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CHAPTER w

Three Dimensional Geometry

1. Vector Representation of a Point : Position vector of point The line will be perpendicular if a,a, + bb, + ¢,c, = 0,
P(x,y,z)isxf+y}+ZkA. parallellfﬂ:ﬂ:c_l.
a, G

2. Distance Formula

> > > . 7. Projection of a Line Segment on a Line : If P(x, y,, z,) and
\/(‘xl -x,) +(n-») +(z-2) 4B = |OB_0A| O(x,, y,, <z, then the projection of PQ on
a line having direction cosines ¢, m, n is

3. Distance of P from Coordinate Axes
|€(x2 —xl)-l-m(y2 —yl)+n(z2 -z )|

PA=\y*+2 ,PB=\z* +x* ,PC =[x’ + )’

8. Equation of a Plane : General form : ax + by +cz+d =0,

4. Section Formula : x=""27™1 | _May*my Mo+ where a, b, ¢ are not all zero, a, b, ¢, d € R.
men men men (/) Normal form : /x + my +nz=p
Mid Point : I ;x2 V= B4 ;yz ,z= “ 222 (if) Plane through the point (x, y,,z,) :
—x)+by—y)+c(z—z,)=0.
5. Direction Cosines and Direction Ratios abe=x)+by—y)+ez-2)=0
(i) Direction cosines : Let o, . y be ar zles whica @@ 1ae cerorrm: T YLEog
directed line makes with the pos'tive dire tion® o~ a b c
the axes of x, y and z respectively, then cos a, cosf3, (iv) Vector form: (F —Zz)ﬁ =0or7-n=a-n
cos vy are called the direction cosines of the line. The (v) Any plane parallel to the given plane

direction cosines are usually denoted by (¢, m, n).

+by tcez+d= 0i +by+cz+h=
Thus ¢ = cos o, m =cos B, n = cos Y. axt+by +eztd=Oisax+by+cz+1=0.

— . : i +by+cz+d, =
(i) If /¢, m, n be the direction cosines of a line, then Distance between ax + by + cz +d, = 0 and

d —-d
P+m?+n?2=1. ax+by+cz+d,=0is = |21 22| .
(iii) Direction ratios: Let a, b, ¢ be proportional to the Va' +b" +c
direction cosines ¢, m, n then a, b, ¢ are called the (vi) Equation of a plane passing through a given point
direction ratios. and parallel to the given vectors: 7 =g+1b +puc
(iv) If ¢, m, n be the direction cosines and a, b, ¢ be the (parametric form) where A & p are scalars.
direction ratios of a vector, then or 7.(bx&)=a.(bx¢) (non parametric form)
r=+ a . b 4 c 9. A Plane and a Point

t—m=x ,n=+
Va' +b* +c* Va' +b* +c? Va' +b* +c? (i) Distance of the point (x', )/, z') from the plane

(v) Ifthe coor<.1inat(.es P anFl 0 are.(xl, v zy) and (x,, y,, Z,) ax + by + ¢z +d =0 is given by ax'tby'+cz'+d .
then the direction ratios of line PQ are, a = x, — x,, Na* +b* +¢?
b=y,~y &c=z,-z and the direction cosines of (i) Length of the perpendicular from a point (@) to plane

. - Vo= N 5T E G-7i—
line PQ are (:u,m: andn = . o .. |a n d|
|PQ| |PQ| |PQ| 7.1 =dis given by p=T.
6. Angle between Two Line Segments (iii) Foot (x', )", z') of perpendicular drawn from the point

(x;» ¥» z)) to the plane ax + by + cz +d =0 is given
| by x'-x _ Y=y z'-z (axl+by1+czl+d)

aa, +bb, +cc,

c056:|
2 2 2 2 2 2
‘\/al +b +¢ \/az +b;, +¢,

a b c a’+b*+¢?
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(iv) To find image of a point w.r.t. a plane: Let P(x,, y,, z))
is a given point and ax + by + ¢z + d = 0 is given plane.
Let (x', )/, ') is the image point then

1

x'-x, _ y-y  z'-z __2(0x1+byl+czl+d)

a b c a+b*+c’
10. Anglebetween Two Planes: cosez‘ aa’+ bb fcc' . ‘
‘\/az+b2+cz\/az+bz+cz ‘
Planes are perpendicular if aa’ + bb" + cc’ = 0 and planes
a b ¢
are parallel if —=—=—_
a'" b ¢
The angle 0 between the planes 7-7 =d, and 7.4, =d, is
given by, cos0 = 11‘ nf .
ZAREA

Planes are perpendicular if 7, .7, = 0 & planes are parallel
if 7, = A#i, (A is a non zero scalar.)
11. Angle Bisectors

() The equations of the planes bisecting the angle
between two given planes

ax+by+cz+d =0andayx+by+c,z+d,=0are
ax+by+cz+d, :+a2x+b2y+czz+d2

2 2 2 2 2 2
\/a1 +b +¢ \/az +b, +¢;

(i) Bisector of acute/obtuse angle: First make both the
constant terms positive. Then

a,a, + blb2 +ee,> 0 = origin lies on nhtiise angle
a,ay,+bb,+c,c, <0 = origir licsin a ute ngle
12. Family of Planes

() Any plane through the intersection of
ax+by+tcz+td =0&ax+by+cz+d,=0is
ax+bytcz+td +h(ax+by+tcyz+d)=0

(i) The equation of plane passing through the intersection
of the planes F.7ii, =d, &F i, =d,isF-(ii +Mi,)
=d, + hd, where ) is arbitrary scalar

13. Area of Triangle : From two vector 4B and AC . Then

area is given by %|@ X TC’1 .

14. Volume of a Tetrahedron: Volume of a tetrahedron
with vertices 4 (x|, y,, 2), B(x,, ¥, 2,), Cx5, 5, ;) and

x »n ozl

D (x,, v, z,) is given by V' = e 7 2 : .
6lx; y3 z; 1
X, vy, oz 1

A Line

1. Equation of a Line
(i) A straight line is intersection of two planes.
It is represented by two planes a\x + b,y +c,z+d, =0
and a,x + b,y +c,z+d, = 0.

X=X _y-y _z-z

a b c

1

(i) Symmetric form:

=r.

(iii) Vector equation: 7 =G+ \b .
(iv) Reduction of cartesion form of equation of a line to
vector form and vice versa

T _YTh _Z7A <:>F:(xlf+y]}'+zllg)
a b c

=

+X(af +hj + clé)
2. Angle between a Plane and a Line

-X _Yy-wn_z-z

m n
and the plane ax + by + cz+ d =0, Then

(i) If0 is the angle between line ol !

al+bm+cn

1l(a2 +b? +cz)\/12 +m*+n’ .

(@) Vector form: If 6 is the angle between a line

sinf =

7=(G+1b) = F.ii =dthen sin 0 = f’—’f :

18]

(i) Condition for perpendicularity L = _" 7.7 _ .
a b c

(iv) Condition for parallel a/ + bm + cn = 0, b.i=0.

3. Condition for a Line to Lie in a Plane

—X - z—z .
Lo YN L would lie in
m n

(/) Cartesian form: o
a plane
(v b roz+d=0,ifax, by tez, +d=0&
cl+5n +c1=0.

(ii) Vector form: 7 =g+ would line in the plane
Fi=dif bi=0&a.n=d.
4. Skew Lines

(#) The straight lines which are not parallel and non-
coplanar i.e. non-intersecting are called skew lines. If

a-a B-B y'-y

/ m n |#0. Then lines are skew.

I m' n'
() Vector Form: For lines 7 =g, + M;l and7 =d, + M;z
to be skew (51 ng).(g,z ~G,)#0-

(#ii) Shortest distance between line 7 =4, + Ab &
(a,—a,)xb
5]

5. Sphere: General equation of a sphere is
x2+ 2+ 72+ 2ux + 2vy + 2wz+ d = 0.

(—u, —v, —w) is the centre and +/u*> +v* +w’ —d is the

radius of the sphere.

F=d,+ubisd=

6. Volume of tetrahedron = 1/3 x height % Area of base

= % [Area of parallelepiped]
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