3 :0,
2a-h

t]_tz +t2t3 +t3t1 =

t2 +t2 +t3 =(3t;)% -23t4t,
_2(2a—h)
a

=0

Centroid

z(a(tlz +t2 +t§),2£(tl Y +t3)j
3 3
Etaz(h-za),oj

3a

Centroid = (z(h — 2a),0j

2. (d) Intersection point
= (atltz ,a(tl + tz)) = (—a,— at3)

SOLUTIONS @

197

X=—a
P(at?,2at,)

(atyt,,a

‘ (atZ,2at,)Q

Quadratic whose roots are t;,t, is
= Xz—(tl +t2)x+t1t2 :0
= x? +t3x—-1=0
5!
3. (c) ar® ¢(2r'—h)t—k:0<t2

tg k
tle;l; t1t2t3=_t3=—t3=g

Put t 5 to the cubic
3
[—kJ —E(Za -h)-k=0

3

a a
2
k—+2—ﬁ+1:0
a? a
k? =a(h-3a)

= y2 =a(x -3a)

comprehension: (2)
1. (¢) Equation of tangent PQ isty = x + 2t 2

Equation of COC of Q wrt.
x2+y?=4isx(tp-2t2) + yp=4
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=

P(2t2 4t)

Q
(tp-at?,B)

(txx+ Y)B—(4+2t%x) =0

2 2
COC’s are concurrent at (—2 s j
t t

k* 2
= T:—Z = y =-2x

2. (d) Point lies on x = -2
and x? +y2 =2(4) =8
y2=4 = y=z%2

3. (a) Circumcentre is midpoint of OQ

Q
(tp—2t%,p)=(2p~8,p)

2h=2p-8
2k =P

= 4k-2h=8
2y=x+4

comprehension: (3)
1. (a), 2. (¢), 3. (d)
Eqn. of tangent at Q
xt’—yzat’2 ...(1D)
Eqn. of tangent at P
yt—x= at?..(2)
(1) and (2) are identical

/ [1+33)a, (1+33)a
2 2}

2

1 at

t' ar'?
= tt=t=t=-1 (t =0 rejected)
..Common tangentisx + y +a=0
LR of P is
(1++/3)a (1++3)a
) + 5 +a
’ i

=\/§(2+\/§)a

Eqn. of parabola P is
a2
% =22 ++3)a
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[“y_(Hf)aJ
V2

(y—x)2 =(2 +@)a(2x+2y—(1+x@)a)
Extremities of L.R. of P is

(1+4+3) 1 (2+V3)a (1++3)a 1 (2++3)a
2 V2o V2 7 2 2 2

[(1+«@a+1(2 +v3)a (1++v3)a 1 (2 +«/§)a]

2 V2o N2 T2 2 2
E[_a (mﬁ)a] [(3+2x/§)a _aj

27 2 2

N

comprehension: (4)
y=x%+bx+1

For tangent from all p snats (o 0) ¢ 2 X-c Xi
x2 +bx+120V xer

= D<0= b>-4<0

= be[-2,2]
b

Eqn. of tangentat (0, 1) toy = x2 +bx+1

max =2

isy+1=bx+2=y=bx+1 ..(D

Eqgn. (1) represents tangent to

X2 4 y2 =2

—_

1
1. (b) for b=2,r=—
NG
A=

5

199
1
2. (d) r= ) rmax _1
V1+b2
-1
. Viep2 . Ja+bHY2 -1
lim - = lim
b—0 sinb b0 (1+b%)Y4sinb
= lim Ll
b>0 (1452 + DY2(1+b%)Y*sinb
1

1 . .
———, RHL = —— = Limit does not exist

) )
b2

_| b, b7
3. (d)Vertex:[ 2,1 4} (h,Kk),

LHL =

k=1-h?, y=1—x2,

2
—g el-1,1]= b?e [0,1]

2
= 1—b—em 1]
4

— x<[-1,1, yel0,1]

comprehension: (5)
(x,y) =(cosH,sin6)
. 4cos?0+2sin?0-6sin0cosd
A = lim
0T 6c0os? 0+ 2 sin6 — 8sinBcosO
4

—lim (4cos06 +2sin0)(cosO —sin0)
9" 6cos0(cos O —sin 0)++/2 sin 8(1—-+/2 cos 0)
4

(4 cosH —2sin0)(cosO —sin 6)

= lim 5
Y -
9= 6cos0 + ﬁsinew
(cosH —sin0)
~ lim (4 cosO —2sin0) 2
9—% 6cos0 — \Esinei(cose +sin6) 5

(1+ \Ecose)
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1. (¢) Perpendicular from (0,0) =1 Hence, yz -4x+32=0

—‘ 3. (¢) Obvious
(2t2,4t)
) comprehension: (6)
- M 1. (d) PQ is diameter of circle

5 = tangent of parabola is normal to C
N .. Circle & parabola are orthogonal

2
= 2 =1
t2+1
= 4t*=t?+1
2 _ 1+ \/ﬁ
8
p= —m”,o |=(_7f; 0l
4 ) AT
2. (d) Area of
2. (a) Equation of chord whose midpoint is 1 1
(h, k) is APQR ) (PS) (QR) =§(PQ)(PR)
| L @R
(PQ)(PR)
(hK) 3. () (PQ)?

2
2
at“ —a
:(at2+a)2+(2at— J
t

L

:az{(tz D2 (t? +1)2} :(t2 +1)3a?
2

yk—4(x+h) =k? -8h t t2

Yk —4x =k* —4h Area of C ZE(PQ)2=57(t2+1)3a2

Homogenising, 4 4 ¢

k? —4h) y* =8x(yk -4 .

¢ Vo =i~ comprehenswn: (7)
= (k* —4h) y? +32x2 —8kxy =0 1. @), 2. (0), 3. (d)

coefficient of x? + coefficient of y2 =0 Equation of CD is

= k%®-4h+32=0 x(t1+t2):2y+%t1t2.,
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. 1
y lntercept = —Ztltz

slope:M:Z:wl +ty =4
1,2 —2[1t +17
[= 4 2
NG
t
= t2 4+ (-45+68) =07 ..(1)
\tz

1 1
Alsol? = =(t; —t5)% + —(t? —-t2)?
4(1 2) 16(1 5)

2
X lt 1t2
cl2rgh
L)
/B/
- —

VAT

. » 2V
“.(\ /7

7

1 1

1 1
1?2 =[16 — 4(-41/5 +68)]| = + — x 16
=17 =[ ( + )][4+16x }

=5[4l/5 - 64]

= 12 -2051+320=(1-4+/5)
(1-16~/5) =0
1=445, 1645
= Amax =loax =(16v5)% =1280
From (1),

tq
2 _at-12=0" , Ifl=445
g,

= yintercept of CD is y :—%tl ty =3

(_1!1) D

o

= tl :6, tz :_2
C 5(379))D(_1;1)

Area of shaded region

3
:J.(2x+3—x2)dx:33—2
-1
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Match the Columns:

1. a-q; b-s; c-p; d-r

2
@ ty=-t;——
4
2ty +ty) = 2x——i
t
-2 2
= t —,ty=k+=
Lok k

k2
=i+4+k2
ic2
¥y +(4-2x)y°+8=0

(b)

Eqn. of ABisT =S; = yk —2x =k? —2h

SOLUTIONS @

Homogenise

= (k2 —2h)y2 =4x(yk —2x)

= 8x2+(k?-2hn)y? -4kxy =0

= (8 +k%-2n)% =4[(2K)? -8 (k* —2h)]
= (y2 —2x+8)2 —16(4x—y2) =0

= y4—4xy2+4x2+32y2—96x+64:0

(c) Put (h+rcos6, k + rsin6) in equation
of parabola

k% +r%sin%0 + 2k rsin®
—4(h+rcos®) =0
r2sin? 0 +(2ksin® — 4 cos0) r

fun o rocts=0
= 2ksin® —-4cos0=0

= tanezg
k

(h+r cos0,k+r,sind)

L B
Product of roots = —

2
= -1=(k? _4h)[1+k4J

4=(y2+H(y*-4x)
= ¥y +40-x)y?+4(1-4x)=0



Parabola

203

(d) Equation of AB is

yk-2x=k? —2h
Put (t2,2t)
2t2 —2kt + (k2 —=2h) =0

k% -2n
2
yz =2(x+2)

t1t2:2:> 2

2. a-r; b-q; c-q, 1, s; d-s
@t*+2=3 = t=+1

Area of PTQR =2 (; 3+ 1)2) =8

\/(2+2,0)=(x,,0)
R

e (t2,-2t)

(b) PT = /4% + 42 =4¢\1+¢2

4t%(1+t2)=80
2 +5(¢%2-4)=0

t=1t2=x,9=6

(e) x, =t2+2>2
(d) x, =4=1t>=2
TR is diameter, TR =6
Area of circle :%(TR)2 =9x

. a-q; b-r; c-p; d-s

35 1 11
O‘(z’zj’Q_[s’sj

Feet of perpendicular from focus on any
tangent lies on tangent at vertex

= focus S 5(17 ,26]
99
foot of directrix
09
2 9 2 9

Equation of directrix is

55
979
2¢C
)+ V:T;; = 9Ix+9y-29=0
Length of latus rectum
SR
9 2 9 2

142

Length of LR :T (Here, LR = latus

rectum)

Extremities of

17 742 3n) 26 742( . 3n
IR = ?4—7 coS— |,—+—— s1n7

4
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17 7«5( an 26 7\5(. 37:]
——-——]cos— |,— ———| sin—
9 9 4)9 9 4

Extremities of
LR 5(10 ,33) and [24 ,19)
9°9 9 9
Equation of parabola is

= 9(y—x—1)2 =28(y +x—4)
4. a-s; b-r; c-r; d-q

(a) tl :2
Slope of AB = 2 8.4
t; +t, 6 3
3
= tl +t2 25
1
t2 :—5
2 8
l\\s,%\’@‘ }
S(2,0)

2
(22 4t) B

L

AB=AS +SB=(2+2t%) +(2 +2t3)

=442 4+l =§, ABzé
4) 2 2

2 2 2
1 3 k(5x-12y+1
b)| x— — I L et e
( )(x 26j +[y 26] 4( 13 j

= E=1:> k=4
4

()

/AT

(=3,0) -1\0) (3,0

u

4x%2 +9x4(x+1) =36

(0.-2)

= x249x=0=x=0,-9

Length of common chord =4

)|

0
(0,0)

B

2(2)
1-(2)2

(d) tan9 =2
Z

|tan 6| =

_4
3

5. a-p,s ; b-q,r ; c-s ; d-q,r
(@) For line to become tangent to ellipse
a?=2+1=>a=+/3
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(b)

(atf,Zat;;__w

(0,0)

L (at2,2at,)

m:—tl :i\/i

© ty=x+t? = ty-x=t?

t’x:y+t’2 = tx-Yy -t

(1) and (2) are iden.ical

t3=-1 = t=-1

-y—-x=1

x+y+1=0 = k=+/3
(dty=x+2t>

y:%x+2t

..(1)

205

For line to become tangent to
hyperbola

42 =l2—3 = 4t*+3t2-1=0
t

4t2-D?>+1D=0

t

*

N | =

+ ;—yz :+:— = 2x+1=+y

2xty+1=0

. a-q; b-s; c-q; d-p
(@) t*=2
(b) A =[(t; —t3)(ty —t3)(t5 —t1)|

=1x2x3=6
('.' tl :1,t2 :2,t3 :4)

11 1
(c) Put (,j to equation
4 4 q

y=—tx+2t+t3

L NS
4 4

= 4t3-3t-1=0
= (t-DQRt+D?*=0

2 distinct normals are drawn through

111)
44
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7. a-p; b-t; c-q; d-s Orthocentre of AABC, H =(-1,1)
Equation of normal at (t 2 ,2t) is Circumcentre of AABC,
y+tx=2t +1t3 Oz(_zl,_zljzmidpointofBC
Put (4,1

ro
N

C
R(t2,2t,)
Focus S =(1,0)
L 32120 (2) SG=>
1-vJ5 1++/5
R (b) SH =22 +1% =45
2 2
t1=1+£,t2=%@,13=“1 ©) SO = [j] +(1j -¥10
2 2 R 2 2
A=(tqty,t; +t5)=(-1,1) (d) Area of
-1-+5 5-1 /
Bz(tltg,tl—i-t?,)z( 2 s ] MBC:E(AB)(AC)ZEM
2 2 2
_ _(¥5-1 -+5-1 V20-8v5 5
C=(tyts,ty +tg)= LD NeU TONY N9
2 2

Centroid of AABC,G = (_32 ,Oj
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SOLUTIONS (5)
. . (at2,2at,)
SUbjectlve Problems B~
1. (0) X=Xy Xp—X3 X3-—X
Y3 Y1 Yo

Catf —t3) ) a(t —t3) s a(ts - 1)

2aty 2at, 2at,
_ (&1 —t2)(t5) | (t ~t3)(4y)
2t3 2t1
2t,

['.'tl +t2 +t3 :0]

1
:_E[tl —t2 +t2 —t3 +t3 _tl]

=0

2. (2) For intersection of two paraboias

(y—k>2=—l(x—h>—‘

(h.k)

(y-k*=th-y>
= 2y2-2ky+k?-1h=0
D =0 (- curves touches)
= 4k* -8(k* -hD) =0
= k?=2lh= y?=2Ix
3. (4) Put (at2,2at) to equation of ABi.e.
be+my=1

(at?,2at,)A

= lat? +2mat -1=0

2m
=3 tl +t2:—T

tl + tz + t3 = 0
[+ A,B,C are co-normal points]
_2m

= ty="—
l

2
C E(at32,2at3) :[4m2 a s 4c;m}
[

= k=4
4.(2) Q =(a(ti +t3 +2 +tyts),
—atzt?, (tz +t3))
—atz t3 (tz + t3) :—atl
= _atzts (—tl) =—at1

[ ty,t5,t4 are co-normal points]
1-t2,t3 p
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(at2,2at,)

Q(3a+at?,—at,)
G(2a+at?,0)

) P
(aty, 2at,)

= oty =-1
(—tz) (—tg) =-1
= normalsatt, andt; are perpendicular.
5. (4) Q =(0,at;),R =(0,at,)
P =(atqty,a(ty +ty) =(h,k)
Perpendicular through P to QR bisects
QR

(at2,2at,)

/*x’bx’ /
W7 A( t2,2a )

1
Area of APQR =5><|a(t1 —ty)att,|
2
a
c® ="ty (ty —t5)]
2
4 at 2o 2
= C =— tltz [(tl +t2) —4t1t2]

4,2 2
h[(kj _4h}
4 42 |\a a

* —h? (k2 - 4ah)

= xz(y2 —4ax)=4c* = A =4

6. (2)

2
(at1t2,a(t1+t2)) A(ats, 2at,)

(atytz.a(t +t5))R

(at,ty.a(t,+t5))Q

atl2 2at; 1
—at% 2at, 1
2
ABC aty 2aty 1

APQR Jatity alty +65) 1
—latots alts +ty) 1
atst; a(ts +t7) 1

|C1 - t9)(ty —t3)(t3 —ty)

o
54 [(t7 —to)(tg —t3)(t5 —t7)
7 (80)()—21 —1: Xx-1=4=x=5
t'2=5=1¢"=45

(t=1)=(1,2)L

H(x,0)=(t"2,0)
N

Length of double ordinate
=4t'=45=+80

N =80
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8. (5) Equation of tangent to parabola at P is AB=(1+t})+(1+t3)=2+t% +t3

2y +9)=bx=y+9=3x =(t; +t5)°> +4=4+4=8

AreaofAPAB:%xZﬁszS\E N=8

10. (2) Put (¢ + rcos6,rsin0) to the equation

yz =4x
A
= rzsin29—4c059r—4c:0\
)
Equation of circle is rn =PK,ry =—QK
(x-6)2 +(y-92 +4(y -3x+9) =0 ;
Put (0,1)
= 36+64+X1(10)=0 o
= A=-10 K/(c,0)
Equation of circle is
x2+y2+18x-28y +27=0 @
radius =492 + (19?27 =510 N 7L_i+i
9. (8) Equation of AB s (K 2K)? r12 r22
=(r1 +15)% —2n1,
A(t2, 2t,) (r1rz)2
(it +t) P 16cos? 0 8c
=(-1,2) . 4 y 2
sin” 6 sin“ 0
16¢2
sin# 0
_ 16cos* 0+ 8csin? 6
16¢2
2y =2(x -1
y=2x-1) 8c =16 for ! +; to be
- y=x-1 (PK)*  (QK)®
PD :|—1—1—2| —22 independent of 6.

\E = c¢c=2
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ELLIPSE

KEY CONCEPTS |

1. STANDARD EQUATION AND DEFINITIONS

Standard equation of «n eili oo 1.icrved i its principal axes along the co-ordinate axes is

2 2
Xy - 1.
a’® b2
Where a> bandb? =a?(1-¢?) = a? -b? =a?e?.
Where e =eccentricity (0<e<1). A
FOCI : S =(ae,0)and S’ =(-ae,0). y
Equations of Directrixes L, _BlODb |
a a
X = " and x = - B A (-ae,0)| (ae,0) A —x
_ “Z|ca, 00\ |S cloo)S[ J@o|z
Vertices :
A'=(-a,0) and A =(a,0). L1 B'[(0, -b) L
Major Axis : -l x=2
] =

The line segment A’ A in which the foci

S’ and S lie is of length 2a and is called the major axis (a>b) of the ellipse. Point of
intersection of major axis with directrix is called the foot of the directrix (z).

Minor Axis :

The y-axis intersects the ellipse in the points B'=(0, — b) and B =(0, b). The line segment B'B
of length 2b(b< a) is called the minor axis of the ellipse.

Principal Axis :
The major and minor axis together are called principal axis of the ellipse.
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Centre :
The point which bisects every chord of the conic drawn through it is called the centre of the
2 2
conic. C =(0,0) the origin is the centre of the ellipse x—z + y—z =1.
a b
Diameter :

A chord of the conic which passes through the centre is called a diameter of the conic.
FOCAL CHORD : A chord which passes through a focus is called a focal chord.

Double Ordinate :
A chord perpendicular to the major axis is called a double ordinate.
Latus Rectum :

The focal chord perpendicular to the major axis is called the latus rectum. Length of latus

2 . .2
rectum (L L') = 2b = (mznO.r axzs.) =2a(l- e2) =2e (distance from focus to the corresponding
a major axis

directrix)
. POSITION OF A POINT w.r.t. AN ELLIPSE

y?

The point P(x;,y;) lics out~id~ incide o= o= the ellipse according as; — + S =1>< or =0.
a’ b

. AUXILIARY CIRC_.E/ECCIINT?!'Z A '=_E

A circle described on major axis as diameter is called VA
the auxiliary circle.

Let Q be a point on the auxiliary circle x2 + y2 =a? QP

such that QP produced is perpendicular to the x-axis

then P and Q are called as the CORRESPONDING POINTS [ 0 ‘ .
on the ellipse and the auxiliary circle respectively ‘¢ (& 0A \ s O NS JA@O)

is called the ECCENTRIC ANGLE of the point P on the N, ,/’I

ellipse (0 <0< 2mn). L \\\_____,—"'

Note that /(PN) _é _ Semi minor axis

/(QN) a  Semi major axis

Hence “If from each point of a circle perpendiculars are drawn upon a fixed diameter then the
locus of the points dividing these perpendiculars in a given ratio an ellipse of which the given
circle is the auxiliary circle”.

. PARAMETRIC REPRESENTATION

The equations x = acosfand y = bsin 0 together represent the elhpse — + y—z =1.
a

Where 0 is a parameter. Note that if P(0) =(acos0,bsin0) is on the ellipse then ;
Q(6) =(acosb,asin0) is on the auxiliary circle.
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5. LINE AND AN ELLIPSE

2 2

The line y =mx + ¢ meets the ellipse x—z + 2

i 1in two points real, coincident or imaginary
b

according as c2 is<=or> a’m? + b2.

2 2
Hence y =mx + c is tangent to the ellipse X—Z + y—z =1ifc? =a’m? + b2.
a b
The equation to the chord of the ellipse joining two points with eccentric angles o and f8 is given
X a+B y . a+P o=
by =cos + =sin =cos b
a b 2
6. TANGENTS
(i) % + }{)’721 =11is tangent to the ellipse at(x;,y1).
a b

(ii) y=mx++a®m? +b? is tangent to the ellipse for all values of m.

Note that there are two tangents to the ellipse having the same m, i.e., there are two
tangents parallel to any given direction.

xcos® ysin®

(iii) +

=11is tangent to the ellipse at the point (acos6,bsin0).
a

(iv) The eccentric a :3'- s of  oinf of ¢/ n7act \ f twc pa al el tan zen s differ by . Conversely if
the difference petween the eccentric angles ot two points is  then the tangents at these
points are parallel.

o +p si o+p

cos in
(v) Point of intersection of the tangents at the point o and B is a 2 , b 2
cos i cos B
2 2
7. NORMALS
a’x bzy 2 2 2 2
(i) Equation of the normal at (x;,y;)is—— - —==a“ -b“ =a“e”.
X1 Y1
(ii) Equation of the normal at the point (acos0,bsin0) is ; axsec 0 — by cosec 0 = (a2 -b?).

2 12
(iii) Equation of a normal in terms of its slope ‘m’is y =mx — M.
Va? +b%m?
8. DIRECTOR CIRCLE

Locus of the point of intersection of the tangents which meet at right angles is called the
director circle. The equation to this locus is x + y? =a? + b?1i.e., a circle whose centre is

the centre of the ellipse and whose radius is the length of the line joining the ends of the major
and minor axis.
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9.

10.

1.

12.

CHORD OF CONTACT
Equation of chord of contact of tangents drawn from a point P(x;,y;) to the ellipse

2 2
X .Y _qisT =0, whereT =21 4 291 _4
a? b2 a? b2

CHORD WITH A GIVEN MIDDLE POINT

2 2
Equation of the chord of the ellipse x—z + y—z =1, whose middle pointis(x;,y;)isT =S;,where
a b

X 12 Y 12 X1, W
Si=—F+—=-1,T="+=>-1

a? b2 a? b2
DIAMETER
The locus of the middle points of a system of parallel chords with slope ‘m’ of an ellipse is a

straight line passing through the centre of the ellipse, called its diameter and has the equation

y=———Xx.
a’m

IMPORTANT HIGHLIGHTS

2 2

Referring to an ellipse x7 + Yo 4
l: 2

G
H-1 If P be any poir t on the llip. e w'ch Sar 1S'a it fo:itier 4 ,P) + ((SP) =2a.
H-2 The product of the length’s of the perpendicular segments from the foci on any tangent to
the ellipse is b2 and the feet of these perpendiculars Y,Y' lie on its auxiliary circle. The

tangents at these feet to the auxiliary circle meet on the ordinate of P and that the locus of
their point of intersection is a similar ellipse as that of the original one. Also the lines
joining centre to the feet of the perpendicular Y and focus to the point of contact of
tangent are parallel.

H-3 If the normal at any point P on the ellipse with centre C meet the major and minor axes in
G & grespectively, and if CF be perpendicular upon this normal, then

(i) PF.PG=b? (ii) PF.Pg=a? (iii) PG.Pg=SP.SP (iv) CG.CT =CS>

(v) locus of the mid point of Gg is another ellipse having the same eccentricity as that of the
original ellipse. [where S and S" are the focii of the ellipse and T is the point where tangent
at P meet the major axis.]

H-4 The tangent and normal at a point P on the ellipse bisect the external and internal angles
between the focal distances of P. This refers to the well known reflection property of the
ellipse which states that rays from one focus are reflected through other focus and
vice-versa. Hence we can deduce that the straight lines joining each focus to the foot of the
perpendicular from the other focus upon the tangent at any point P meet on the normal
PG and bisects it where G is the point where normal at P meets the major axis.
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H-5 The portion of the tangent to an ellipse between the point of contact and the directrix
subtends a right angle at the corresponding focus.

H-6 The circle on any focal distance as diameter touches the auxiliary circle.

H-7 Perpendiculars from the centre upon all chords which join the ends of any perpendicular
diameters of the ellipse are of constant length.

H-8 If the tangent at the point P of a standard ellipse meets the axis in T and t and CY is the
perpendicular on it from the centre then,

(i) T.t.PY = a® - b? and (ii) least value of Tt is a + b.
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EXERCISE (1)

0nly One Choice is Correct:

1.1

X2 y2

f +
fl4a)  f(a® -5)

function, such that f(x) > 0. Vx € R, then complete set of values of a is :

=1 represents an ellipse with major axis as y-axis and f is a decreasing

(@) (-o0,1) (b) (—o0,-D U (5,0)
(© (-1,4) (d (-1,5
2 2
. If the inclination of a diameter PP’ of the ellipse x—Z + y—z =1is 0 and (PP")? is the A.M. of
a b
squares of the lengths of major and minor axes, then tan 6 is equal to :
(@ +2 b +2
a b
(© +1 (A +3
. Ellipses are described with line segement AB as the fixed major axis. The locus of an end of a
latus rectum is :
(a) straight line (b) p rajol.
(c) circle (d) ellipse
. A series of ellipses E; ,E,...... E,, are drawn such that E,, touches E,_; at the extremeties of

the major axis of E,,_; and the foci of E,, coincide with the extremeties of minor axis of E,,_; . If
ecentricity of the ellipses is independent of n, then the value of ecentricity is :

J5 V541

(a) ? (b) 2
J5-1 J5-1

(©) 5 @ g

2 y2

. If base of a triangle is the major axis of the ellipse );—6 + 5 =1and third vertex moves on the

ellipse, then maximum area of triangle will be:

(@ 6 (b) 72
(0 12 (d) none of these
2
. The angle between ellipse XT +y2 =1and circle x? + y? =2 is 0, then tan 0 is equal to:
1 1
@ - (b) —
2 72
(©) L (d) none of these

242
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12 12
7. The locus of point of intersection of perpendicular tangents of ellipse (x-1 + -1 =1is:
(@) x2+y?=25 b) x2+y%2+2x+2y-23=0
(@] x2+y2 —-2x-2y-23=0 (d) none of these
2 2
8. If normal at any point P to the ellipse X—Z + y—z =1(a> b) meet the axes at M and N so that
a b
M _2 , then the value of eccentricity is:
PN 3
1 V2
@ —= b —=
) N
1
() — (d) none of these
V3

10.

11.

12.

. If the line joining foci subtends an angle of 90° at an extremity of minor axis then the

eccentricity of the ellipse is:

1 1
@ — (b) —
V3 V2
(c) % (d) nene ~f thees
The length of sides of square whicii can be wade by rour perpenaicular tangents to the ellipse
2 2
Xy 2y° =1 is:
7 11
(@ 1 () 5
(c) 6 (d) none of these
The eccentricity of the ellipse which meets the straight line ; + % =1on the axis of x and the
straight line g - % =1on the axis of y and whose axis lie along the axes of coordinates is:
342 246
@ —— (b) ——
7 7
(0) 2\7/5 (d) none of these

The point on the ellipse x2 +2y? =6 closest to the line x + y =7 :

(@) (1,2) bd 2,
(0 (3,2) (d) none of these
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13.

14.

15.

16.

17.

18.

19.

2 2
If straight line % + l%y =c is a normal to the ellipse X—Z + y—z =1(a> b), then a? — b? is equal
a b
to:
(@) 4c (b) 5S¢
(c) 6¢C (d) none of these

2 2

If S and S’ are the foci of the ellipse ;—5 + % =1and P is any point on it, then difference of

maximum and minimum of SP.S'P is equal to:

(a) 16 () 9

(c) 15 (d) 25

Point ‘O’ is the centre of the ellipse with major axis AB and minor axis CD. Point F is one focus of
the ellipse. If OF =6 and the diameter of the inscribed circle of triangle OCF is 2, then the
product (AB) (CD) is equal to :

(a) 65 (b) 52
(c) 78 (d) none of these
The angle between the tangents drawn from the point (+/7,1) to the ellipse 3x2 + 5y 2 =15is :
(@ n/6 (b) n/4
(© =/3 (d) w2
Which one of the fcllowing i ‘he -~ciamon 2rgent to the ellipses,
%2 y2 2 y2
+>—=1and — + =1?
a®+b% b2 a a’ +b?

(@) ay =bx++Va*-a?p? +b* (b) by =ax—-a* +a?b? +b*
(©) ay=bx—\/a4+a2b2+b4 (d) by=ax+\/a4—a2b2+b4

2 2

. . .X -
The normal at a variable point P on an ellipse —+ y—z =1of eccentricity e meets the axes of the
b

ellipse in Q and R then the locus of the mid-point of QR is a conic with an eccentricity e’ such
that:

(a) e'is independent of e (b) e'=1

() e'=e (d) e'=1/e

The latus rectum of a conic section is the width of the function through the focus. The positive
difference between the lengths of the latus rectum of 3y=x2+4x-9 and

x2 +4y2 —-6x+16y =241is:

(@ b 2

@] (d

N|[W N~
N | U
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20.

21.

22.

23.

24.

25.

2 2
x -2y +4=0is a common tangent to y? = 4x and XT + y—z =1. Then the value of b and the
b

other common tangent are given by :

(@) b=3;x+2y+4=0 (b) b=+3;x+2y+4=0
(© b=+3;x+2y-4=0 (d b=+3;x-2y-4=0
The area of the rectangle formed by the perpendiculars from the centre of the standard ellipse
to the tangent and normal at its point whose eccentric angle is /4, is :
2 12 2 12
—b“)ab -b
(@) a-=b)ab by 0
a“+b (a® +b*)ab
2 12 2 12
-b b
' 2 3 @ C; v 2
ab(a“® +b*) (a® —=b“)ab
22

. . . . . x .
The point of intersection of the tangents at the point P on the ellipse —+5=1 and its
a b

corresponding point Q on the auxiliary circle meet on the line :

(@) x=ale (b) x=0
() y=0 (d) none of these
An ellipse having foci ai (3,3) and —4, 1) and passii g thrc ugh thc Crigin has eccentricity equal
to:
3 2
@ - b -
7 7
5 3
o = d =
(© ] D c
x2 y?
C is the centre of the ellipse 16 + o 1 and A and B are two points on the ellipse such
1 1
ZACD =90°.Then —— + ——=:
CA? (B?
25 144
a) —— b) —
e 144 O 25
7 12
c) — d —
() 12 (d) -
x2 2
Consider the particle travelling clockwise on the elliptical path 100 + T | 1. The particle

leaves the orbit at the point (—8,3) and travels in a straight line tangent to the ellipse. At what
point will the particle cross the y-axis ?

25 25
oo oo

© (0,9 ) (OZ]
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26.

27.

28.

29.

30.

31.

32.

A bar of length 20 units moves with its ends on two fixed straight lines at right angles. A point P
marked on the bar at a distance of 8 units from one end describes a conic whose eccentricity is:
5 2
@ — (b) —
9 3
4 V5
© — d —
9 3
x> y?
P and Q are two points on the upper half of the ellipse — +5 =L The centre of the ellipse is
a b

at the origin ‘O’ and PQ is parallel to the x-axis such that the triangle OPQ has the maximum
possible area. A point is randomly selected from inside of the upper half of the ellipse. The
probability that is lies outside the triangle, is :

n—1 2n -1 n—1 T
a b c d
(@) - (b) o () o (d) i
Which of the following is an equation of the ellipse with centre (-2, 1), major axis running from

(-2,6) to (-2,—4) and focus at (-2,5) ?
(x-2% (y+D?

2 2
(x+2)7 (-1

Q 25 16 (®) 25 9
—92)2 e y+N2 (w12
(@ &=2° bl @] BN LD
9 2, S 5
. X2 y2
If P(0) and Q[z ) are two points on the elhpse R = =1, then locus of midpoint of PQ is :
a b?
2 2 2 2
X 1 X y
a) —+ == b) —+-—=2
(a) 222 (b) 2
2 2 2 2
x= y© Xy
(@] aiz b7—4 (d a72+b72_8
An ellipse has OB as semi minor axis, F and F' its foci and the angle FBF' is a right angle, then
the eccentricity of ellipse is :
1 1 1 1
(@ —= b — © - d —=
3 4 2 2
The length of the latus rectum of the ellipse 9(2x + 3y —1)2 + 16(3x -2y +5)% =25 is:
34117 154/13 5v117
() ) 1913 © @ 213
104 13 104 104

2 2
PF,
Let F; ,F, are foci of the ellipse % + yT =1; P is a point on the ellipse such that — oF, " =2.Then

2
the area of APF,F, is:

(@) 442 (b) 445 (© 4/\5 (d 4



220 Advanced Problems in Coordinate Geometry for lIT-JEE

1.| (@ 2.| (a) 3./ (b) 4.| (0 5.| (0 6. (b) 7.1 (@ 8. (| 9. (b)]| 10.|(b)
11.  (b) | 12.|(b)| 13.|(b)| 14.|(b)| 15./(d)| 16./(d)| 17. (b)| 18./(c)| 19.|(a)| 20.|(b)
21.| (@) | 22./(c) | 23./ ()| 24.|(d)| 25.|(a)| 26./(d)| 27./(a)| 28./(d)| 29. (a)| 30.|(d)

31.| (o) | 32.|(d)
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EXERCISE (2)
nne or More than One is/are Correct
2 2
1. X? + yT =1is an ellipse with foci S; and S,. Rectangle S, PS,Q is completed (where P and Q

are on the ellipse):

(a) number of such pair P,Q is one

(b) area of rectangle S;PS,Q is equal to 2 sq. units
(c) there will be infinite such pairs P,Q

(d) rectangle S;PS,Q is a square
2 2

2. Line through P(a,2) meets the ellipse % + yj =1at A and D and meets the coordinate axes at

B and C so that PA,PB,PC,PD are in G.P, then possible values of a can be :

(@ 5 (b) 8 () 10 @ -7
2 2
3. If ellipses x—z + y—z =1be described having the same major axis, but a variable minor axis, then
a b
for all values of b, the tngen s at :he (nc s o1 their lati's rectum ~=n pass through :
(@ (0,0 b €,-2
© (0,29 (d (0,-2a)

16sin06

V11

circle x2 + y2 —2x =15, then 6 equals :

4. If the tangent at the point (4cos 0, J to ellipse 16x2 + 11y 2 =256 is also tangent to

I 271 5n 57
(a) g (b) ? @] ? @ ?

5. For a point P on ellipse the circles with PS and PS' where S,S’ represent foci of ellipse as
diameter intersect the auxiliary circle of ellipse at A, A; and B, B; respectively, then which of
the following is/are correct ?

(a) Aand A, coincide, B and B; coincide
(b) Segment AB is tangent to ellipse at P
(c) Tangents at A and B on auxiliary circles are perpendicular.

(d) SA and S'B are parallel

% 2

6. Equation of tangents drawn from (2,3) to the ellipse X + R 1lis/are:

(@ x+y+5=0 () x+y-5=0
() y+3=0 (d y-3=0
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10.

11.

12.

c4(x -2y +1D? +9(2x + y +2)2 =25 represents ellipse whose:

(a) centreis(—1,0) (b) eccentricity is ?5

(c) length of major axis is 75 (d) equation of major axisis2x + y +2 =0

. The eccentric angle of point on the ellipse x2 +3y? =6 at a distance 2 unit from origin is:

T 3n
a) — b) 2=
(a) % (b) 7
5n 77
c) — d —
(© 4 (d) 4
. For the ellipse 5x% + 9y + 10x — 36y — 4 =0 which of the following are true :
(a) centreis(1,2) (b) one of the foci is (-3,2)
(c) length of latus rectum is 13—0 (d) eccentricity is %

If the tangent to the ellipse x2 +4y2 =16 at the point P(0) is a normal to circle
x% + y2 —8x — 4y =0 then 0 equals:

s n
0 d -=
© d b

If the focus, centre and eccentricity of an ellipse are respectively (3,4) (2,3) and %, then its

equation is given by:
(x+y-5° (x-y+D* _

1
@) 16 12
2 2
b) (x-=y+D +(x+y—5) 1
16 12

© \/(X—3)2 +(y -2 +\/(x—2)2 +(y-D? =42
@ Jx-3)2+(y -2 +(x-D2 +(y-2)2 =442

2 2
The locus of incentre of APF,F, where P is a variable point lying on ellipse % + y—z =1with
a b

Fy,F, as foci and eccentricity e is a conic whose:
x? N yi(1+e? 3

a?e? b2e?

2 2 2
1_
x +y( e)

=1
b2e?

(a) equation is 1 (b) equation is

a-e

2e (d) eccentricity is 2e

(c) eccentricity is
1+e 1-e
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2 2
13. A parallelogram circumscribes the ellipse % + yT =1and two of its opposite angular points lie

on straight lines x2 =12, % =0, the locus of the other two vertices is:

(a) ellipseif A>3 (b) hyperbola if A € (0,3)
(© circle if A = — @ ellipse if & €(0,3)
J5
14. Ontheellipse 4x2 + 9y? =1,the points at which the tangents are parallel to line8x =9y are :
21 21
a) | =,= b) | -=,=
@ (23] o (-2.3)

15. Let P(xq,y;) and Q(x5,y5),y1 <0, ¥, <0 be the end points the latus rectum of ellipse
x2 + 4y? = 4. The equations of parabolas with latus rectum PQ are :

(@) x2+243y=3+43 () x2-243y=3+43
(© x2+243y=3-43 (A x2-243y=3-43
16. Ifthe ellipse x2 + k2 y 2 =k2a? is confocal with the hyperbola x2 — y? = a?(k > 1). Then which

of the following state m\ nt(s) is/a e co r¢ ~*
(a) Ratio of eccentricities of ellipse and nyperbola 1s \lf

3
(b) Ratio of major axis of ellipse and transverse axis of hyperbola is +/3
(¢) Ratio of minor axis of ellipse and conjugate axis of hyperbola is v/3

(d) Ratio of length If latus rectum of ellipse and hyperbola is -

8
-
(ANSWERS
1., (a,b,d) 2. (b,c,d) 3. (a, b) 4. (a, d) 5. (a,b,d)| 6. (b, d
7., (a,b,d) 8.| (a,b,c, d) 9. (b,c,d) 10. (a, 0) 11.| (a,d) | 12.| (a,0)
13. (a, b, 0) 14. (b, d) 15. (b, ©) 16.| (a,b,d)
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1.

2

3.

EXERCISE (3)

comprehension: (1)

2 2
X Y _1.Let S, =0 be a parabola on the
a’® a2 (1- e2)
right of the y-axis confocal with S; =0 having vertex at the centre of S; =0.
Let P be the point of intersection of the parabola and the directrix of ellipse in

the first quadrant and L =0 is the directrix of the parabola.

Consider an ellipse S; =

The ordinate of the point from which the pair of tangents drawn to both the parabola and the
ellipse are separately at right angles is:

(a) av1—e? (b) V2a41 - e?
() 2a4/1—e? (d av2 —e?

Pair of tangents are drawn from any pointon L =0to S; =0 and S, =0. Then the locus of point
of intersection of their chord of contact is:

(a) x=ae (b) x - §
¢

2
(0 x:ali—e (d) x=aev1-e?

e

If the tangent at point Q on S; =0 and the line joining the points P to the focus of S; =0
intersect at the auxiliary circle of S; =0, then eccentric angle of the point Q (Q lies in first
quadrant) is:

_ _ 2e
(a) tan 1[6J (b) tan 1[]
V1+e? 1-e?

_ \/Ee \] _1[ e ]
(¢) tan™' (d) tan
( V1+e? 1-e?
comprehension: [ (2) |

An ellipse has major axis of length 4 and minor axis of length 2. It is slipping
between the coordinate axes in the first quadrant while maintaining contact
with both x-axis and y-axis.

1. The locus of the centre of the ellipse is :

(@) x+y=3 b (y-D?=4(x-2)
() x2+y2=5 (d) x2+y2=20
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2. The locus of foci of the ellipse is:

(a) x2+y2:10 (b) x4+y4—x2y2=1
© x2+y%(x?+y%) =4 d x*+y +%+i2—16
X Yy

3. When the ordinate of centre of ellipse is 1,a light ray passing through origin and centre of
ellipse strikes the tangent at vertex of the parabola y2 + 4x —10y —15=0. The reflected ray
cuts y-axis at the point :

(@) (0,8) (b) (0,10) (© (0,12) (d) (0,16)

comprehension: (3)

Let A(;,O] 5 B[Z,OJ NG (: ,0) be the given points and P be a point satisfying
max {PA + PB, PB + PC} < 2

1. All points P are points common to:

(a) two ellipse (b) two hyperbolas
(c) acircle and an ellipse (d) acircle and an hyperbola
2. The locus of P is sym' au tric a »out
(a) origin (1) tleliteyv=x fc) »axs (d) x-axis
3. The area of region of the point P is:
@ 2 23 b V3 Z_¥3
3 4 3 4
N T 3
0 2| =-X2 d) 3| =-2
© 2[3-7] @ 3 3-%]
G omprehension: (4)
x? y2
A tangent is drawn at any point P(4 cos 0, 3 sin 0) on the ellipse e +~— =1and

on it is taken a point Q(«, ) from which pair of tangents QA and QB are drawn
to the circle x2 + y2 =12.

1. The locus of the point of concurrency of chord of contact AB of the circle x? + y2 =12 is:
2 2 %2 2

X y Y

L () JEARA. |
@ 5 " 16 ® 3573

2 2 2 2
© X+ -1 @ X +2 =1

12 16 6 8
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. The locus of the circumcentre of AQAB if 0 :% is:
X Yy x Yy 1
a) —+==+/3 b) —+==—
® 4 3 Y 4 3 2
2 2 X y 1
c) x°+ =6 d —+==—
(© y (d) RN

. The number of points on the curve given by locus of circumcentre in problem 2 from which

perpendicular tangents can be drawn to the parabola x? + 4y =0 is:

(@ 1 () 2
(© 3 (d 4
comprehension: (5)

Let an ellipse having major axis and minor axis parallel to x-axis and y-axis
respectively. Its two foci S and S’ are (2, 1), (4, 1) and a line x+y =9 is a
tangent to this ellipse at point P.

1. Eccentricity of the ellipse is:
(@) —— ) L © = @ =
24/3 13 2 4
2. Length of major axis is:
(a) V13 (b) 2411 (© 2v13 (d 43
||
(ANSWERS)
Comprehension-1: 1. (b) 2. (b) 3. (b)
Comprehension-2: 1. (0 2. (d 3. (b)
Comprehension-3: 1. (a) 2. (d 3. (b)
Comprehension-4: 1. (a) 2. (b 3. (a
Comprehension-5: 1. (b) 2. (0
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EXERCISE (4)

Match the Columns:

1. Match the column :

(a) |A stick of length 10 meter slides on co-ordinate axes, then|(p) J6
locus of a point dividing this stick reckoning from x-axis in
the ratio 6 : 4 is a curve whose eccentricity is e, then 9e is
equal to

(b) |AA’ is major axis of an ellipse 3x% +2y? +6x —4y —1=0/(q) 2417
and P is variable point on it then greatest value of area of a
triangle APA' is

(c) Distance between foci of the curve represented by the|(r) 128
equation x =1+ 4cos0, y =2 +3sin0 is 3
2 2
s 345
(d) Tangents are drawn to the ellipse T— +2_ —1atend points (=) V5
o

2 2
2. Match the locus of the middle points of chords of an ellipse x—z + y—z =1as given in Column-I to
a b

the equations given in Column-II.

(a) (Which subtend a right angle at ) ) ) ) 2 yz 2
centre of ellipse P) |x“+y°“=(a"+b) = + 7
(b) Whose length is constant =2 () [ - jz
x _
Ly
a? b2 4
. . X y 1 1) x2 y2
intersect at right angles 2z o Pol BB hay s o e

(d) (Which passes through the (a,0) |(s)

(c) |The tangents at the ends of which|(r) ( 2 2 Jz[
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3. Match the column :

(a) |The radius of circle passing through both the foci of ellipse (p) 2
ch: + y: =1 and having centre at (0,3) is r, then r =

(b) |If the length of the major axis of an ellipse is 3 times the (q) 4
length of its minor axis then eccentricity, e =

(c) [Let6;,0,,05,0, be eccentric angles of four concyclic points|(r) 242
ofellipse;i+i:2=1,e1 +0, +03 +6,4 =kn, then k can 3
be equal to

(s) 6

4. Match the column :

(@) The number of " tio1...) o .i1 & on t'.c Jllipse x: + yr2 =1is (P) Infinite
(b) The number of integral points on the ellipse A; + i =1is ‘(q) 4
(© The number of rational points on the ellipse ﬁ +y%=1 ®) 2
(d) The number of integral points on the ellipse J;Z +y%=1 () 0
ANSWERS
1. a>»s;bop;c>qd-r 2. a—>»r;bos;c—op;,d—og
3. a>q b->r1; c—>p,q,s 4. a—>p;bo>qgcop;dor
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EXERCISE (5)

SUbjective Problems

1. An isosceles AABC is inscribed in the circle x2 + y2 =16, A =(0,4). From points A,B and C

2 2
three ordinates are drawn which cut the ellipse %+%:1 at the points P,Q and R

respectively such that A and P are on the opposite sides, Q and B are on the same side and C and
R are on the same side of the major axis. If APQR is right angled at P and 6 is the smallest angle
of the AABC, then find the value of 16 tan® 0 + 8tan + 9.

2. Rectangle ABCD has area 200. An ellipse with area 200 & passes through A and C and has foci at
B and D. Let perimeter of the rectangle ABCD is P, then 1% =
3. Variable pairs of chords at right angles and drawn through any point P (with eccentric angle

n/4) on the ellipse xj + y? =1, to meet the ellipse at two points say A and B.If the line joining

) N m
A and B passes throu .h . fixe: po 1t Qi a, '} cnchthatc 2 - b h st e value equal to — , where
n

. . o . m +n .
m,n are relatively prime positive integers, find {SJ where [.] denote greatest integer

function.
4. A tangent to the ellipse x> + 4y? =4 meets the ellipse x> +2y2 =6 at P and Q. Let angle
between tangents at P and Q of the ellipse x2 +2y2 =6 is %, then k =

5. An ellipse has foci at (9,20) and (49,55) in the x-y plane and is tangent to x-axis. Let the length
of its major axis is L, then [1['1} = (where [1=G.1.F)

6. Common tangents are drawn to parabola y? = 4x and the ellipse 3x2 + 8?2 = 48 touching the
parabola at A and B and ellipse at C and D. If the area of quadrilateral of ABCD is 55V N, then

N =
2 a2
7. If the equation of the curve on reflection of the ellipse (x=4) + & 93) =1 about the line
0 2 2 kl - k2 9
x-y-2=0is16x" +9y“ + k;x -36y + ko :O,thenTw
x2 2
8. If a tangent of slope 2 of the ellipse — t = 1is normal to the circle x2 + y? + 4x +1=0,
a b

then find the maximum value of ab.
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10.

11.

. A normal is drawn to the ellipse

2 y2

+
(@®*+2a+2)* (a*+D?
maximum radius of the circle, centered at the origin and touching the normal, is 5 then find the
positive value of ‘a’.

=1 whose centre is at O. If

2 2

A circle concentric to the ellipse % + y—z = 1(7» < 127j passes through foci S;,S, and cuts
b

S;S
ellipse at point P. If area of APS; S is 30 sq. units then find 132 .

2 2
Let an ellipse XT + % =1and a parabola x? =2y intersecting each other above x-axis at P and

Q . Tangents to ellipse at Pand Q intersect y-axis at R and tangents to parabola at P and Q
intersect y-axis at S, then the area of quadrilateral PRQS is A3 ,then [A] =

(where [.] denote greatest integer function)

12. In above problem if uzw,then 2u =
area of APQS
ANSWERS
||
1.| 24 2. 8 3. 6 4. 2 5.| 7 6. 2 7. 6 8. 4 9./ 2 |10.| 1

11.
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EXERCISE (6)

1. (A) Ifx;,x,,x3aswellasy;, y,,ys arein G.P with the same common ratio, then the points
(x1,¥1),(x3,y2) and (x3, y3):
(a) lie on a straight line (b) lie on an ellipse
(c) lie on a circle (d) are vertices of a triangle
(B) On the ellipse, 4x2 +9y?2 =1, the points at which the tangents are parallel to the line
8x =9y are:

21 2 1 2 1 2 1
(a) (5’5] (b) [_S’SJ (0 (—5,—5j (d) (5;_5j

(C) Consider the family of circles, x? + y2 =r?, 2 < r < 5.1f in the first quadrant, the common
tangent to a circle of the family and the ellipse 4x2 + 25y 2 =100 meets the co-ordinate

axes at A and B, then find the equation of the locus of the mid-point of AB.[IIT-JEE 1999]

2. Find the equation of the largest circle with centre (1,0) that can be inscribed in the ellipse

x? +4y?=16. [REE 1999]
3. Let ABC be an equilateral triangle inscribed in the circle x2 + y2 =a?. Suppose perpendiculars
from A, B, C to the ir 2z. axis »ftk 2 elliys ., — + l -=L,(1> b) mer t the ellipse respectively at
. b*
P,Q,R so that P,Q,R lie on the same side of the major axis as A, B,C respectively. Prove that
the normals to the ellipse drawn at the points P, Q and R are concurrent. [IIT-JEE 2000]
4. Let C; and C, be two circles with C, lying inside C;. A circle C lying inside C; touches C;
internally and C, externally. Identify the locus of the centre of C. [IIT-JEE 2001]
2 2
5. Find the condition so that the line px + qy =rintersects the ellipse x—z + y—z =1in points whose
a b
eccentric angles differ by% . [REE 2001]

6. Prove that, in an ellipse, the perpendicular from a focus upon any tangent and the line joining
the centre of the ellipse to the point of contact meet on the corresponding directrix.

[IIT-JEE 2002]

7. (A) The area of the quadrilateral formed by the tangents at the ends of the latus rectum of the
2 2

ellipse Xy DA lis:
9 5

(a) 9.3 sq. units  (b) 2743 sq. units  (c) 27 sq. units (d) none of these

(B) The value of 6 for which the sum of intercept on the axis by the tangent at the point
2

(3\/§cose, sin0),0 < 0 < 1/2 on the ellipse ;—7 + y2 =1is least, is:

[IIT-JEE (Screening) 2003]
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Y I I T
a) — b) — o — d —
(@) 6 (b) 4 (© 3 (d) 3
8. The locus of the middle point of the intercept of the tangents drawn from an external point to
the ellipse x2 + 2y 2 =2, between the coordinates axes, is: [IIT-JEE (Screening) 2004]
@ L+ 1 ) sl (© sl @ el
X 2y 4x 2y 2x2 4 y 2x y
2 2
9. (A) The minimum area of triangle formed by the tangent to the ellipse X—Z + y—z =1 and
a b
coordinate axes is: [IIT-JEE (Screening) 2005]
2 12
(a) absq. units (b) a Q. units
2 2 2
(0 (a+b) sg. units (d) % $q. units
(B) Find the equation of common tangent in 1% quadrant to the circle x2 + y2 =16 and the

2 2

ellipse 326—5 + yj =1. Also find the length of the intercept of the tangent between the

coordinate axes. [IIT-JEE (Mains) 2005]
10. The line passing thror g1 the « xtre nity 4 Hf th e major ¢ xi¢ 2.1 e »mity B of the minor axis of
the ellipse x? + 9y 2 =v meet; its auxi.ia yci clea th:porin M. Tl en the area of the triangle
with vertices at A,M and the origin O is: [IIT-JEE 2009]

31 29 27

(@) E (b) E (© B (d E
11. The normal at the point P on the ellipse x> + 4y =16 meets the x-axis at Q. If M is the
mid-point of the line segment PQ , then the locus of M intersects the latus rectums of the given

ellipse at the points: [IIT-JEE 2009]
(@) [i?’fiij ) [ ?’f */:] (© (izﬁ,i;j ) [+zf,i4fJ

Paragraph for questions 12 to 14

2 2
Tangents are drawn from the point P(3, 4) to the ellipse % + yT = 1touching
the ellipse at points A and B. [IIT-JEE 2010]
12. The coordinates of A and B are:
(@) (3,0) and (0,2) 0) [ e j
© ( i 2V1156 ] and (0, 2) @ (@, O)and[ 2 ij
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13.

14.

15.

16.

17.

The orthocentre of the triangle PAB is:

8 7 25 11 8 8 7
° b) | £ 22 = ° ° 7
(@) (5,7j (b) [5, 8) © (5’5) (d [25,25j

The equation of the locus of the point whose distances from the point P and the line AB are
equal, is:

(@) 9x2 +y2% —6xy —54x —62y +241=0 (b) x2 +9y? +6xy —54x +62y —241=0
(©) 9x2+9y? —6xy —54x 62y —241=0  (d) x> +y? —2xy +27x+31y-120=0

2 2

The ellipse E; :% + yTzl is inscribed in a rectangle R whose sides are parallel to the

coordinate axes. Another ellipse E , passing through the point (0, 4) circumscribes the rectangle

R.The eccentricity of the ellipse E 5 is: [IIT-JEE 2012]
V2 V3 1 3
a) — b) — c = d) =
(a) 5 (b) 5 (© 5 (d y
x2 y?
The equation of the circle passing through the foci of the ellipse T + o =1,and having centre
at(0,3)is: [IIT-JEE (Mains) 2013]
(a) x2+y2—6y+5—-0 (b) x2+y2—6y—7:0
© x2+y%2-6y+7-9 (d x +y%-5y -5=0

2 2
A vertical line passing through the point (h, 0) intersects the ellipse XT + y? =1at the points P

and Q. Let the tangents to the ellipse at P and Q meet at the point R.If A(h) =area of the triangle

PQR,A; = max A(h)and A, = max A(h),theniAl —-8A, =
1/2<h<1 1/2<h<1 J5
[IIT-JEE (Advance) 2013]
" ANSWERS|

1. (A)a; (B)b,d; (C)25y2 +4x? =4x?y? 2. (x-D?+y? =%

4. Locus is an ellipse with foci as the centres of the circles C; and C,.

a2p2 +b2q2 =r2 seczg:(4—2\5)r2 7. (A)c;(B)a; 8. c
14

9. (A)a;(B)AB=— 10. d 11. ¢ 12. d
V3

13. c 14. a 15. c 16. b
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SOLUTIONS (1)
. : h=ae
0nly One Choice is Correct: b2
2
2 k=—=a(1-¢%)
1. (d) 0< f(4a) < f(a® -5) a
= 4a>a’-5 :a[l_th
= (a-5)(a+D<0 a?
= ae(-1,5) ay =(a? -x?)
2. (a) rz(cosz 8 smi‘ e}:l x? =a(a — y) — Parabola
a b 4.(c) b'=a,ae=b
(rcoso, rsm b/2 :arz _a,262
/ b2
< 2 _b" .2
/e a _ez b

2292 =2a)? - (2)?

= 2r? =a? + b?
2
N ( b) cosze sm26 _9
a b
2 a2
= —2c0529+—zsin26
a b
=1=sin0 +cos? 0 )
-1=0
b2 —q? 2 a?) ., y ¢
= [ 2 ]cos 0= 1—b—2 sin“ 0 or e? _e—1=0
) 145
= tanb=x— = €= 2
a
+
3. (b) o 1%35

b2\ _
(ae’a ) (h.k) \/g—l
= e=
2
5. (¢) For area to become maximum altitude
5 should be maximum
Lz +12 - 1
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t = x?+y?-2x-2y-23=0
P(0.3) 8. (¢) (PM)?*=a®cos?0(1-e?)? +b?sin’0

\ =b2(1-e?cos? @)
A B _

/
HLO)K/(‘LOV) (PN)* =a® cos™ 6 + sze( e*)’
b
L (©.-9) —ﬁ(l—e2 cos? 0)
=2

= P(0,3) or P(0,-3)

(APAB) 2% =%x8><3=12

/W(a cosh, b sing)

4x y
- =3 M /(ae2 cos
2/V3 \2/\3 \\ 7& (actcost, )
(PM )

6. (b) Equation of normal to ellipse at P is

- 2x_%:\/§ N(O,—azTezsinej
| > bt 4
g Vo2
N LN g% 9
B 2 5e y
ORLE) I
a’® 3
o}
¢ A
L V3
9. (b) a? + a? =(2ae)?
= slope of normal to ellipse at 2 1 1
= e =—=e=—
P=m; =242 2 J2
Slope of normal to circle at B —‘
V2
P:mZ:L:i a a
2 5 V2
J3 Fe—24e —>F
1
242 - —
S _
tan® = — =—
1422 L 32 2
V2

2
10. (b) 1% +1%2 =(AC)? [2 sz
7. (¢) Locus is director circle given by (b) +17=(40) a”+

(x-D%2+(y-D%?=16+9
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\J

12=14+11=25
= [=5
11. (b) b2 =a?(1-¢?)
25=49(1-e?)

26
7

il

]

L

12. (b) Shortest distance is along common

normal

—

Equation of normal at P is
J6xsecH — \/gycosec 6=3

slope =+/2 tan6 =1

= tanezi

J2
J2
= (IIIIJ 2,1

ax by

13. (b) Let 3 + ” =c is normal to ellipse at

(acos6, bsin®) Equation of normal to
ellipse at (acos6, bsin®) is

axsec@—bycosece:a2 - b? ..(D)
ax by
—+—==c ...(2
3 4 2)
(1) and (2) are identical
2 _p2
= 3secO=-4cosecO=
c
= cosezi,sinez i
aZ —b2 aZ _bZ

2 4 2
(s -
b a? -p?

= a?-b?%=5¢c

14. (b) (SP)(S'P) =a(1-ecos0)a(1l+ ecos0O)

=a® —a®e®cos?0

=25-9c0s? 0
max =25-9(0) =25
min=25-9(1) =16

max-min=25-16=9
A

/,—- a

bf. N\ F

A\Q—e—» B
D

a?=p?%+62 (D
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1 _ +\/( 2 p2)ym? + b2 D
A 5x6xb y=mxt4(a” +b“)m~ +
r=—=—%——— 2 2
S 1(a+b+6) (1)isalsotangenttox—+ . =1
2 a® a®+0b?
__6b = (a2 +b>)m? +b? =a’m? +(a? + b?)
a+b+6
_4+a
= Sb=a+6 (2 S -

From eqn. (1) and (2)
(5b-6)2 =b% +36
= 24b% —60b=0

(AB)(CD) = (2a)(2b) = 4 % ’ g 65

2 2

16. (d) X+ -1
()5+3

Equation of dire :tor (ircle is
x2+ y2 =8 ..(D
7,1 satisfy the equation (1)

. T
= Angle between tangents is 5

Let any tangent to the ellipse is
y =mx +Va’*m? + b2
passing through 7,1
(1-7m)? =5m? +3

= mz—ﬁm—lzo

Ifm,,m, are

which is

roots = mqm, =-1

= two tangents are perpendicular to

each other.
17. (b) Equation of tangent to
2 2
X + Y o1is

a? +b%> b?

Equation of common tangents are
by =ax4_r\/a2(a2 +b%) +b*
18. (¢) 2h =ae? cosO
—a%e?sin®
b

“ N

(a cosb, b sin0)

2k =

\ (a cose,OT

4h* LS
242 2
(ae”) ) 2
a y =
b
2 2
X 5t Y 3 =1
2 2b
2 4 4 4
a‘e’ _a e2 (1-(en?)
4 4b

= b%2=d?(1-(eh)?)

= e=e

19. (a) (x +2)? =3(y+133j
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= Length of latus rectum of parabola,
Ll :3
2 2
(x-3) +(J’+2) 1
49 (49/4)
Lengths of latus rectum of ellipse,
2b? 2(449j
LZ == = 7/2
a 7
7
1Ly ~L|=I3 - 2112
20. (b) Equation of tangent at P is
x
=—+2 ..
y=3 €3]
2 2
Ty

For (1) to be tangent to — +
4 p?

P(t2 2\ t = 2)

< )
Q(t==2)
1 2
= (2)2=4(2j +b?
= b%=3 = b=13

Equation of tangent at Q is
2y=x+4 = 2y+x+4=0

21. (a) Equation of normal at P,

ax~2 —by+2 =a® - b?

a® -b?

Ppp=—— -
' \2(a? +b?)

Equation of tangent at P is

P, a b
/ P[z’zj
X
P1
x Y
= 42 =1
V2a  2b
1 V2 ab
P2: =
Jl 1 a?+p?
2a%> 2b>
ab(az—bz)

p,p, =
y ? (a2 +b2)

22. ‘e) E(ua io of tangent at P is
(D)

ino
xcosG+ys1n 1

Q(acosb,asin0)

Equation of tangent at Q is

ino
xcose+_ysm 1
a

..(2)

a
(D -(2)

= ysin@( 1j:O
b a

= y=0
Point of intersection lie on line y =0
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23. (¢) PF, + PF, =2a

-

P (0,0)

L

= 342 +44/2 =2qa [Here P =(0,0)]
= 742=2a

2ae=~7% +1% =52

L2 5
7V2 7
24. (a) Put (rcos0, rsin®) to the equation of
ellipse
)
\’L\ | 7
é\(\\%m X
DT AN | AN,
5\%){“‘ r 4 ©,

2 2
rz[cos 9+51n 6]:1
2 b2

1 1 cos? 0 +sin26
r12 r22 a? b?

1 1 1 1 25

T2 b2 16 9 144

239

25. (a) Equation of tangent at (-8,3) is

N

x(-8) , y(3) _,
100 25
Put x=0
. 25
7 3
= (0] =(0.2:5j
20. 1)
A
5K
=
3
P(h,k)
2

3
2
= X—+y—=16
9 4
2 2
S
144 64
64 =144(1-e?)
) 4 5 \J5
= e =l-—=— = e=—
9 9 3
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27. (a) Area of
AOPQ = %(Za cos0)(bsin0)

=a—bsin29£a—b
2 2

(—a cos6, b Wose, b sin0)
\y

nab ab

2 2 -1
T

Probability =

2

(x+2)* (y-D* _
a? b?

be=4 =5e¢

= a?=5%-(5¢)2=25-16=9

(-2.6) _‘

28 (d) 1

L (-2-4)

Equation of ellipse is
(x+2)? (y-D* _
9 25
29. (a) 2h =a(cos0O —sin0)
2k = b(cos0 + sin 0)

(~a sin®, b cos0) Q\/_\P(a cosb, b sind)
A A

(h, k)

1

o [

VR
Q‘:

2

=
[

<
o

2 2
j + (2;{] :2(cos2 0 + sin > 0)
1

=

+
a b= 2

30. (d) (Slope of BF') (slope of BF) =-1
B (0, b) _l
~— A
/o TN
F/ F
(~ae, 0) y(a, 0)

-2

= b%=q2%e?

N
\S]

= a?(1-e?)=a?e?

= e=

-



Ellipse

0ne or More than One is/are Correct
1. (a, b, d)
(5155)% =(51P)% +(S,P)?

(Zae)2 :az[(l—ecose)2 +(1+ ecose)z]

P (a cos6, bsin6)

;

2e% =1+e%cos® @ ...(D
b? =a%(1-¢e?)

= 1=2(1-e* >

o
Il
|

~.From eqn. (1), we have
cos0=0 = 0= 37“

T
E;
Area of
S1PS,Q =(8;P)(S,P) =a? =2
[ S,P=S,P=d]
2.(b,c, d)
Put (a —rcos6, 2 —rsin®) to eqn. of
ellipse.

a® + 12 cos? 0 -2arcos0
9

N 4 +r?%sin®0—4rsin®

-1=0
4
a
- (PA)(PD):%
cos“ 0 sin“0
+
9 4

SOLUTIONS @
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B 4q?
4c0s20+9sin?0

Put (a —rcos0,2 —rsinf) to equation

xy =0
P (a, 2)
/ A (a-r cos6, 2-r sind)

—2a +r? sinfcosO —(asin® +2cos0)r=0

= (PB)(PC) =.27a
sin6cos 0O
PA P.» - PB-PC
4q? 2a

4c0s20 +9sin2@ sinb.cosd

2
= |a|>/4x9=6

= ae(-w0,—-6]ul6,0)
3.(a, b)

ot |

a)

7
L

Tangents at extremities of L.R. are

ﬁ"rZ:l

a a
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or

or

xe Yy
a a

=1

xe+(y—-a)=0
xe—(y+a)=0

Fixed points are (0,a) or (0,—a)

4. (a, d)

Equation of tangent is

11ysin6
icose+m:

touches the circle (x — 1)2 + yz =16
4cos0-16
|4 cos | 4
\/16cos2 0+11sin2 0
(cos© —4)2 =16c0s% 0 +11sin% 0
=c0s20-8cos0 +16

4c0s®0+8cosO- . =0

=4c0s?0-2coso+ 0coi0-5
(2cosO0+5)(2cos6-1) =0

c059:1

5.(a, b, d)

/SQP = / S'QP :g

S',Q,S are collinear
T is radical centre of C,C and C 5.

Equation of circle C,

Co:(x—acosB)(x+ae)+(y—bsinB)y =0

C:x? +y2 —a?=0

Equation of tangent to C, and C is

a(cos® —e)x + bsin By + az(ecose -1 =0

Put x =acos6
a®(cos® 0 —ecos0) + bsin Oy

+a2(ecos(9 -1 =0

X 1
4 16
4cosBx ++/11sin0y =16 which

=

=

6. (b,

U

U

x2+y2 = a2

bsinBy =a? sin? 0
2
a“® .
=—sin6
" %

a2
y= acose,TsinG

Equation of chord of contact of T w.r.t.

x +y?=?

Xxcos6 + y%sin@ =a

xcosH N ysin6
a b
equation of tangent to ellipse at P.

SA and S'B both are | to AB
S'B||SA

d)

Equation of tangent is
yzmxi\/16m2 +9

Put (2,3)

(3-2m)% =16m? +9
12m? +12m =0

m=0,-1

=1 which is same as
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(0,3) (2,3)

N
L (0.-3)

Tangents are y =3, y -3 =-1(x —-2)

-

y=3and y+x=5

7. (a, b, d)
[x—2y+1]2 (2x+y+2j2
V5 . \J5 4
(5/4) (5/9)
b? =a?(1-¢)?
_y S_2(1-¢%)
9 4
NG
= e=—
3

Intersection of major axis which is
2x + ¥ +2 =0 and minor axis which is
x-2y+1=0is(-1,0)
= centre =(-1,0)

Length of major axis =2a =+/5

8.(a,b,c,d)
P =(/6 cos e,ﬁsin 0)
6cos®0+2sin?0=4

= 4co0s?20=2

= cosO =+

9. (b, c, d)

(x+1)?2 +(y—2)2 ~
9 5

centre =(-1,2)
5:9(1—62):> e:g
3
. 2
Foci z(—1+3(3), 2+0)

and (—1—3(?), 2+0)

Foci =(1,2) and (-3,2)

2
Length of L.R. = 2b” =2 (Sj
a 3
= Length of L.R.:lg—O
10. (a, ¢)
2 2
L 4L L = 1
16 4

Equation of tangent at P(0) is
x72c@  3rsind

tangent passes through (4,2)

= cosO +sin0=1

= sin(9+nj—1
2) 12

= 0=

11. (a, d)
Equation of major axisis y =x + 1
Equation of minor axis is x + y =5
ae=+(4-3)2+(3-2)2
=\2 = a=2+2
b2 =a?-a%e?=8-2=6=b=+6
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4

Equation of ellipse is

el
(242)? (6)?

Also its equation is
Jx=3)2 +(y - 4)2
W -D2 +(y -2)% =2(242)

12. (a, ¢)
aze(1+ecos’,‘ 12e( —e 0s0
e +2a2ecos0
2a +2ae

AY

P(acos6,bsin6)
7

Q
)(6005 1—
/ayl(h, O\E ( ecoie)
F,(A\ae,0) <— 2he—» F(ag/0)

L

= h=aecos0

_2ae bsin® _ebsin®
2a+2ae  (l+e)

2 2
h+k:1

(ae)? ( be jz
1+e

Equation of locus of incentre is

2 2
X< y _
(ae)? ( be T
1+e
2.2
b~e =a2e2(1—e’)2
(1+e)?
2.2, 2
= e@me) 202 g2
(1+e)
N 6,2:1_1—(3: 2e
1+e 1+e
, 2e
= €=
1+e

13. (a, b, )

2sin[91;ezj
h —_

el 00)

..(D)

2

..(2)

2
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3cos[§+ 0, eregj Tangent at (x;,y;) is 4xx; +9yy; =1
Also -\ = = I _4a 1
T 62 _61 9 _8 5
Sl 9 4x 1
or  Jh=Tg s
BSin m
2 iy -2 ) or(2-1)
= (6,0, ..(3) 1,Y1 5’ -
sin
[ 2 ] 15. (b, ¢)

Dividing (2) by (3) we get,
tan M :%E
2 2N

k =sec? 9261
9 4 2

R 7=1+i7

9 4 4 92

2 2

x y2 )
s
A% -9

14. (b, d)
Equation of tangents are

2
. 1(8] M
alo) "o

Bas2
9 9
9y =8x+35, 9y =8x - 5
(0, 1/3)

(112, 0)

U
|/

—
O

0,1)

(o-d)

V3

1=4(1-e?) = e=""
( ) 2

Leng hs of | atus rectum of parabola
—4a=23

ol (12)--
or —Zﬁ{y—{—;+\/§D=xz

243y + (1+/3)4/3 = x2

or —24/3y—(1-+/3)V/3 =x2
—2£y=\@+3
or x? +2«/§y=3—\/§
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comprehension: (1)
1. (b) L=x=—-ae
x?2 +y2 —a? +b?%=a? +a2(1—e2)

where x = —ae

AY L
B
/
\ (—ae,0) : =X
~— ]
L L
L=0

= q?e? +y2 =a? - a (1-« 2)

y2 =2a2(1—ez)
y =~2aV1-e?

2. (b) Chord of contacts of any point (—ae, )
w.r.t. ellipse and parabola respectively
are

_Xe o yh
a az(l—ez)

yh—ae(l-eHx=a?1-€?) ..(1)
and yA —2ae(x —ae) =0
}/7»—2aex=—2aze2 ...(2)
By eqns. (1) —(2)

= —ae(1+ez)x=—a2(1+e2)

= x=2

3. (b) .. Foot of perpendicular from focus of
ellipse to any tangent to it lies on
auxiliary circle

SOLUTIONS @

XCcos6 " ysin® _

a b
= FPl tangent atQ
2a-0 asin® a
= =—tan®
a bcos® b
— —ae
e
= tanO:E 2e
ai-—e?
a(/1-e®)2e
a(l—ez)
= O:tan_l{ 2e J
\/1—62
comprehension: )

1. (¢) Origin lies on director circle of ellipse

| N

ul o
(0,0)

= (0-h?+0-k?=a?+b?

=2241%2=5




Ellipse

= x2+y2:5

2. (d) xle:bZZ].
}’1}’2:b2:1
1 1
Fi=(x1,¥1), Fy E[,J
X1 )1
11
= F,=(h, k), Fy=|-,=
1= 0, Fy (h kj
2 2
(h—lj +[k—1j =(2ae)?
h k
=(243)% =12

(x2+yH|1+ L 1 16
x2y2

3.(b) x> +1°=5=>x=2

y 1 1
10 x 2 Y
Q =(0,10)

a (0.2y)

0[ (0,0)

comprehension: (3)

1. (@), 2.(d), 3.(b)
PA+PB<2 and PB+PC<2
PA +PB<2

Region inside ellipse with foci A and B
2a=2,a=1

247
2ae:§—1:1
2 2
b2=a2—a2e2=1—1=E
4 4
Equation of ellipse is
2 2
(x-1 LY
1 3/4
A10) c

(0,0)

L

(12,00 N320Y(2,0) (52,0

PB+PC<2=P lies inside ellipse
with foci B and C
N2 2
(x-2)" y* _
3/4
Locus of P is shown by shaded region
which is ;mmetric about x-axis.

Whose equation is

A ea >f eg on

(Y243 2
_4_..1 y 1-(x-2)*dx
:@[“ _@]
3 4
comprehension: (4)

1. (a) Equation of chord of contact AB is

(o, B)Q

-

(4cos6,3sinb) A

_

N

ox + By =12 (D)
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Equation of tangent to ellipse at P is
Xxcos6 N ysin® _
4 3

(a, B) lies on it
= 30.c0s0+4Bsin6 =12 ...(2)

From eqn. (1) and (2)

lines ox +By =12 are concurrent at

points (3 cos 0,4 sin 0)

1

Locus of points of concurrency is

xZ y2

R |
9 16
2. (b) Equation of tangent to ellipse at

{53

Q (o, B)

X Yy
m + ﬁ =1
(a, B) lies on it
= 3a+4B =122 (D
From figure it is clear that OQ is
diameter of circumcircle of AQAB
2k =B
From (1) we get
3(2h) + 4(2k) = 1242
The required. locus is 3x + 4y =6+/2

= 2h=a,

2
3. (a) lar tangents are drawn to y = _XT

It means points lie on directrix of
parabolai.e.,y =1

©, 1) y=1—‘

(0, -1) \4y = —x2

L

Points required are the points of
intersection of lines

by &
372

No. of points required = 1.

X
4+ and y =1
4 Yy

cc mrche nsio1: (5)
1.(b), 2 (©)
2ae=2 =ae=1 ...(D
4 6
PP, =b%="1 " =12
1+ 2 5 5

b? =12 (2)
b?2 =a? —a%e?=a%-1
= 12=a*>-1 = a=413
..Length of major axis =2a = 2413 =+/52

ae=1 (from...(1)

= e=

1
J13
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Match the Columns:

l.a>s; bop; co>q dor

2 2
of 342 00

AY —|
2
P (h,k
0.5%) o
3 ’V
| (39
2 2
S A |
(4?2 (6)>
= 16 =36(1-¢?)
ezzg = 9e=3\@
2 12
by &0 LO-D7

2 3
x+1l=x,y-1=y

(AAPA) . :%x 2 x243 =6

]

(0.B) /A

Sle » X
(=2, 0) (2, 0)

L A'(0,—3)

SOLUTIONS @

249

(c-D*  (y-2°

16 9
a?e?=a?-b?=16-9=7
= 2ae=2ﬁ

2 2
x>y
) A
@5+

16e%2 =16-7=9

() 1

Extremities of LR = (i 3,* Zj

Equation of tangent to ellipse at point

[>3)

16 4

= 3x+4y=16
= A=(0,4),B E(—136,Oj,

—(0.— _[16
C=(0, 4),D_(3 ,oj

Area of rhombus

ABCD = £ 32, g_128
2 3 3
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2.a>r; bos; cop; do>q
Let (h,k) be the midpoint of chord,
then equation of chord s
kB K

a’? b*> a® b?

(a) Homogeniring we get equation of pair
OA and OB

A (h, X)—|
B
X2 y2\(h2 k2) (xh gk
[&+wlﬁ+wl{ﬁ+wj

Pair of lines 7£A w. i C5 ar
perpendicular

= Coefficient of x? + Coefficient of
y*=0

2
h? k2 [ 1 1} h% k2
=5t —t— | = +— =0
a’® b? a’ b? a* b*

Locus is

2

2 2 2 2
X+Y[1+1}X+Y
a? b2 a? b2 a* bp*

(b) Put (h +rcos0, k + rsin0) to equation
of ellipse

h% +r%cos® 0+ (2hcosO)r

(12

N k% +r?sin? 0 + (2ksinO)r B
b2

1

z[cosze sin29] (those 2ksin9j
=T + + + r

a? b? a? b2
2 2
E§+E§‘1_0<1
a b -
2hcos® 2ksin0
+ =0
a’ b?
2
=3 tanez—b—zh
a‘k
2 2
h—2+k——1
a b2
and 3 5 =1(-D
cos“ 0 sin“0
a? " b?
B (h+cos9, k +sin6)
(h, x)
0

v

Ya¥
} ~ A (h —cos 6, k — sin6)
L

is the required locus.
(c¢) Equation of AB is
xh yk h* k?
-+ = 4+ —
a? b? a® b?
Also AB is chord of contact of (x;,y;)
w.r.t. ellipse

..(D)

= Equation of AB is

Wy (2
a? b2
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(b) 2a=3(2b)

=  a?=9a%(1-¢%)
5 8 242
= e =S e=—-
9 3

(c) Let four points lie on circle
x2+y24+2gx+2fy+c=0

(1) and (2) are identical

Put (acos®, bsinB) to equation of
X1 )1 1 circle

= —_— ==
h k p%2 k2 A
e N
(x1,y;) lies on director circle
x2 + y? =a? + b? of ellipse . ©:3)
= M—az +b2 ¢
7+7
a? b
%2 22 a’cos? 0+ b?sin 0 +2gacoso
:x2+y2=(a2+b?) iy pAS i
|\a2 b2 +2 fbsin® + ¢ =0
the required locus. Let t:tanﬁ then
(d) Put (2h — a, 2k) to equation of ellipse
2
2 2 L2 2 2
(2h-a) +(2k) 1 a2 1-t + B2 4t +2ga(1 t°)
a? b? 1+t2 (1+t2)2 (1+t2)
(2h —a, 2k) _| +4fbt 0
(h.k) (a,0) Lt
: a,
a?(1+t% -2t2) + 4b%*2 +2ga(1-t")
M At +t3) +c(1+t* +2t2) =0
( ajz (a+c—2ga)t4 + 4bft3 +(4b% +2¢c —2a)¢2
x—— 9 2 _
22+Z2:i is the required +4fot +(a” +2ga+c)=0
a tan[61+62+63+64j= 51753
locus. 2 1-s55 +54
3.a—»>q; bor;cop, q,s = 0;+0,+03+0,=2nm,nel

@ 9=16(1-¢2)
4ei\/7
r=49+7=4
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4.a>p; b>q;cHop;dor

(a)

4tan e
_ 2 hd
P(3 COSG’ 2sin 6) = 3(1 tan e) o)

(1+tan2 9] (lthan2 9]
2 2

0 e .
tan 5 can take infinite rational values

(b) P(+3,0), (0,£2)
(o) P (\E cos 0, sin0)
tan©®

V3

W P{ J3 NEY J
J1+3k2 1+3K2

=keQ

V1+3k?
o VIF3kT reQ
V3
22 -k2 =1
3
m—kxx+m:%

Which can be expressed as product of
two rationals in infinite ways

say for example A —k = %;
k+k:E
3
= A =l, -1
12 12
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SOLUTIONS @

SUbjective Problems 2. (8) (AB)(AD) =200

AB + AD =2a
1. (24) Q =(—4cos¢, 3sin¢), BD? =AB? + AD? =(2ae)?
R =(+4cos¢, 3sin¢) (0,4) (AB + AD)? = AB? + AD? + 2(AB)(AD)
PQ L PR

3(sing + 1) 3(sin¢ + 1) _1
4cosd —4cos¢ -

= 25sin® ¢+ 18sin¢p—7=0

= sing= 2—75 (sin ¢ = -1 rejected)

= 4a® =4a%e? + 400
= b=10

(—4cosb, 4sind) B ______ ~ 2\ ¢ (4co 0, 4si 10 = 121-¢2)=5%2=100
« = a=20
P =2(AB + AD) =4a =80
p
2 _8
P 10
1
3.(6) Let X=x-2,Y=y-——
L i)
o 24 24\ 1 = Equation of ellipse becomes
tan—=_ || 1-— 1+—|== 9
2 25 25) 7 x 2
—4+y°=1
1(n 4
= G:LABC=[— j %2 ¥
= 2 4v2+ 2 +2v=0
[0 1 4 J2
l-tan— 1-= 3 5
tan6 = 2__ 7.2 (X ++/2)2 1
o 1 4 = +|Y+—| =1
l+tan— 1+= 4 V2
2 7
2 X2 9 1
= 16tan“ 6 +8tan0O +9 = 2 +Y2+ —X+42Y=0
3 4 V2

9
_16XR+8XZ+9_24 Let equation of AB be aX + bY =1

Homogeniring, we get
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x? ., (X
L 4Y2 4] 2427 |[(aX +bY) =0
4 V2
AP1AB = coeff. of
X2 +coeff.of Y2 =0
a 5
= —+x5b+—=
V2
LA A2
vz s
= AB passes through fixed point
A p[2cos T in EJ ~~  Eq. (1) and (2) are identical
474 hj3  k/3
cosO sin®
B =  h*+k®*=9-6+3
= (h,k) lies on director circle of ellipse
= %2 y2
4 —4f a2 1) —+-—=1
— — 6 3
SJA 5 2 N -
( j 5. (7) 2a=Pr, + PF, =PF]| + PF,
5v2 sf 5 5
6 =F{Fy =1/40° +(75)“ =85
a=—, b=
52 f =
a2 bz 36+9 i E
50 10 n

=52} {51%

4. (2) Equation of tangent to XT + y2 =1at

point (2 cos0, sin0) is

xcos0 + ysinf =1 ...(1) L Fi(+9,-20)
6. (2) Equation of tangent at A is

Equation of chord of contact of R (h, k)

— ty=x+t>
w.r.t.—+y—:115 1
6 3 vooy= ;x +t
hx  ky
—t5 =1 -(2) -+ It is tangent to ellipse also

6 3
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= t2:E+6
+2

= t*-6t2-16=(t2-8)(t>+2)=0
= t:iZ\E
A, B=(8,4+/2) and (8,-4+/2)

Let D =(h, k)
A2,2t)

B(t2,-2t)

Tangent to
y2 =4x atAis2J’  -x:8 .1
Tangent to ellipsc at B is
3xh +8ky =48 ..(2)

(1) and (2) are identical

_, 8k _ 3h_48 _
242 1 8

=5

e

Area of trapezium

ABCD =%(8ﬁ +342)10

= h=-2,

=552 = N=2
7. (6) Image of (h,k) on ellipse about

x-y-2=0 is say (h',k")
h-h _k'-k
1 -1
=—2w=—h+k+2

1+1

= R=k+2,k=h-2
(h,k) =(k'+2,h'-2)
(h-9H* (k-3)*
16 9
(k+2 - 4)> , (-2 -3)% _
16 9
16Rh'% +9k'% —36k'-1601'+292 =0
Equation of reflection of ellipse is
16x2 +9y2 —160x —36y + 292 =0
ki +ky 292 -160
22 22

8. (4) Equation of tangent of ellipse at point

(acos0,bsin0) is icose +%sin6 =1

a

1

1

U

U

6

It passes through (-2,0)

= —%cosezl
a

! 5
coitsslope-  =cotf=2
a

sec 6 =—%,tan9 =—i
a 2a
2
i =1+ L
a’ 4q?

= 16=4a% +b*>2(2ab) = ab<4

9. (2) Equation
oxsec O —By cosecO =02 —[32

v (o cosh, B sind)
Q

L

2 2
o la®-pY

\/a 2sec?0+ Bzcosecze

of normal at P is
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lo® =B 10 gt =
_ . (1) area of APS;S, —E(PSI)(PSZ) =30
\/a2+62+a2tan26+ﬁzcot26
a2 —p2 P
_ la®-p?
Jo? +B2 +2ap
Fmax S0 —Bl=a® +2a+2—(a® +1)

—2a+1 = (PS;)(PS,) =60

5=2a+1=a=2 PSS, +S,P =2a=17
(S1S,) =PS? + PS5 =(17)% —2(60) =169
5152 _4

13
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HYPERBOLA

KEY CONCEPTS |

The Hyperbola is conic whose eccentricity is greater than unity. (e > 1).

1. STANDARD EQU/aic’N AND DEFINITIONS
Standard equation of the hyperbola is

x2 _)’2
2k vA —‘
a b
Whel’e b2 = a2(€2 - 1) : : L/X=(ae,b2/a)
or ale?=a’ + bz, i = (O'b)i
2 i i
i.e., e? =1+— : i
a? LA LA o
] ' ' =
( c A‘Jz (-ae0)S' [(-a0)i C[©0.0)} (a0) S(ae,0)
=1+ — : :
T.A. ' '
' BY(0,-b)
Foci: | | LN
S =(ae,0) x=—g x=g
and S'=(-ae,0).
Equations of Directrices:
x=2 and x=-2.
e e

Vertices:
A=(a,0) and A’ =(-q,0).
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2b2 :(C.A.)z

=2a(e2 -D.
a T.A.

I (Latus rectum) =

Note: 1 (L.R.) = 2e (distance from focus to the corresponding directrix)

TRANSVERSE AXIS: The line segment A'A of length 2a in which the foci S’ and S both lie is called the
TA. of the hyperbola.

CONJUGATE AXIS: The line segment B'B between the two points B' =(0,—b)and B =(0, b) is called
as the C.A. of the hyperbola.

The T.A. and the C.A. of the hyperbola are together called the Principal axes of the
hyperbola.

2. FOCAL PROPERTY

The difference of the focal distances of any point on the hyperbola is constant and equal to
transverse axisi.e., || PS|—|PS’||=2a. The distance SS' = focal length.

3. CONJUGATE HYPERBOLA

Two hyperbolas such that transverse and conjugate axes of one hyperbola are respectively the
conjugate and the transverse axes of the other are called CONJUGATE HYPERBOLAS of each

other.
22
e. a7 - VI? 3 1
X2 y?
and -t = 1 are conjugate hyperbolas of each.
a
Note: That:-

(a) If e and e, are the eccentricities of the hyperbola and its conjugate then e +e5> =1.

(b) The foci of a hyperbola and its conjugate are concyclic and form the vertices of a square.

(c) Two hyperbolas are said to be similar if they have the same eccentricity.

4. RECTANGULAR OR EQUILATERAL HYPERBOLA

The particular kind of hyperbola in which the lengths of the transverse and conjugate axis are
equal is called an EQUILATERAL HYPERBOLA. Note that the eccentricity of the rectangular
hyperbola is +/2 and the length of its latus rectum is equal to its transverse or conjugate axis.

5. AUXILIARY CIRCLE

A circle drawn with centre C and T. A. as a diameter is called the AUXILIARY CIRCLE of the

hyperbola. Equation of the auxiliary circle is x2 + y2 =a?.

Note from the figure that P and Q are called the ‘““CORRESPONDING POINTS”’ of the hyperbola
and the auxiliary circle. ‘9’ is called the eccentric angle of the point ‘P’ on the hyperbola.
(0<06<2m).
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AY
P(a sec 6, tan 0)
Q
90° 0
(=0 0 YA .
A clo, o) f@oN
L y'
X2 y?
Note: The equations x = asec® and y = btan 0 together represents the hyperbola ] —? =1,
a

where 0 is a parameter. The parametric equations : x =acos h¢, y =bsin h ¢ also represents the
same hyperbola.

General Note:
Since the fundamenta’ « quatic n tc the Yy rert ola orly differe from that to the ellipse in having
-b? instead of b? it i1 e fc and that m iy sropc;iti m¢ fo t e I yperbola are derived from
those for the ellipse by simply changing the sign of b-.
6. POSITION OF A POINT ‘P’ w.r.t. AHYPERBOLA
2 2
Y1

The quantlty—l2 - = 1is positive, zero or negative according as the point(x; , y;) lies within,
a b

upon or without the curve.

7. LINE AND A HYPERBOLA

2 2

The straight line y =mx + c is a secant, a tangent or passes outside the hyperbola —+ y—z =1
a b
according as : ¢2 >=<a’m? - b2,
8. TANGENTS AND NORMALS
Tangents:
2 2
(a) Equation of the tangent to the hyperbola XY _ lat the point(x;,y;)is X W 1.
a®? b? a? b2

Note: In general two tangents can be drawn from an external point (x; y;) to the hyperbola and they are
Y-y =my(x-x;) and y-—y; =my(x—x,), where my and m, are roots of the equation
(xf —a®)m? -2xy;m + y£ +b* =0. If D< 0, then no tangent can be drawn from (x;, y;) to the

hyperbola.
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2 2

(b) Equation of the tangent to the hyperbola x—z —y—z =1 at the point (asec6, btan®) is
a b
xsech ytan0 1
a b '
CcoS ﬂ sin m
Note: Point of intersection of the tangents at 0; and 0, is x = a ,y=b .
0, +0, 6, +0,
COS ———= COS ———=
2 2
x2 2
() y=mxz+ a’m? —b? can be taken as the tangent to the hyperbola — 5= 1.
a b

Note that there are two parallel tangents having the same slope m.
(d) Equation of a chord joining o and 3

X eos? P ~Ysin® P =cos P
a 2 b 2 2
NORMALS:
2 2
(a) The equation of the normal to the hyperbola x—z - y—z =1 at the point P(x;,y;) onitis
a b
2 b2 .
ﬂ-ﬁ-—y:a .‘2:1262
291 Y1
x2 2
(b) The equation of the normal at the point P (asec 0, btan 0) on the hyperbola — 5= lis
a
ax by =a? +b% =a?e?.
secO tan®

(c) Equation to the chord of contact, polar, chord with a given middle point, pair of tangents
from an external point is to be interpreted as in ellipse.

9. DIRECTOR CIRCLE

The locus of the intersection of tangents which are at right angles is known as the DIRECTOR
CIRCLE of the hyperbola. The equation to the director circle is :

x2+y?=a%-b2
If b2 < a? this circle is real; if b2 =a? the radius of the circle is zero and it reduces to a point
circle at the origin.

In this case the centre is the only point from which the tangents at right angles can be drawn to
the curve.

If b2 > a2, the radius of the circle is imaginary, so that there is no such circle and so no tangents
at right angle can be drawn to the curve.
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10.

1.

12.

13.

14.

PAIR OF TANGENTS

The equation to the pair of tangents which can be drawn from any point (x;,y;) to the

2 2
hyperbolax——y—:lis given by: SS; =T 2 where:
a’> b2
2 2 2
PSP PP P G U W W
a® b? a? b2 a®? b?

CHORD OF CONTACT

Equation to the chord of contact of tangents drawn from a point P(x,y;) to the hyperbola

2 2
X Y . lis
a® b2
T =0,where T s I 4
a’ b?
CHORD WITH A GIVEN MIDDLE POINT
2 2
Equation of the chord of the hyperbola % - y—z =1whose middle point is (x1,y;)isT =Sy,
a b

xt vt XYy
where §; =~ - -1, T="2 -2 _1

a®> b? a’ b’
DIAMETER

The locus of the middle of a system of parallel chords with slope 'm' of hyperbola is called its

diameter. It is a straight line passing through the centre of the hyperbola and has the equation
2
y=- X.
a’m

Note: All diameters of the hyperbola pass through its centre.

HIGHLIGHTS ON TANGENT AND NORMAL

2 2

H-1 Locus of the feet of the perpendicular drawn from focus of the hyperbola X—z - y—z =1lupon
a b

any tangent is its auxiliary circle i.e., x2 + y2 =a? and the product of the feet of these

perpendiculars is b2. (semi C.A.) 2

H-2 The portion of the tangent between the point of contact and the directrix subtends a right
angle at the corresponding focus.

H-3 The tangent and normal at any point of a hyperbola bisect the angle between the focal
radii. This spells the reflection property of the hyperbola as ‘An incoming light ray’’ aimed
towards one focus is reflected from the outer surface of the hyperbola towards the other focus. It
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follows that if an ellipse and a hyperbola have the same foci, they cut at right angles at any of

their common point. Note that the ellipse

2 2
ECN and the hyperbola

2 2
a b

2 2
X Yy
- =1(a>k>b>0)X are

a2 _kz k2 _b2

confocal and therefore orthogonal.
H-4 The foci of the hyperbola and the points

YA

Light ray.

* Tangent

nF------

P and Q in which any tangent meets the
tangents at the vertices are concyclic with PQ
as diameter of the circle.

ASYMPTOTES

Definition: If the length of the perpendicular let fall from a
point on a hyperbola to a straight line tends to zero as the
point on the hyperbola moves to infinity along the hyperbola,
then the straight line is called asymptote of the hyperbola.

Equations of asymptote:

x \/ .V V
“+ -=( anl - - -=0
a > o0
2y
. A
Pair of asymptotes: — -~ =0
a? b?

Note: (i) A hyperbola and its conjugate have the same asymptote.

NG
N

(ii) The equation of the pair of asymptotes differs from the equations of hyperbola. (or conjugate

hyperbola) by the constant term only.

(iii) The asymptotes pass through the centre of the hyperbola and are equally inclined to the

transverse axis of the hyperbola. Hence the bisectors of the angles between the asymptotes are the

principle axes of the hyperbola.

(iv) The asymptotes of a hyperbola are the diagonals of the rectangle formed by the lines drawn
through the extremities of each axis parallel to the other axis.

(v) A simple method to find the co-ordinates of the centre of the hyperbola expressed as a general

equation of degree 2 should be remembered as:

Let f(x, y) =0 represents a hyperbola.

Find % and i Then the point of intersection of % =0 and g:O gives the centre of the

hyperbola.
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Remark:

(i) No tangent to the hyperbola can be drawn from its centre.

(i) Only one tangent to the hyperbola can be drawn from a point lies on its asymptotes other than
centre

(iii) Two tangents can be drawn to the hyperbola from any of its external points which does not lie at
its asymptotes.

16. HIGHLIGHTS ON ASYMPTOTES

17.

H-1 If from any point on the asymptote a straight line be drawn perpendicular to the transverse
axis, the product of the segments of this line, intercepted between the point and the curve is
always equal to the square of the semi conjugate axis.

H-2 Perpendicular from the foci on either asymptote meet if in the same points as the
corresponding directrix and the common points of intersection lie on the auxiliary circle.
2 2
. x .
H-3 The tangent at any point P on a hyperbola — —y—z =1 with centre C, meets the
a

asymptotes in Q and R and cuts off a A CQR of constant area equal to ab from the asymptotes
and the portion of the tangent intercepted between the asymptote is bisected at the point of
contact. This implies that lo~1~ ~f th~ cento~ ~f the circle circumscribing the A CQR in case of a
rectangular hyperbol; is the I ypeidola 't« 21f und fo - a sta 1d: rd ny, erbola the locus would be
the curve, 4 (a%x? - b%y ) =a? - »%)2.

2 2

H-4 If the angle between the asymptotes of a hyperbola x—Z - y—z =1is 260 then e =sec 6.

a b
RECTANGULAR HYPERBOLA
Rectangular hyperbola referred to its asymptotes as axis of coordinates.
(a) Equation is xy = c? with parametric representation x =ct, y =c/t,t e R —{0}.

(b) Equation of a chord joining the points P(t;) and Q(t,)is x +t;t5y =c(t; +t,) with slope

1
m=—-——.
tyty
. .X y . X
(c) Equation of the tangent at P (x;,y;)is — + —=2and at P (¢t) is " +ty =2c.
X1 )N

(d) Equation of normal : y —% =t2(x —ct).

(e) Chord with a given middle point as (h, k) is kx + hy =2hk.
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EXERCISE (1)

only One Choice is Correct:

1. If f(x)= x2 +ox? + Bx + v, where «,B,y are rational numbers and two roots of f(x) =0 are
eccentricities of a parabola and a rectangular hyperbola, then o + 8 + y is equal to :

(a) -1 () 0
(© 1 @ 2
2. The number of points on rectangular hyperbola xy =c? from which two tangents drawn to
2 2
ellipse x—z + y—z =1where 0 < b< a< care Lar to each other is :
a b
(@ 0 ) 1
() 2 (d) Infinite
2 2
3. If the tangent at the point P(h, k) on the hyperbola % - y—z =1cuts the circle x? + y2 =a? at
a b
the points Q(x;,y;) and R( v~ y-) then 1 + 1 is equal to:
Yi. Y2
2 A
a) = D) -
(@) P ) X
a b
o — d —
() P (d) P

4. The values of ‘m’ for which a line with slope m is common tangent to the hyperbola

2 2
x—z = y—z =1(a # b) and parabola y 2 = 4ax can lie in interval:
a b
(@ (0,D (b) (—o,—1) U(1,0) —{i 1 +2£}
(© (-1,0) (d) none of these

5. Let S; and S, be the foci of a rectangular hyperbola, which has the centre at Q , then for any
point P on the hyperbola S;P - S,P equals to:

@ S,S3 (b) Qs?
© Qp? @ 4Qr?
6. If the portion of the asymptote between centre and the tangent at the vertex of hyperbola
2 2
x—Z - y—z =1in the third quadrant is cut by the line y + A (x + a) =0 ;A being parameter, then:
a b
(@ reR* (b) AeR”™

(© 2e(0,D (d) [0,)
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7. A circle cuts two perpendicular lines so that each intercept has given length. The locus of the

10.

11.

12.

13.

centre of the circle is a conic whose eccentricity is:

1

1 b) —

(a) (b) 5
() ~2 (d) none of these

2 y2

. Let F{,F, are the foci of the hyperbola % ~ 5 7 1and F5,F, are the foci of its conjugate

hyperbola. Ife;; and e are their eccentricities respectively then the statement which holds true
is:

(a) Their equations of the asymptotes are different.

(b) ey >ec

(c) Area of the quadrilateral formed by their foci is 50 sq. units.

(d) Their auxillary circles will have the same equation.

. The parametric equations for the conic section x? —8x —4y2 —16y — 4 =0 are:

(@) x=—4+2secH, y=2+tan0

(b) x=4+2tanb, y =-2 +sec6

() x=—-4+2tanb, v=2 +secH

(d) x=4+2secH, y =-2+ anb

The locus of a point in th2 Arzanc tlune kot meve. cctis.yir.g t.e equation,
|z —1+i|-|z -2 -i]=3is:

(a) a circle with radius 3 and centre at z =3/2

(b) an ellipse with its foci at 1 —i and 2 + i and major axis =3

(c) a hyperbola with its foci at 1-i and 2 +i and its transverse axis =3

(d) none of the above

If the eccentricity of the hyperbola x2 — y2 sec? o =5 is +/3 times the eccentricity of the ellipse
x2sec? o + y2 =25, then a value of o is :

(a) /6 (b) =/4 () =n/3 (d n/2

The locus of the foot of the perpendicular from the centre of the hyperbola xy = c2 on a variable
tangent is:

(@ (x*-y?)?*=4c*xy B (2 +y?)?2=2c2xy

© (x*+y?) =4c’xy @ (x2+y2)? =4cxy

Let the major axis of a standard ellipse equals the transverse axis of a standard hyperbola and

their director circles have radius equal to 2R and R respectively. If e; and e, are the
eccentricities of the ellipse and hyperbola then the correct relation is:

(@) 4e? —e3=6 (b) e? —4e3 =2
(©) 4e3 —ef =6 (@ 263 -e} =4
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14.

15.

16.

17.

18.

19.

20.

A conic passes through the point (2, 4) and is such that the segment of any of its tangents at any
point contained between the co-ordinate is bisected at the point of tangency. Then the foci of
the conic are:

(a) (2+/2,0)and (-2+/2,0) (b) (2v2,242) and (-2v2,-2+/2)
(© (4,4)and (-4,-4) (d) (4+2,4+2) and (—4+2,- 4+/2)
Locus of the point of intersection of the tangents at the points with eccentric angles ¢ and g —¢
2 2
on the hyperbola XY g
2 2
a b
(@ x=a (b) y=b
(©) x=b (d) y=ab

2 2
With one focus of the hyperbola % - }1/76 =1as the centre, a circle is drawn which is tangent to

the hyperbola with no part of the circle being outside the hyperbola. The radius of the circle is:

(a) lessthan 2 (b) 2
() % (d) none of these
.- 2
AB is double ordinatr of the h7persola — -~ - =1suc1tiat A \OF (where*O’is the origin) is
a( 11 4
an equilateral triangle, then the eccentricity e of the hyperbola satisfies :
2
(a) e>+3 (b) l<e<—=—
V3
2 2
() e=— (d) e>—
B N

2 2
The asymptote of the hyperbola x—z - y—z =1form with any tangent to the hyperbola a triangle
a

whose area is a? tan in magnitude then its eccentricity is :

(a) sech (b) cosec i
(c) sec 2 (d) cosec 2
Locus of the middle point of the parallel chords with gradient m of the rectangular hyperbola

xyzc2 is:

(@ y+mx=0 (b) y—-mx=0
() my-x=0 (d) my+x=0
The equation to the chord joining two points (x;,y;) and (x5,y,) on the rectangular

hyperbola xy =c? is :

@ X 4+ Y O N S |
X1 +Xy Y1t+Yo2 X1 —=Xo Y1—Y2
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© ——+ L -1 @ X v
Yi+Y2 Y1—)Y2 Y1=Y2 X1 =X
21. Number of common tangent with finite slope to the curves xy =c2 and y? =4ax is :
(@ o b 1
() 2 (d 4
22. If the normal to the rectangular hyperbola xy = ¢? at the point ‘t’ then t 3t has the value equal
to :
(@ 1 (b) -1
(© 0 (d) none of these
|
(ANSWERS)
1.| (@) 2. (@) 3.| (@ 4. (b) 5.|(© 6. (a) 7. () 8. /(0| 9./(d|10. ()

11.
21.

() | 12./(d| 13.|(c)| 14.| ()| 15./(b)| 16.|(b)| 17. (d)| 18.|(a)| 19.|(a)| 20.|(a)

(b) | 22.| (b)
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EXERCISE (2)

One or More than One is/are Correct

1. The normal at one extremity of latus rectum (in 1st quadrant) of the ellipse

2 2
x—z + y—z =1, a> b> 0 meets the rectangular hyperbola xy =9 at points P and Q, then:
a b
(a) IfPis (6,2) = Qs [—3*25,—3&]

(b) Eccentricity of hyperbola is ~/2
3e

(¢c) IfPis (6,2) =Qis (—2 ,—6j where e is eccentricity of the given ellipse
e

(d) IfO is origin, then product of slopes of OP and OQ is positive

2. The equation(s) to common tangent(s) to the two hyperbola zi —2/22 =1 and Zj _)l:j =1
is/are:
(@) y=x+va?-b’ b) y:;_.§_7
(© y=-x+va?-b2 @ y=-x-a? b2
3. Straight line Ax + By + D =0 would be tangent to xy =¢?, if:
(@ A>0,B>0 (b) A<0,B<0
(¢) A>0,B<0 (d A<0,B>0

4. If the normal to the rectangular hyperbola x? — y? = 4 at a point P meets the coordinates axes
in Q and R and O is the centre of the hyperbola. Then:
(a) OP =PQ (b) OP =PR (c) PQ=PR (d) QR =20P
2 2

5. For the hyperbola % - y? =1the incorrect statement is :

(a) the acute angle between its asymptotes is 60°
(b) its eccentricity is 4/3
(c) length of the latus rectum is 2

(d) product of the perpendicular distances from any point on the hyperbola on its asymptotes
is less than the length of its latus rectum.

6. The tangent to the hyperbola, x? —3y?2 =3 at the point (+/3,0) when associated with two
asymptotes constitutes :
(a) scalene triangle (b) an equilateral triangle
(¢) a triangle whose area is +/3 sq. units (d) aright isosceles triangle
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7. Which of the following equations in parametric form can represent a hyperbola, where ‘t’ is a

10.

parameter ?

(@ x=2 t+1 andy:é t—1 (b) E—Z+t:0and£+g—1=0
2 t 2 t a b a b
(© x=e' +et and y =el —et (d) x2 -6 =2cost and yz +2 =4cos? %
. The differential equation ? = z—y represents a family of hyperbolas (except when it represents
ly 2x
a pair of lines) with eccentricity :
3 5 2 5
a) .= b) .= c) .= d) /=
N S T
x2 y? X2yt o1
. Given ellipse = + =—— =1and the hyperbola —— — =— = -~ if the ordinate of one of the points
16 7 144 81 25

of intersection is produced to cut asymptote at P, then which of the following is true ?
(a) they have the same foci

(b) square of the ordinate of point of intersection is Z—:;

(c) sum of the square of coordinates of P is 16
(d) P lies on the auy.li ry ciicle { orme 4 »w <ipse.
- d
Solutions of the difterential equation (1—x ) Ey + Xy =ax wnere a € R, is:
(a) aconicwhich is an ellipse or a hyperbola with principal axes parallel to co-ordinate axes.
(b) centre of the conic is (0, a)
(c) length of one of the principal axes is 1.
(d) length of one of the principal axes is equal to 2.

2 2
11. If (asec6, btan®) and (asec ¢, btan¢) are the ends of a focal chord of x—z—y—zzl, then
a b
tangtan ¢ can be equal to :
2 2
e—1 1-e 1+e e+1
a b C d) ——
()e+1 ()1+e © 1-e ()e—l
"ANSWERS|
]
1. (b, c, d) 2.| (a,b,c, d) 3. (a, b) 4.| (a,b,c,d) 5.| (b,d) 6. (b,0)
7. (a, c,d) 8. (b, d) 9.| (a,b,c,d) | 10.| (a,b,d) 11.| (b, o)
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EXERCISE (3)

1.

comprehension: (1)

2 2
Consider an ellipse e + }1,78 =1.There is a hyperbola whose one asymptote is
major axis of given ellipse. If eccentricity of given ellipse and hyperbola are
reciprocal to each other, both have same centre and both touch each other in
first and third quadrant.

Focus of hyperbola is equal to :

33 3 3
@ (53) ® (&%)
(© (32,3+2) @ 3%, 3271
. No. of points in x-y plane from where | tangents can be drawn to hyperbola:
@ o0 b 1
(c¢) infinite (d) ncne of h se

. The equation of common tangent to given ellipse and nyperbola 1n first quadrant is :

X X
X iy=3 b)
2 ()\E

(©) x+y2=342 (d) x+yJ2=6

(@) +y=6

comprehension: [ (2) |

Consider a hyperbola ‘H’> whose centre is at origin and line x + y = 2 touches
it at point (1,1). The tangent x + y = 2 intersects the asymptotes of H at point
A and B such that length of segment AB = 6+/2.

1. Equation of pair of directrices of H is :

(@ x2+y2+2xy-1=0 (b) 5x% +5y2 +10xy -4 =0
(©) 5x?+5y2 +10xy-2=0 (d) 5x%2+5y2 +10xy -6=0

2. Equation of the tangent to H at point (—1,;) onitis:

(@ 3x+2y=2 (b) 3x+2y=4
(c) 4x+2y=9 (d) 6x+4y=7
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3. Equation of H w.r.t. x — y system referring to transverse axis as x-axis and conjugate axis as
y-axis respectively is:

2 2 2
2 Y X Y
a) x°-=—=1 b) —-=—=1
() 18 (®) 2 18
2 2 2
X y X 2
0 -2 =1 ) - —y%=1
(© 8 5 (d) 8 Y
comprehension: (3)
%2 yz
If the normal to the hyperbola—z——zzlat any point P(a sec6, b tan 0)
a b

meets the transverse and conjugate axes in G and g respectively and if ‘F’ is
the foot of perpendicular to the normal at P from the centre ‘C’, then:

1. The value of (PG)? is :

2 2

(@ b—z(bzcosec 20 + a2 cot? 0) () %(szOSecze +a” cot? )
a b
b2 . b7 .

@ —5(b*sec’0+a’ t21%6) @ 2 -(“tn-8 a’*sec?6)
a o7 |

2. The value of (PF)? is :

2,2 2,2
a<b ab
(@) 2 2 2.2 (b) 2.2 2 2
b“sec“0+a“tan“0 b“tan“0+a“sec”0
2,2 2,2
(©) 2 2ab2 2 @ 2 2ab2 2
b“cosec“0 +a“ cot“ 0 b“ cot“ 0+ a“cosec“0
3. The value of | PF || PG| is equal to:
(a) bz(sec26+tan2 0) (b a?
(c) b? (d b2%sec?0+a’tan? 0
comprehension: (4)
2 2

The circle x2 + y2 —8x = 0 and hyperbola % - yT =1 intersect at the points

A and B.
1. Equation of a common tangent with positive slope to the circle as well as to the hyperbola is:

(a) 2x—4/5y -20=0 () 2x-5+4=0
(c) 3x-4y+8=0 (d) 4x-3y+4=0
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. Equation of the circle with AB as its diameter is:

(@ x2+y%-12x+24=0 (b) x%+y2+12x+24=0
(© x?+y2+24x-12=0 (d) x?2+y%?-24x-12=0
comprehension: ()

If P;,P,,P, are three points on the hyperbola xy - c> with abscissa

X1, Xg, X3 then :

. Area of triangle P; P,P5 is:

@ i(xl —X5) (x9 —x3) (x5 —xl)‘ ) i(xl —x3) (%1 +x5) (x9 + Xg)‘
2 X1X9X3 2 X1X9X3 ‘
c? c?

(C) ?(X]_ +x2)(X2—X3)(X3—X1)X1X2X3 (d) 7(X1X2X3)(X1 +x2 +X3)

. Area of triangle formed by tangents at P, ,P,, P53 :

(a) \2c2(x2 —x3) (x5 —x7)(x —xz)‘

O T EREOCERE LY
(xg +x3)(x3 4 x1) X1 - x|

2 (x; —x3)(xg —x3)(x3 —X1)‘
X1X2X3 ‘

(o 2

(d) ‘2c2(x1x2x3)(x1 —X5)(x9 —x3)(x3 —xl)‘

|
(ANSWERS)
Comprehension-1: 1. (@ 2. (@ (b)
Comprehension-2: 1. (0 2. (b (b)
Comprehension-3: 1. (0 2. (a) (c)
Comprehension-4: 1. (b) 2. (a)
Comprehension-5: 1. (a) 2. (b)
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EXERCISE (4)
Match the Columns:
X2 y? X2 y2
1. Let the foci of the hyperbola — — =— =1be the vertices of the ellipse — + = =1and the foci
A% B? a*  b?

of the ellipse be the vertices of the hyperbola. Let the eccentricities of the ellipse and hyperbola
be e; and e, respectively.

b (p) 1
(a) B
(b) | e; + e, can not be equal to (@ 2
(c) | If the angle between the asymptotes of the hyperbola is 2?7: ,then 2e; <| () 3
(d)| Ife; = } and (x, y) is point of intersection of ellipse and hyperbola, (s) 4

2
2
then x—z =
Y A 1 1 J0 ) RI1ID IR

2. Match the column:

(a) | The angle between asymptotes of the hyperbola (p) 2
5x2 —2\ﬁxy—y2 —2x+1:0is%,thenk=

2 2

(b) | Portion of asymptotes of the hyperbola x—z —y—z =1 between| (q) 3
a b

centre and the tangent at vertex in first quadrant is cut by line

y +tan0(x —a) =0, where 0 = t/k , then k can be equal to

2

(c) | Let the double ordinate P P’ of the hyperbola x2 — yj =1cut the| (r) 4

asymptotes in Q and Q 'lies on same side of x-axis as that of P and
P’ respectively then | PQ||PQ|=

(d) | If the tangent and normal to hyperbola x% — y? = 4 at a point cut| (s) 6

off intercepts (a; ,0), (a,,0) on the x-axis and (0, b, ), (0,b,) on
the y-axis respectively then the value of a;ay + by by

t) 0
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3. The tangent to a curve at a point P(x, y) meets the x-axis at T and y-axis at S while the normal
at P meets the x-axis at N and y-axis at M, O is the origin. Match the locus of point P satisfying
the condition in column-I to the curve given in column-II:

(@) |TP=PS (p) | Straight line
(b) | NM = NP (q@) | Circle

(¢c) | TP =0P (r) Ellipse

(d) | NP =0P (s) Hyperbola

4. Match the column:

(a) | If eccentricity of conjugate hyperbola of the given hyperbola| (p)| 8
oD%+ (27 i -5 +(y -5)% |-3

is e’ then value of 8¢’ is

b 2 y2 12
(b) If area of the el'ipse o — li=--vibed in a square of side (@
() )

length 52 i, Atlen®: eq-z! .0
T

(¢) | Any chord of the conic x2 + y2 + xy =1 passing through| (r) | 10
origin is bisected at a point (p,q) then (p + q + 12) equals
(d) | Length of the shortest chord of the parabola y? =4x+8| (s) |7
which belong to the family of lines
A+A)y+A-Dx+2(1-1)=0,is

® 9

(ANSWERS|

1. a—>»>p; b>p,q c—>p,q,r,s;d—>s 2. a»>qgb-oqr,s;cordot

3. a—>s;b—or;c—o>p,s;d>q,s 4, a>r,bo>qgc>qd-p
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EXERCISE (5)

SUbjective Problems

1.

The graphs of x% + y? +6x—24y +72=0 and x% — y? + 6x + 16y —46 =0, intersect at 4
points. Compute the sum of distances of the 4 points from point (-3,2).

. The tangents to hyperbola x? —9y? =9 are drawn from point (3,2), then the area of triangle

that these tangents form with their chord of contact is:
2 2

. A transversal cut the same branch of a hyperbola X Y _1in P,P' and the asymptotes in

a? b2

Q,Q’, then find (PQ + PQ") —(P'Q' + P'Q):

. If two points P and Q on the hyperbola 9x2 —5y2 =1 whose centre is C be such that CP is
perpendicular to CQ, then find L + ! .
cP? cQ?
v2 \/2
. A normal to the hype 1 ola > il o 1, has :qual intercents on nositive x and y-axes. If this

b 2 \
normal touches the ellipse X + R 1, then find ”—(az + bz).
az b2 25

.| 40 2. 8 3.| 0 4. 4 S.| 3
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. The equation of the _uinmon :ang2nt *O 11e ¢ 1rve |

EXERCISE (6)
. (A) The curve described parametrically by, x =t2+t+1, y =t2-t+1 represents:
(a) a parabola (b) an ellipse
(c) a hyperbola (d) a pair of straight lines

(B) Let P (asecH,btan6) and Q (asec ¢, btan¢), where 9+¢:g, be two points on the

2 2
hyperbola x—z - y—z =1.1If (h, k) is the point of intersection of the normals at P and Q, then
a b
k is equal to:
2,12 2 12 2 12 2, 12
@) a“+b b) a“+b © a“+b @ a“+b
a a b b
(C) If x =9 is the chord of contact of the hyperbola x2 — y2 =9, then the equation of the
corresponding pair of tangents, is: [IIT-JEE 1999]
(@) 9x2-8y2%+18x-9=0 (b) 9x2-8y2-18x+9=0
() 9x2-8y2%-18x= -0 (d) 9x2-8y2 +18x+9=0

2 -8cad vy —1is:

[IIT-JEE (Screening ) 2002]

(@) 3y=9x+2 (b)) y=2x+1 () 2y=x+8 (d y=x+2
2 2
. Given the family of hyperbolas X -4 =1fora € (0, n/2) which of the following does
cos“ o sin“a
not change with varying a.? [IIT-JEE (screening) 2003]
(a) abscissa of foci (b) eccentricity
(c) equations of directrices (d) abscissa of vertices
. The line 2x + /6y =2 is a tangent to the curve x2 —2y?2 =4. The point of contact is:
[IIT-JEE (Screening) 2004]
(@) (4,-6) (b) (7,-26) © (2,3) d (V6,1
2 2
. Tangents are drawn from any point on the hyperbola % _yT =1to the circle x? + y2 =9.
Find the locus of mid-point of the chord of contact. [IIT-JEE (Mains) 2005]
2 2

y

. If a hyperbola passes through the focus of the ellipse )26—5 + 16 1 and its transverse and

conjugate axis coincides with the major and minor axis of the ellipse, and product of their
eccentricities is 1, then: [IIT-JEE 2006]
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2 2 ) N
(a) equation of hyperbola is % _Y y

X

=1 b) equation of hyperbola is — —=—=1
5 (b) eq yp 9 25

(c) focus of hyperbola is (5, 0) (d) focus of hyperbola is (5\6 ,0)
7. Comprehension: (3 questions)

Let ABCD be a square of side length 2 units. C, is the circle through vertices
A, B, C, D and C, is the circle touching all the sides of the square ABCD. L is a

line through A. [IIT-JEE 2006]

PA% + PB? +PC? + PD?
QA% +QB% +QC? +QD?
(a) 0.75 (b) 1.25 (© 1 (d) 0.5
(B) Acircle touches the line L and the circle C; externally such that both the circles are on the same
side of the line, then the locus of centre of the circle is:
(a) ellipse (b) hyperbola
(c) parabola (d) parts of straight line
(C) Aline M through A is drawn parallel to BD. Point S moves such that its distances from the line

BD and the vertex A are equal. If locus of S cuts M at T, and T3 and AC at T, then area of
AT T,T is:

(A) IfPisapointonC; and Q in another pointonC,,then isequal to:

(a) 1/2 sqg. units () 273 s u7its (c, 7 sc uite (d) 2 sq. units
8. (A) A hyperbola, having the transverse axis of length 2sin0, is confocal with the ellipse
3x2 4+ 4 y2 =12.Then its equation is: [IIT-JEE 2007]
(a) xzcosecze—yzseczezl (b) x?2 secze—yzcosecz(%:l
(0 xzsinze—yzcoszezl (d xzcosze—yzsinzezl

(B) Match the statements in Column-I with the properties in Column-II. [IIT-JEE 2007]
(a) |Two intersecting circles (p) |have a common tangent
(b) |Two mutually external circles (q) lhave a common normal
(c) |Two circles, one strictly inside the other |(r) /do not have a common tangent

(d) |Two branches of a hyperbola (s) |do not have a common normal

9.(A) Let a and b Dbe non-zero real numbers. Then, the equation
(ax?+ by2+ c) (x2—5x_y + 6y2) =0 represents
(a) four straight lines, when ¢ =0 and a, b are of the same sign.
(b) two straight lines and a circle, when a = b, and c is of sign opposite to that of a.
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(c) two straight lines and a hyperbola, when a and b are of the same sign and c is of sign

opposite to that of a.

(d) acircle and an ellipse, when a and b are of the same sign and c is of sign opposite to

that of a.

(B) Consider a branch of the hyperbola, x? —2y?2 —2+2x — 4+/2y —6 =0 with vertex at the

point A. Let B be one of the end points of its latus rectum. If C is the focus of the hyperbola
nearest to the point A, then the area of the triangle ABC is: [IIT-JEE 2008]

2
(a) 1—\g

2 3
(© 1+\E (d \ngl

10. Match the conics in Column-I with the statements/expressions in Column-II.

(a) |Circle

(b) |Parabola

(c) |Ellipse

(d) Hyperbola

[IIT-JEE 2009]

(p) |The locus of the point (h, k) for which the line
hx + ky =1touches the circle x2 + y2 =4

(q) |Points 2z in the complex plane satisfying
|z +2|-|z-2|=%£3

(%) |Po nts of the cori~ hav= parametric representation

{1-.2)
| A__\/{] SRR

1+t2J’ T 14t2

(s) [The eccentricity of the conic lies in the interval
1< x <o

(t) |Points z in the complex plane satisfying
Re(z +1)? =|z|2+1

11. An ellipse intersects the hyperbola 2x2 —2y? =1orthogonally. The eccentricity of the ellipse is

reciprocal of that of the hyperbola. If the axes of the ellipse are along the coordinate axes, then:

[IIT-JEE 2009]
(a) Equation of ellipse is x%+2 yz =2 (b) The foci of ellipse are (+1,0)
(c) Equation of ellipse is x%+2 y2 =4 (d) The foci of ellipse are (+ V2 ,0)
Paragraph for Questions 12 to 13
2 2
The circle x2 + y2 —8x = 0 and hyperbola % ~¥_ _lintersect at the points A

and B.

[IIT-JEE 2010]
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12.

13.

14.

15.

16.

17.

Equation of a common tangent with positive slope to the circle as well as to the hyperbola is:
(a) 2x—-~/5y-20=0 (b) 2x -5y +4=0

() 3x-4y+8=0 (d) 4x-3y+4=0

Equation of the circle with AB as its diameter is:

(a) x2+y2—12x+24:0 (b) x2+y2+12x+24:0

(© x%+y%+24x-12=0 (d) x%+y2?-24x-12=0

2 2
The line 2x + y = 1is tangent to the hyperbola x—z - y—z = 1.If this line passes through the point

a b
of intersection of the nearest directrix and the x-axis, then the eccentricity of the hyperbola is:

[IIT-JEE 2010]

2 2
Let P(6, 3) be a point on the hyperbola x—z - y—z =1. If the normal at the point P intersects the
a

x-axis at (9, 0), then the eccentricity of the hyperbola is: [IIT-JEE 2011]

() \E (b) \E (© 2 (d) 3

2 2
Let the eccentricity -f the Lyporbala x2 — y—z =1 be reciprocal to that of the ellipse
a b
x? +4y? =4.1Ifthe ayperbol passestarcueh afoci sc 't ee lipe. hen: [IIT-JEE 2011]

2 2
(a) the equation of the hyperbola is x? Y 1

2
(b) a focus of the hyperbola is (2,0)

(c) th eccentricity of the hyperbola is \/E

(d) the equation of the hyperbola is x% —3y?2 =3

2 2
Tangents are drawn to the hyperbola % - yT =1, parallel to the straight line 2x — y =1. The
points of contact of the tangents on the hyperbola are: [IIT-JEE 2012]
9 1 9 1
(53 o (5
(2\5 2 j 202’ 2

(© (3+/3,-242) (d) (-3+/3,242)
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"ANSWERS|
|
1. A a @B d @b 2. d 3. a 4. a
2
2 2 2 2
X<y x“+y
5, ——*—=| ——— 6. a,c 7. (A)a;(B)c; (C)c
5 2 [ 5 ] (A) a; (B) ¢; (C)
8. (A)a®B)(@p,qdpg@qrdgr 9. (A)b;(B)D
10. (@) —>p;b)>s,t;(@—>r;(daq,s 11. a,b 12. b
13. a 14. 2 15. b 16. b,d
17. a,b
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0nly One Choice is Correct:

1. (a)
(x =2)(x =D (x+2) =(x? =2) (x - D
=x3-x?2-2x+2
a+B+y=-1-2+2=-1

2. (a) Point of hyperbola (ct,gj lie on

director circle x% + y% =a? +b? of
ellipse

= a®+b? =c2(t2 +12j2 2¢2 which is
t

impossible
a? +b% <c? +c? =2¢?
(sl<a-c
. . ke
3. (a) Equation of tangent a. P 1sx—h i}
a? b2

2
Put x= 1+y—k 2 n equation
b2 ) h

SOLUTIONS @

281

—2ka*
» i+ ]_ _ b2h2
Y1 Y2 a*-d’n?
h2
~ 2ke®* 2k
b2(a2_h2) bz 1_ﬁ
a?

2k

2k 2
b? k2) K
b2

4. (b) Equation of tangent to hyperbola is
y =mx++va’m? -b?

It tou zh :s f arabola also
Equation of tangent to parabola.

=

(at2, 2a
2
a
= a’m? -p? =—
m
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b? 5
Clearly —* 1,m*>1

= me(-wn,-1) u(l,n)
and m 2 ¢(1+£)/2
5. (¢) (5;P) (S,P)

:e[asece —aJe(asece +

N
-

o | Q

/P(a sec,b tano)

g,

x
I
oo

X=—

oo

:az(e2 sec?0 -1
=a?(2sec? 0-1
=a2(sec2 0 + tan? 0)
—a’sec?6+b%tan’0
=Qp?2

6. (a)

y=-A(x+a)

cut the segment OP if
A<0=A>0

2 2
7. (¢) r2 :li+k2 =ll+h2
4 4

Fi
(—5,0)>[ (5,0)
/ Pk
/
N
Fa| (0,-5)

22 B0
> x"-y"="—=
Y 4

( (hK)
N

e
L

Which is rectangular hyperbola

X_Z_LZ:_’]
16 9
(0,5)

-

8. (o)

Fa

9:16(61% -D=ey :%
F,,F, =(£5,0),
16=19(e2 —1) = e :g
Fy,F, =(0,+5)
Area of F{F3F,F, =%><10><10:5O

9.(d) (x-4)2-4(y+2)* =4

(x-4)?
4
(x,y)=(4+2sech, —2 +tan0)

—(y+2)% =1
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10. (¢) Obvious

2 2
11.b) - 5
1 cos?a

C052a+1=€12

2 2
x2 +y—=25

COS™ o 1

1(1—e§) =cos?a= e% =sin? a

2

612 =36%:>cos a+1

=3—3coszoc:>cosza=%

= Cosa =—=
Np)

12. (d) Equation of tangent is

N B
s
— g %\

(€0

hx + xy =h® + k>

Also tangent at P is

%+yt=20

(1) and (2) are identical
_k_R*+k?

t 2c
h? +k*  2ck

= =
2ch  p? 4+ k2

= ht

= (x*+yH?=4cxy
2 2 2 .2
13.00 =+ -1, XY 4
a’> b2 a’* B?

a® +b% =4R? =a*(2 -¢e?)

..(1)

(2

a? -B?2=R%*=d%@2-¢)

<

il B
xj
L

2
2—ej

2—e§

4 =

= 4el -ef=6

14. (c¢) [dyj :—k
dx )y 1) h

N

(0, 2k) (hk)

(2h,0)

&__y

dx X
= In(xy)=c
= Put(2,4); c=In8
= xy =8

FI;FZ 5(4:4):(_4)_4)
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15. (b) Tangent at ¢ is
xsecd B ytan¢
a b

=1 (D

Tangent at g —¢is

xcosecp  ycotd
a b

(1) xcosecd —(2) x sec ¢

=1 .(2)

o Y 1 131 1
b{sing cosp) sing cos¢
= y=b
16. (b)

16=9(e? -1
5

e==
3

F; =(5,0)

Circle can be drawn touching
hyperbola at point A or B only

Radius =2

17. (d) Put [l f , ;] to equation of hyperbola

\ A2
)

2’2

og)

L

1 3 1
= *:72_72>0
L 4a* 4b
2
= b—>1:>ez—1>—:>ez>i
a? 3
= e>2
NE)

18. (a) equation of tangent is
xsec6 ytan 0

=1
a b
9
aX
\\%ece b tan6)
(0 0)

e ’ B b

| y=aX

(I

Solving point of
tangent with asymptotes we get,

A =a(secd +tan0), b(sec 0 + tan 0)
B =a(secO —tan0), —b(secd —tan0)

Area of

intersection of

0 0 1
a(secO +tan®) b(secO +tanO) 1

AOAB =%
a(sec® —tan®) -b(sec® —tanB) 1

=ab

=ab=a?tani
b2

= — =tan? )\
a

—1=tan?2

y

e=sech

U
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19. (a) Equation of AB is yt—x = at? ..(1)
B
—‘ §+ yt'=2c ..(2)
h,k
(hk) (1) and (2) are identical
A .t at?
= ' =—=—
t' 2c
n4
L _oawt
2c
x Yy 2c
i N3 —_2%
n ok = @7 ==
m = _k L y=-mx = Only one real value of t' exist.
h 22. (b) Slope of normal at A
20. (a) Equation of chord whose mid-point is 1 2
. 2
= =—— =t
(h,k) is dl 2
_‘ o
(hk) Slope of chord AB

A N
L _ A

xk+yh (Ct%%J
=c® =hk !
2 L
54_1:2
ci_i
Put h="17X2 p_JY17)2 [f tl] -1
2 2 =~ & _ -
C(t—tl) ttl
= X + Y =1 9 1
X1 +Xy Y1tV = t"=—-—

tt;

_‘ = t¥%; =1

21. (b) Equation of PQ

Q(ct, CIt')

L

P(at?, 2at)




286 Advanced Problems in Coordinate Geometry for lIT-JEE

0ne or More than One is/are Correct

1. (b, c, d)

2
Equation of normal at {ae,bj
a

3e

Xz :_?
9 6
Yo=——"=—~
X9 e

= (slope of OP) (slope of QQ)
{2
X1 J\ X2 X12 X% X12X§

2.(a, b, c, d)

2 y2

Equation of tangent of XY
a’ b?

y=mx £+va’*m? -b? (D

SOLUTIONS @

2 2
(1) is tangent to x Y =1
(-b?)  (-a?)
N4

A

= a’m? —-b% =—b*m? —(—a2)
=m?=1
Equation of common tangents are

y=+x+a? -b?

3. [a, b)
2
c” . . .
y =— is decreasing function

i s
N

L

= slope=—é<0
B
= é>0
B

= A>0,B>0o0r A<0,B<0
4.(a, b, c, d)
Equation of normal at P
X Y
secO tan0
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y
A

P (2 sec 6, 2tan 6)
/ O \3\:

= Q=(4secH,0), R=(0, 4tan0)

. OP =PQ =PR :2\/sec2 0+tan? 0
QR =4+/sec? 0 +tan’ 0

N

. (b, d)
2 2
X Y _1:3-92-1)
9 3
-2
V3
Equation of pair of asymptotes is
2 2
Y X
9 @ J3
= Angle between asymptotes =g
2
Length of L.R.= . =2
a

Product of perpendicular distance of
any point P(3sec9, J3tan6) from

asymptotes
|3sec® —3tan6||3sec +3tanb|
PPy =
2 2
=2>2
4
. (b, ©)
In A AOB,

OA=2=0B=AB

(

5

Area of A AOB :73(2)2 — 2

Ay

RO (RGOS

(C)Xz _y2 :(et +eft)2 _(et _e—t)z -4

d) <’ —6=2cost
- 32 -2=2(1+cost)
= x?-6=y?
= x2—y2:6
8. (b, d)
IZde:IBydy
2
= X223
2
LS A
¢ (2¢/3)
Ifc<0,c+§:§e2
3 3

\F
= e=.|—
2

Ifc>O,c+%:ce2

\F
= e= =
3
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9' (a’ b’ c’ d)
2 2
For ellipse A |
16 7
2 2
and hyperbola x 4 =
(144/25) (81/25)
16 -7 =16e7
and 144 81 144 o2
25 25 25
3,
4 4
, 155
12 4
5
€y =Z
Foci =(43,0)

For point of intersection of hyperbola and
ellipse

x? oy
144 63 9
x? y? 1
144 81 25
i 1 1 16
63 "9 25 9><25
( j 9 x25
5
2 -[1 63 1 16 x16
25x7 25
16
x=*+—=
5
Point of intersection =| + 14 .t ﬂ
5 5
. 3
Equation of asymptote y =+ 2 x

10.

1.,

Point, P = (+16, ilzj
5 5
Sum of square of coordinates of
256 + 144

P=——=16
25

x?+y*=16=a*
= P lies on auxiliary circle.
(a, b, d)

d
_J.yi,a:.[l_xxz dx

= —ln|y—a|=—%ln|1—x2|—lnc2

= (y-a? =c?1-x?|

N2
M_sz =1
CZ

_—
xz_(y a) _1

or
C Z

\w, €)

Equation of chord AB is

—cos o -p —Xsin " :cosa P

a 2 b 2 2

Put (+ ae,0) in above equation

\ /(A (aseca, btan a)
/ \L(ae,O)
B (a sec 3, b tan B)
+P

e
- —————=—-0r —

(03
Ccos
CoS _B 1 1

Applying componendo and dividendo,

o B 1-e 1+e
tan —tan — = or
2 2 1l+e 1-e
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SOLUTIONS (3)
y(3)
comprehension: (1) *(?Mf) =1
1. (d) 2.(a) 3. (b) i_}_Z:l
2 2 62 6
L+L:1
36 18 c " - -
1 1.(¢) 2.(b) 3.(b)
= ezﬁ o. Portion of tangent to hyperbola

intercepted between asymptotes is
Eccentricity of hyperbola, e’ =2 g -

bisected at its point of contact.

— Hyperbola is rectangular with
coordinate axes as principal axes

drawn in 1%tand 3™ quadrant

= Equation of hyperbola is xy =c?

Hyperbola to elli' se
(3.23/4, 3.23/4) |
Fi
#*
[3(2)1/4’ 3(21/4)]
<L (3V2,3)

— PA=PB=3+2

- sl uns(3)

A=(-2,4)

LS (1 3\F( j1 3\F( ] (4,—2)J
= x*-36x2+2c*=0 B=(4,-2)
— D=0 Equation of asymptotes of H are
= (36)% -8c*=0=c? =92 y= —%x and y =—2x (The equations

Hyperbola is xy =9+/2 are OA and OB)

Equation of common tangent to ellipse Equation of pair of asymptotes of H is

and hyperbola is QCy+x)(y+2x)=0

= 2x% +5xy+2y2=0
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Equation of hyperbola ‘H’ is
2x2 +5xy+2y2 =c

(1,D) lieson H = c=9
Equation of H is 2x2 +5xy + 2y2 =)

Equation of tangent to H at [—1 ,Zj is

5 7
2x (=D + Z(X(Zj + y(—l)J
7 p—
+2y(2j =9
3x+2y=4

Equation of w.r.t. y =x as x-axis and
X-Y _X+Y

)
2 2
2((x—y) +(x+y) W
J

y =—X as y-axis

2

X2 y2

L) .
2 18
2(e? -1 =18 = e=+/10

Foot of directrices are

+ﬁlo V2

(o‘m&’ im&}

1 1 1 1
_(\/10 "J10 J ( Jio© \/1oj
Equation of directrices are

2
J10 J10

Equation of pair of directrices is

X+y= , X+ y=—

(el )0

2

2, .2 4
x° + +2xy=—=
Y Y/ 10 5
5x2 +5y2 +10xy -2 =0

comprehension: (3)
1. (¢) 2.(a) 3. (o)

a2+p2
[0, b tanej

g P (a secH, b tan0)

F 2+h2
[{a ;b Jsece,oj

c*/Q/ G Sech fang ~ &P
xsece_B no=1

a

a

2
2 2 12
PG? :[a—(a—b)j sec?0+b%tan’ 0

4

> P2 £ —s.c?0+b%tan’0

Z

a

b2
=—2(b2 sec?20+a’tan?0)
a
2
PG? :b—z(b2 sec? 0+ a®tan? 0)

a
PF? :cezz%
sec” 6 +tan 0
a? b2
a? b?
_aztan26+b2 sec? 0
a’b?

PF? =

b%sec?0+a’tan? 0
Equation of circle ‘S’ with FG as
diameter is
S:x(x—ae2 sec 0) +y2 =0
| PF|| PG| = | Power of P w.r.t. circle ‘S|

:|a2 sec?0(1—e?) + b%tan? 0|



Hyperbola 291

|b2(tan2 0 —sec? 0) |= b? -+ (1) is tangent to circle
| PF| | PG| = b? N 4mi\/9m2—4:4
c \/1+m2
omprehension: 4
P @ = 16m? +(9m? —4) +8J9m? -4
1.®) 2. () , =16 + 16m?2
x2—8x+(xg—1J4=0 = 495m* +104m? —400 =0
) o 104+ J(104) +1600(495)
= 13x“-7x-36=0 = 2(495)
= (13x+6)(x—-6)=0 4 2
= A=(6,23),B=(6,-2V3) B
2 2 . .
Let tangent to XY qpe 1. (b) Equation of tangent is
9 4 ) _2x 4
NG
= 5y =2x + 4
2. (a) Equation of circle is

(-2 +(v+2v3)(y -2+4/3)=0

= x“'+y2—12x+4=0

y=mx++9m? -4 (D
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Match the Columns:

l.a-p;b-p,q;¢c-p,q,1,s; d-s

En
B¥

Fa

A:ael
a=Ae,
= Aa=dAeje,
= eey=1
b) )
bzzaz_azelz a2t
B%=A%3 -A%=q*-A*
= b=B
1
e1+ey=e; +—>2
€1
e =1

Angle between asymptotes

For point of intersection of ellipse and
hyperbola.

x2 y2

S A | (D
A% B?

SOLUTIONS @

RN o)
b

Solving (1) and (2), we get

2[ 1 1 J 1 1

X | =+ =
a’B? A%bp%2) B? b2

yZ( 1 +1j:1_1
a’B?  A%bp%2) A? q?
- ﬁ:(b%}sz)Aza2

y2  (a® —A%)B2p?

b% + B2 :2(a2 ~A?) ; B=b

x2 2
2+ 2
a

e =\1E and e, =~/2
¢
- 4:——
V2

= a’?=2A"

x> _2A%(2A%) _4A°
2

y B* B*
p— 4 p—
(e5 -D?
2
= %:4
y

2.a-qsb-q,r,s; c-r; d-t
(a) Equation of pair of asymptotes is
5x2 —2\/§xy—_y2 -2x+C=0

tan6 = 72 : 75_ 51(_1) = \/§

= 6=E
3



Hyperbola

(b) From fig. it is clear that 0 e(O,gj
//\ &

(©)|PQ||PQ'|=2(sec b —tan6)
2(secO +tan0)

ﬁe@\

o>
2
o\
\%ec& 2tan0)

P'(sec6,—2tan6)

(
X
D' ech,— sect

(d) Equation of tangent is

—

/

\-

xsecH—ytan6 =2
a; =2cosH, b; =—2cot6

N

.

Equation of normal is
x
L
secO tan®

=4

a, =4secH, by =4tan0
a;ao +b1b2 =8-8=0
a1a2 +b1b2 =0

293

3.a>s;bor; cop,s; d>q,s

dy k
(@) [j =——

S

(0,2k)S
(h.k)
L | T (2h,0)
T
dx X
= In(xy)=c
= xy =h = Hyperbola

d h
b) (yj __n

| P(h,k)
Ny
I_ M(0,—k)
& _4&5
dc« 2y
2
= y2+Z = = Ellipse

2

© (TP)2 =y2+| 2

&)

2

= y*+ ;;, =x?%+y?
(&
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y —| Ay —|
P (h,k) P (h,k)
L Sl —>x L 0[(0,0) N
dy y dy  x
4 = — =+
- dx X dx y
= xy =X\ or ¥ =Ax y2—x% =)

= hyperbola or straight line or y2+x2 =0

2
@) x%+y2=y2 +(ygj = hyperbola or circle



Hyperbola

SUbjective Problems

1. (40) (x +3)% +(y -12)%2 =81
(x+3)*-(y-8)7>=-9

(X2, y1) (X1, y1)

(X2, ¥2) (X1, ¥2)

L

Let (h, k) be intersection point, then

(h+3)2 +(k-12)% =81 (D)
(h+3)2 —(k-8)2=-9 (2
(D +(2)
= 2h% +12h -8k +26=0
h? +6h—4k+13=0 (3)
(D -(2)

= 2k? - 40k +118=0
k% —20k +59 =0

/.yl
Y2
Y1 +Y2=20,y;>0,y,>0
Distance of (h, k) from (-3, 2)

d=yJ(h+3)2+(k-2% =k

=  y?-20k+59 =0 (@

Sum of distances of all intersection
points
=20y + ¥4) =2(20) =40

SOLUTIONS @

295

2. (8)Equation of tangent through P is
y =mx£49m 2.1 :
Put (3,2) in (*) we get,

om? +4-12m =9m? - 1;

m=—,m-— o
12

Ecuaio1of PBis
5x-12y+9=0 ...(D
Let B is (h, k), then
Eqn. of PB is
xh-9yk-0=0 ...(2)
(1) and (2) are identical
h 9k _ 1

5 12
12
h,k)=| -5--2
(h,k) [ 9j

AreaofAPAB:%XZX(S)

3. (0) Equation of pair of asymptotes is

XZ y2

a? b?

For intersection points of transversal

and pair of asymptotes

x?2 (mx+0?% ™

———=0__,
a’ b? 2

..(D)
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For intersection points of transversal

and hyperbola,
x? (mx+0? X3
aT_Tz x, ..(2)
= X1+ Xg =X3 + Xy
= Yi+Ya=Y3t)V4
;T
-
R
N 5k
|~

Midpoints of PP’ and QQ' are same

(say R)
RQ =RQ’ g
RP =RP’ .2

D-22=PQ=PQ’
PQ +PP'=P'Q' + PP’

= PQ=PQ’
(PQ -PQN+(PQ"+PQ)=0
4.(4)i+ L _i-i-i

cP2 CQ* 1?12
Plieson9x? —5y% =1

[r,c08(6+90°)3 ‘ P(r,cos0, r4sino)

(r,sin(0+90°)] /

u / c(0,0) \

= 9rcos®0-5rsin®0=1

= Ly
5=
n

9cos? 0 —5sin? 0

Q lieson9x2 —5y2 =1
= 9rfsin®0-5r; cos®0=1
= i:95in26—5cosze

2
b
i+i=9—5=4
- [

5. (3) Ecr~tior ~f normal at (2sec 0,tan 0) is

;Xi_}_,l,zs
secO tanO
Slope =-1 = _2tan6=_1
sec©
= 0="
6

5
normal becomes y =—x + —

NGl

Itis tangent to ellipse= a? + b? = 2

9 2. 2
= —(a“+b%)=3
25( )



ATDB.uno ATDB.uno | Studyprayas FOR PERSONAL STUDY USE ONLY. DO NOT SHARE OR REDISTRIBUTE.

Unacademyplusdiscounts

We are having the best collection of books.

'@unacademyplusdiscounts_link

~ https://telegram.me/Unacademyplusdiscounts_link
~ https://telegram.me/Unacademyplusdiscounts_link
: h:ttés:://téle;grérn:.rrie/:Un:ac::;ld:err:\yélufsdi:sc:ou:nté_link:

Join.Us.Now For all study Materials.for free

Downloaded from ATDB.uno/StudyPrayas | Unauthorised redistribution is strictly prohibited.



https://telegram.me/Unacademyplusdiscounts_link

